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Preface

Among a variety of experimental designs that are available for treatment
comparison experiments, the crossover designs, also known as change-over
or repeated measurements designs, occupy an important place. These de-
signs are widely used in many diverse areas such as animal nutrition experi-
ments, pharmaceutical studies and clinical trials, biological assays, weather
modification experiments, sensory evaluation of food products, psychology,
bio-equivalence studies, consumer trials, questionnaire-based surveys, and
so on. In particular, over the last few years, the use of crossover designs
in pharmaceutical studies and clinical trials has been quite extensive. Al-
though there is a long history of the use of these designs in experiments,
the study of their optimality aspects began only about thirty years ago.
During the last three decades, the area of optimal crossover designs has
seen a vigorous growth. The literature is already voluminous and is still
growing.

This rich body of research findings on optimal crossover designs is scat-
tered across various issues of journals and there is no single book currently
available that deals exclusively with this topic. We hope that this book will
fill this gap by presenting a comprehensive and up-to-date account of the
major advances in optimal crossover designs. We have attempted to cover
all those developments in this area which, in our perception, are the most
significant ones. However, this book is not intended as an encyclopedic
compendium on crossover designs as our focus is only on the optimality
aspects of such designs.

The book is organized into seven chapters. Chapter 1 is introductory in
nature and describes the notation and terminology to be followed through-
out the book. A brief description of the contents of the remaining chapters
also appears in Chapter 1. The traditional model, i.e., the homoscedastic

xi
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fixed effects crossover model with first order carryover effects, is introduced
in Chapter 1. In Chapter 2, we review optimality results under this tradi-
tional model for designs where the number of periods may equal or exceed
the number of treatments under study. Chapter 3 also comprises optimal-
ity results under this same model, but in contrast to Chapter 2, here we
consider the situation where the number of periods can be at most equal
to the number of treatments. In Chapter 4, results on optimal crossover
designs via an approximate design theory are presented. Chapters 2–4 es-
sentially consider the traditional model while in Chapters 5 and 6, more
complex models for crossover designs are considered and optimality results
under these models are described. Finally, in Chapter 7, some further de-
velopments in this area are discussed. Most of the results in the chapters
are illustrated through a large number of examples.

A background in basic matrix algebra and linear statistical models is
assumed. We also assume that the reader is familiar with the general area
of design of experiments at a graduate level.

We sincerely thank Rahul Mukerjee for going through the manuscript
and making numerous suggestions for improvement. The work of A. Dey
was supported by the Indian National Science Academy under the Senior
Scientist Scheme of the Academy. This support is gratefully acknowledged.
We also thank Ms. E. H. Chionh, Ms. Jessie Tan and the editorial and
production staff of World Scientific Publishing for their prompt and excel-
lent handling of the project. Our special thanks to our families for their
love and support. We are also thankful to the Indian Statistical Institute
for providing a conducive environment for carrying out this work.

Mausumi Bose
Aloke Dey

Kolkata
New Delhi
January 2009
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Chapter 1

Introduction

1.1 Prologue

The subject of design of experiments has seen a phenomenal growth since
the time R. A. Fisher laid the modern foundations of this important disci-
pline during the early part of the 20th century. It has played, and continues
to play, a major role in almost all areas of scientific investigation including
agriculture and animal husbandry, biology, medicine, physical and chem-
ical sciences and industrial research. Design of experiments is an area of
intensive research and forms an integral part of most statistics curricula.

Among many designs that are available for treatment comparison ex-
periments, the crossover designs have occupied an important place. In
recent years, the application of these designs in different areas has been
quite widespread and simultaneously, many important theoretical results
have also been obtained. This book is mainly concerned with the optimal-
ity aspects of crossover designs, an area of much research activity in the
past three decades.

Crossover designs, also known as change-over or repeated measurements
designs, have long been used in several diverse areas. Apparently, the use of
crossover trials was first made in agriculture in the 19th century. For a brief
history of the early use of crossover trials in agriculture and other areas,
one may refer to Jones and Kenward (2003, Section 1.4). Applications of
crossover designs in agriculture and animal feeding trials were made in the
early part of the 20th century by Cochran (1939) and Cochran, Autrey and
Cannon (1941). Cochran (1939) considered the problems associated with
the planning of long-term crop rotation experiments and was the first to
separate out the direct and carryover effects. Cochran et al. (1941) used

1
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a type of crossover design for feeding trials in dairy cattle. Another early
paper on the application and analysis of crossover trials in animal feeding
experiments is due to Patterson (1951).

Crossover designs have now found applications in several other branches
of science like pharmaceutical studies and clinical trials (Senn (2003)), bi-
ological assays (Finney (1956, 1978)), weather modification experiments
(Mielke (1974)), sensory evaluation of food products (Durier, Monod and
Bruetschy (1997), Kunert (1998)), psychology (Namboodiri (1972), Cotton
(1998)), bio-equivalence studies (Chow and Liu (1992)), consumer trials
(Wakeling and MacFie (1995)) and questionnaire-based surveys (Lakatos
and Raghavarao (1987)). In particular, over the last few years, the use
of crossover designs in pharmaceutical studies and clinical trials has been
quite extensive. Real life examples and discussion can be found in books
on design of experiments, e.g., by Federer (1955), Cochran and Cox (1957),
Cox (1958), John and Quenouille (1977) and Hinkelmann and Kempthorne
(2005). In recent years, several books dealing exclusively with crossover tri-
als have appeared, e.g., by Ratkowsky, Evans and Alldredge (1992), Jones
and Kenward (2003) and Senn (2003), where more detailed descriptions
of the design, analysis and practical applications can be found. Brief de-
scriptions of the design and analysis of crossover trials can be found in
encyclopedia articles by Kenward and Jones (1998) and Senn (1997, 2000).
Excellent reviews on the subject from different standpoints, including dis-
cussions on practical applications and additional references, have appeared
at different points of time and, for such reviews, we refer to Hedayat and
Afsarinejad (1975), Hedayat (1981), Bishop and Jones (1984), Matthews
(1988), Afsarinejad (1990b), Stufken (1996), Jones and Deppe (2001) and
Bate and Jones (2008). The authoritative review of Stufken (1996) is on
optimal crossover designs and is particularly relevant for this book.

Unlike other conventional designs, in crossover designs one uses an ex-
perimental unit for measurements over different occasions. The units, often
called subjects, could be humans, animals, plots of land, etc. Henceforth,
we shall generally use the term “subjects”, rather than “units”. The dif-
ferent occasions at which the subjects are used are referred to as periods.
Thus, a typical crossover trial (or experiment) involves n experimental sub-
jects, each subject being observed for p periods, resulting in a total of np
experimental sites. Suppose such a trial aims at drawing inference on t

treatments. Any allocation of these t treatments to the np experimental
sites is called a crossover design. A crossover design as described above
thus yields np observations, one measurement being made on each experi-
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mental site. Note that even though there are only n experimental subjects
in a crossover trial, the number of observations generated is np since each
subject gives one observation from each of the p periods. Throughout this
book, a crossover design with n subjects and p periods will be displayed as
a p× n array, with rows of the array representing the periods and columns
representing the subjects. Also, the treatments will be denoted by the num-
bers 1,2, . . . or by the letters A, B, . . .. The following are some illustrations
indicating the application of crossover designs in diverse fields. These are
merely illustrative and, by no means exhaustive.

Example 1.1.1. The simplest and widely used crossover design is the
two-treatment, two-period design, commonly known as the AB/BA design.
Here A and B are the two treatments; for example, in the context of clinical
trials, these could be two drugs or, a drug and a placebo. Furthermore, over
the two periods, any subject is assigned one of the two distinct treatment
sequences, namely, A followed by B, that is, AB, or B followed by A, that is,
BA. For a review of the AB/BA trials in clinical research and the associated
statistical issues involved, see, e.g., Chassan (1964), Senn (1994) and Jones
and Kenward (2003). We cite only two instances of their use.

An application of AB/BA designs in pharmacokinetic studies was de-
scribed by Jones, Wang, Jarvis and Byrom (1999). Pharmacokinetics is
concerned with the study of absorption, distribution, metabolism and elim-
ination of drugs in human beings. The study considered by Jones et al.
(1999) related to a drug for the treatment of hypertension. Two different
doses of the drug were the treatments A and B, and four patients were
exposed to each of the two treatment sequences, AB and BA. In another
context, Rupp et al. (2008) reported the results of a crossover experiment
conducted over a period of two years to examine the effect of an alcohol-
based hand gel (A) vis-á-vis a placebo (B) in intensive care units of certain
hospitals. �

Example 1.1.2. The use of crossover designs involving more than two
treatments and more than two periods is also quite common. Senn and
Hildebrand (1991) gave an example of a crossover experiment involving
two drugs, namely, Formoterol (A), Salbutamol (B) and a placebo (C), for
studying the effects of these on exercise induced asthma. There were 30
patients (subjects) available for the study and a crossover design with three
periods and 6 distinct treatment sequences was used. These sequences are
shown below, each column representing a treatment sequence.
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A B C A B C
B C A C A B
C A B B C A

.

In the actual experiment, 5 patients were given the first treatment se-
quence, 3 patients the second sequence, 6 patients each the third and fourth
sequences and 5 patients each were given the fifth and sixth sequences.

Another example of an application of a crossover design in clinical trials
involving more than two treatments was given by Willey, Grant and Pocock
(1976). This trial involved 10 treatments, namely, 5 doses of oral Pirbuterol,
4 doses of Salbutamol and one placebo, applied to 10 patients suffering from
bronchial asthma, each being given all 10 treatments over two 5-day weeks.
For several other examples of applications of crossover designs in clinical
trials and additional references, see Pocock (1983). �

Example 1.1.3. An experiment, reported by Low, Lewis and Prescott
(1999) quoting Ballinger, Pickering, Bannister and McLellan (1995), relates
to the evaluation of four makes of commode for the use of disabled adults.
Suppose the equipments (commodes) are labeled A, B, C and D and a
design with four periods (of one week duration each) is to be used. If 8
subjects (disabled adult patients) are available for the experiment, then one
possible crossover design is the following.

A B C D A B C D
B C D A D A B C
D A B C B C D A
C D A B C D A B

. �

Example 1.1.4. An early application of crossover designs in industrial
experimentation was given by Williams (1949). We describe an example
given by Raghavarao (1990), which relates to a situation in industry where
there is a potential for using a crossover design. A manufacturing company
with four plants is interested in studying the production rates associated
with rotation shifts of different durations. Suppose there are four rotation
shifts, namely, weekly (A), biweekly (B), triweekly (C) and monthly (D).
Each rotation is to be tried for a period of three months before a change
takes place in the rotation. One can use a crossover design of the type
shown below for planning such an experiment, where the columns stand for
the different plants and the rows represent the periods (first three months,
next three months, the three months thereafter, and the last three months):
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A B C D
B C D A
D A B C
C D A B

. �

Example 1.1.5. An experiment to assess whether the perceived velocity
of a moving point on a computer screen is affected by the presence of
vertical or horizontal lines and the spacing between them was described
by McNutty (1986). The treatments in this experiment had a factorial
structure, there being two factors. The first factor, namely, speed, was at
two levels, S1 = 2.88 cm/sec and S2 = 6.62 cm/sec. The other factor was
display, having four levels, coded as D1, . . . , D4. All possible combinations
of the levels of these two factors were taken as treatments. McNutty (1986)
had 16 subjects and she used a crossover design given by two replicates of a
Williams square of order 8 (for a description of Williams squares, see Section
2.6), and each of the 8 treatment sequences of the square was assigned to
two subjects. �

Remark 1.1.1. In the above examples, it is seen that each subject re-
ceives distinct treatments over the different periods. However, in some
experiments, a subject may also receive the same treatment in more than
one period. The following is a crossover design with 3 treatments, 6 pe-
riods and 9 subjects. This design allocates each treatment twice to every
subject and some of these allocations are done in successive periods. Here
the treatments are labeled 1, 2 and 3.

1 1 1 2 2 2 3 3 3
1 2 3 1 2 3 1 2 3
2 2 2 3 3 3 1 1 1
2 3 1 2 3 1 2 3 1
3 3 3 1 1 1 2 2 2
3 1 2 3 1 2 3 1 2

. �

One obvious advantage of using a crossover design is that it requires
fewer experimental subjects for the same number of observations. This is an
important aspect, especially in situations where the experimental subjects
are scarce or expensive. Another advantage of crossover designs is that by a
suitable choice of treatment sequences, it is possible to estimate important
treatment contrasts within each subject. The precision of such estimates
would then be measured by the residual variation between observations on
the same subject which is likely to be smaller than the variation between
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subjects.
The above advantages, however, come at a price that one has to pay

while using a crossover design. Compared to a (conventional) design where
each experimental subject is exposed to only one treatment, a crossover
design (where each subject is exposed to treatments over a number of time
periods) might result in a longer duration of the experiment. Therefore, in
actual experimentation, designs with a large number of periods may not be
particularly attractive to some experimenters. Another major concern is
the presence of carryover effects. A distinctive feature of crossover designs
is that in any given period, an observation from a subject is affected not
only by the direct effect of a treatment in the period in which it is applied,
but also possibly by the effect of a treatment (or treatments) applied in the
preceding period(s) to the same subject. That is, the effect of a treatment
might also carry over to one or more of the succeeding periods, giving
rise to residual or carryover effect(s). For instance, in Example 1.1.2, the
observation arising out of the site corresponding to the first subject in
the second period is influenced by the direct effect of treatment B as also
possibly by the residual effect of treatment A. Similarly, the observation
arising out of the site corresponding to the third period in the second subject
is influenced by the direct effect of treatment A and possibly by the residual
effects of the other treatments applied to the same subject in the earlier
periods. In particular, an effect carrying over to the immediate next period
is referred to as the first order carryover effect. Extending this idea of
carryover, a treatment applied to a subject in period i has a second order
carryover effect in period i + 2. The generalization to still higher order
carryover effects is obvious. Henceforth, we shall use the term carryover
effect, instead of residual effect.

The existence of carryover effects in long-term agricultural experiments
was first observed by Cochran (1939). Another early example of an exper-
iment indicating the presence of carryover effects was given by Williams
(1949). See also John and Quenouille (1977, Chapter 11). The presence
of carryover effects often complicates the design and analysis of crossover
trials. One way to avoid this difficulty is to insert a rest (or wash out)
period between two successive periods and hope that the carryover effect, if
any, would wash out during the rest period. Insertion of rest periods effec-
tively increases the interval between the observed periods and this strategy
may help in overcoming the above difficulty if the carryover effect is not
expected to persist for a long duration. However, the option of inserting
rest periods is not always feasible. One reason is that the insertion of a rest
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period between each pair of successive periods will certainly increase the
total duration of the experiment. Another problem with this option is that
there is no guarantee that the rest period is long enough to wash out the
carryover effect completely. Furthermore, in the context of clinical trials,
insertion of a rest period might invite ethical objections in the sense that a
patient cannot be denied a treatment for a long interval just because a rest
period has to be inserted. An alternative to the proposal of inserting rest
periods is to design the experiment in such a manner that the direct effect
differences can be efficiently estimated after adjusting for the presence of
possible carryover effects. A large body of the available literature deals
with the problem of finding suitable sequences of treatments that allow the
estimation of direct effect contrasts in an efficient manner after elimination
of carryover effects.

Use of crossover trials, however, is generally limited to situations where
the application of a treatment does not significantly alter the subject. For
example, in the context of a clinical trial, surgical interventions are un-
suitable for crossover trials if the surgery permanently alters the condition.
On the other hand, crossover designs in the context of clinical trials are
typically useful for experiments on chronic ailments like asthma, migraine,
hypertension, epilepsy etc. For some examples of applications in this area,
see Pocock (1983).

In spite of some of the above-mentioned problems associated with the
use of a crossover design, its advantages make it attractive to an experi-
menter. As a result, such designs are used in practice quite extensively and
the task of their optimal or efficient designing assumes significant practical
importance. Though crossover designs have been in use for several decades,
the issues relating to the determination of optimal crossover designs have
been addressed only in the last 30 years or so. This area of study was pio-
neered by Hedayat and Afsarinejad (1978) and since then, there has been a
continuous flow of work in this area covering optimality aspects under dif-
ferent underlying models and the construction of optimal designs. In this
book, we focus on the choice of a “good” or optimal crossover design. While
such a choice is dictated by statistical considerations, practical issues also
play a role in actual applications. As we shall see presently, the optimality
of crossover designs for direct and carryover effects are studied under an
assumed model, which at best can be regarded as an approximation to the
real relationship between the response and the effects included in the model.
Therefore, an optimal design derived under the assumed model might not
remain so if the model is mis-specified. In view of this, optimal designs
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should not always be employed blindly; rather, results on optimal designs
in a given context may be used as a step towards selecting good designs
and to weed out designs that are indeed poor from a statistical standpoint.

1.2 Notation, Terminology and Models

We begin by listing some notation and terminology in matrix theory.
Throughout this book, we deal exclusively with real matrices and vectors.
All vectors will be written as column vectors, unless specified otherwise,
and such vectors will be denoted by boldface numerals or lower case letters.
A prime over a matrix or vector will denote its transpose. For a positive
integer a, 1a and Ia will denote the a × 1 vector of all ones and the iden-
tity matrix of order a, respectively. For positive integers a and b, 0ab will
denote the a × b null matrix and Jab, the a × b matrix of all ones, i.e.,
Jab = 1a1′b; Jaa will simply be denoted by Ja and similarly, 0a1 will be
denoted by 0a. Also, for a positive integer a, we will use Ha to denote the
matrix Ia − a−1Ja, i.e., Ha = Ia − a−1Ja. The subscripts will be dropped
when there is no confusion regarding the order of the matrices involved.

For a matrix A, A− will denote an arbitrary generalized inverse (g-
inverse) of A, i.e., A− is a solution of the matrix equation AXA = A. Also,
for a (real) matrix A, we denote by A+ the unique Moore-Penrose inverse
of A, which satisfies the following conditions:
(i) AA+A = A, (ii)A+AA+ = A+, (iii) AA+ is symmetric and, (iv) A+A

is symmetric.
For a pair of nonnegative definite (n.n.d.) matrices A and B of the same

order, we write A ≥ B to mean that A−B is n.n.d. and in such a case, we
equivalently also write that A majorizes B under the Loewner ordering or
simply, A ≥ B in the Loewner sense.

An a×a matrix A will be called completely symmetric if A = αIa+βJa
for some scalars α and β. The trace of a square matrix A will be denoted
by tr(A).

Consider the partitioned matrix

X =
[
A B

C D

]
,

where A and D are non-null square matrices. Also, let C(B) ⊂ C(A),
R(C) ⊂ R(A), where C(·) and R(·), respectively, denote the column
space and row space of a matrix. Then the product CA−B is invari-
ant with respect to the choice of a g-inverse of A. The (generalized)
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Schur complement of A in X is defined to be D − CA−B. Similarly, if
C(C) ⊂ C(D), R(B) ⊂ R(D), then the (generalized) Schur complement of
D in X is A−BD−C.

For any matrix A, we write pr(A) to denote the orthogonal projection
matrix onto C(A), the column space of A. It is well known that pr(A) is
given by pr(A) = A(A′A)−A′. The orthogonal projection matrix onto the
space that is orthogonal to C(A) is denoted by pr⊥(A) = I − pr(A), where
I is the identity matrix of appropriate order. A basic fact on orthogonal
projection matrices will be used later in the book and is stated below as a
lemma.

Lemma 1.2.1. For a partitioned matrix A = [B C], it can be seen that

pr(A) = pr(B) + pr(pr⊥(B)C),

or equivalently,

pr⊥(A) = pr⊥(B)− pr⊥(B)C(C ′pr⊥(B)C)−C ′pr⊥(B).

�

Finally, for a pair of matrices E and F , E⊗F will denote the Kronecker
(tensor) product of E and F , i.e., if E = (eij), then E ⊗ F = (eijF ). The
following are some well known and easily verifiable facts about Kronecker
product of matrices:
(a) (A⊗ B)(C ⊗D) = AC ⊗ BD, provided the products AC and BD are
well defined.
(b) (A1 +A2)⊗B = A1 ⊗B +A2 ⊗B.
(c) A⊗ (B1 +B2) = A⊗B1 +A⊗B2.
(d) For scalars a and b, aA⊗ bB = ab(A⊗B).
(e) (A⊗B)′ = A′ ⊗B′.
(f) If A,B are invertible matrices, then (A⊗B)−1 = A−1 ⊗B−1.

Next, we describe some notation and terminology needed for the analysis
of a crossover design. Consider a crossover experiment in which t ≥ 2
treatments are to be compared via n experimental subjects over p time
periods. As stated earlier, any allocation of the t treatments to the np

experimental sites is called a crossover design. Let Ωt,n,p be the class of
all such crossover designs. For a design d ∈ Ωt,n,p, d(i, j) denotes the
treatment allocated to the jth subject in the ith period according to the
design d, 1 ≤ i ≤ p, 1 ≤ j ≤ n.

We postulate a linear model for the observations generated from a
crossover design and then determine optimal designs under a specified
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model. A variety of models have been considered in the literature. We
first consider the following model:

Yij = µ+ αi + βj + τd(i,j) + ρd(i−1,j) + εij ,

1 ≤ i ≤ p, 1 ≤ j ≤ n, (1.2.1)

where Yij is the observable random variable corresponding to the obser-
vation from the jth subject in the ith period, and µ, αi, βj , τs and ρs are,
respectively, a general mean, the ith period effect, the jth subject effect,
the direct effect due to treatment s and the first order carryover effect due
to treatment s, 1 ≤ i ≤ p, 1 ≤ j ≤ n, 1 ≤ s ≤ t; the εij ’s are the error
components, assumed to be uncorrelated random variables with zero means
and constant variance σ2. In the above, we define ρd(0,j) = 0, 1 ≤ j ≤ n.
Henceforth, we shall use the same notation Yij for the observation as well
as the random variable corresponding to the observation. This model has
traditionally been considered in the literature and so we shall refer to this
model as the traditional model.

We now make some general comments on the model (1.2.1). To begin
with, all the parameters in the model are considered as fixed, i.e., non-
random. Models with some random effects have been considered in the
literature (see, e.g., Mukhopadhyay and Saha (1983), Laska and Meisner
(1985), Jones, Kunert and Wynn (1992) and Carriere and Reinsel (1993))
and we elaborate on such models later in this book. It should also be noted
that in (1.2.1), only the first order carryover effects have been included.
More complex models, incorporating higher order carryover effects have
also been considered in the literature and we consider these subsequently
in the book. Since ρd(0,j) = 0 for all j, model (1.2.1) has no carryover
effects for the observations in the first period. A model of this kind has
been referred to in the literature as a non-circular model (see, e.g., Hedayat
and Afsarinejad (1978) and Cheng and Wu (1980)). An alternative model,
called circular model, has also been considered by some authors. In a
circular model, there are carryover effects for the observations in the first
period as well, these arising out of treatments given to the subjects in
a pre-period or baseline period. Thus, under a circular model, there are
carryover effects in all the p periods and this makes the analysis much
simpler compared to that under a non-circular model. Throughout this
book, we consider only a non-circular model. For some results on designs
under a circular model, see, e.g., Dey and Balachandran (1976), Magda
(1980), Kunert (1984a) and Afsarinejad (1989, 1990a). Some authors have
also considered simpler models where one or more effects in (1.2.1) are
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absent. We do not consider such models in this book, except briefly in
Chapter 7.

In (1.2.1), a major assumption is that the errors are uncorrelated, having
a constant variance. In most studies, the analysis of crossover designs has
been carried out under such an assumption of uncorrelated errors. This
assumption is however not always reasonable, as observations arising out of
the same subject in different periods may be correlated. Issues concerning
good crossover designs when the observations coming from the same subject
are possibly correlated have been examined in the literature and we shall
return to this aspect in Chapters 4, 6 and 7, where relevant references may
be found.

Again, in (1.2.1), it has been assumed that the carryover effect of a
treatment is the same irrespective of which treatment follows it in the next
period on the same subject. However, in some experimental situations,
in a given period, the carryover effect may depend on the treatment that
contributes the direct effect. For example, if A is followed by A in two
consecutive periods, then the carryover effect in the second period is differ-
ent from that when A is followed by B. If a treatment is followed by itself,
the carryover effect in the next period is called a self carryover effect while
carryover effects contributed by other treatments are termed as mixed car-
ryover effects. Models that account for such carryover effects have been
studied recently and we deal with such models in Chapter 5.

Another modification of the traditional model (1.2.1) is one in which the
carryover effect of a treatment is assumed to be proportional to its direct
effect as it seems reasonable to assume that a treatment with large direct
effect should generally have a large carryover effect. Optimal designs under
such a model have been considered in Chapter 5.

Yet another modification of (1.2.1) is one which incorporates interac-
tions between the treatments contributing the direct and carryover effects
in two successive periods on the same subject together with their individual
direct and carryover effects. Such a non-additive model and related optimal
designs are reviewed in Chapter 6.

Several construction methods described in this book require a basic
knowledge of finite groups and finite fields. One may refer, e.g., to Jacobson
(1964) for a description of these aspects. Reference is also made to Dean and
Voss (1999) for an excellent exposition of the general area of experimental
designs.
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1.3 Information Matrices

In order to present the various optimality results, we need to introduce
some further notation which will be used throughout the book. Recall that
Ωt,n,p is the class of all crossover designs involving t treatments applied to
n subjects over p periods. For d ∈ Ωt,n,p and 1 ≤ s, s′ ≤ t, 1 ≤ i ≤ p,

1 ≤ j ≤ n, let
ndsj = number of times treatment s is allocated to subject j,
n̄dsj = number of times treatment s is allocated to subject j

in the first p− 1 periods,
mdsi = number of times treatment s is allocated to period i,
zdss′ = number of times treatment s is immediately preceded by

treatment s′ on the same subject,
rds = number of times treatment s appears in the design,
r̄ds = number of times treatment s appears in the first p− 1

periods.
Again, for d ∈ Ωt,n,p, using the terms defined above, let

rd = (rd1, . . . , rdt)′, r̄d = (r̄d1, . . . , r̄dt)′,

Rd = diag(rd1, . . . , rdt), R̄d = diag(r̄d1, . . . , r̄dt),

Nd = (ndsj) 1≤s≤t;
1≤j≤n

, N̄d = (n̄dsj) 1≤s≤t;
1≤j≤n

,

Md = (mdsi) 1≤s≤t;
1≤i≤p

, M̄d =
[
0t (mdsi) 1≤s≤t;

1≤i≤p−1

]
Zd = (zdss′)1≤s,s′≤t.

(1.3.1)

Thus rd (respectively, r̄d) is the replication vector for direct (respectively,
carryover) effects; Nd (respectively, N̄d) is the t × n direct (respectively,
carryover) effect versus subject incidence matrix; Md (respectively, M̄d)
is the t × p direct (respectively, carryover) effect versus period incidence
matrix and Zd is the t × t direct effect versus carryover effect incidence
matrix. It is easy to verify that

r′d1t = np, r̄′d1t = n(p− 1),
Nd1n = rd, 1′tNd = p1′n,
N̄d1n = r̄d, 1′tN̄d = (p− 1)1′n,
Md1p = rd, 1′tMd = n1′p,
M̄d1p = r̄d, 1′tM̄d =

(
0, n1′p−1

)
1′tZd = r̄′d.

(1.3.2)
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It is useful to write model (1.2.1) in matrix form and we first develop
suitable notation for doing this. For any design d ∈ Ωt,n,p, let

Y d = (Y11, . . . , Yp1, Y12, . . . , Yp2, . . . , Y1n, . . . , Ypn)′

be the np× 1 vector of observations arising out of d with Yij as in (1.2.1).
This simply means that the first p entries in Y d correspond to the p

observations on subject 1, the next p to the observations on subject 2,
. . ., the last p pertaining to the observations on subject n. Also, let
α = (α1, . . . , αp)′, β = (β1, . . . , βn)′, τ = (τ1, . . . , τt)′, ρ = (ρ1, . . . , ρt)′

and ε = (ε11, . . . , εpn)′ be the p× 1 vector of period effects, the n× 1 vec-
tor of subject effects, the t × 1 vector of direct effects, the t × 1 vector of
carryover effects and the np × 1 vector of error terms, respectively, where
αi, βj , τs, ρs and εij are as in (1.2.1). Also, let θ = (µ,α′,β′, τ ′,ρ′)′ with
µ as in (1.2.1).

For a design d ∈ Ωt,n,p, let Tdj be a p× t matrix with its (i, s)th entry
equal to 1 if subject j receives the direct effect of treatment s in the ith
period, and zero otherwise. Similarly, let Fdj be a p × t matrix with its
(i, s)th entry equal to 1 if subject j has the carryover effect of treatment s
in the ith period, and zero otherwise. Thus, the first row of Fdj is zero and
for 2 ≤ i ≤ p, 1 ≤ j ≤ n, the ith row of Fdj is the (i− 1)th row of Tdj , i.e.,

Fdj =
(

0′p−1 0
Ip−1 0p−1

)
Tdj , 1 ≤ j ≤ n. Define

Td = (T ′d1, . . . , T
′
dn)′ and Fd = (F ′d1, . . . , F

′
dn)′.

Let E(·) and D(·) respectively, denote the expectation and dispersion oper-
ators.

With the above notation, model (1.2.1) can equivalently be written in
matrix form as

Y d = Xdθ + ε,
E(ε) = 0, D(ε) = σ2Inp,

(1.3.3)

where the design matrix Xd may be written in the following partitioned
form

Xd = [1np P U Td Fd], (1.3.4)

with P,U, Td and Fd as the parts of the design matrix corresponding to the
period, subject, direct and carryover effects, respectively, under the design
d. The orders of P,U, Td and Fd are, respectively, np × p, np × n, np × t
and np × t. Furthermore, with the ordering of the observations as in Y d,
it is clear that

P = 1n ⊗ Ip and U = In ⊗ 1p.
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It can readily be seen that

Td1t = 1np, 1′npTd = r′d,

Fd1t = 1n ⊗
(
0,1′p−1

)′
, 1′npFd = r̄′d,

P1p = 1np, 1′npP = n1′p ,
U1n = 1np, 1′npU = p1′n,
P ′P = nIp, U ′U = pIn,

PP ′ = Jn ⊗ Ip, UU ′ = In ⊗ Jp,
P ′U = Jpn, P ′Td = M ′d
P ′Fd = M̄ ′d, F ′dFd = R̄d,

U ′Td = N ′d, U ′Fd = N̄ ′d,

T ′dTd = Rd, T ′dFd = Zd.

(1.3.5)

Now, in order to obtain the information matrices for direct and carryover
effects under model (1.3.3), one needs to start with the matrix X ′dXd where
Xd is as in (1.3.4). Remembering that α and β are the nuisance parameters,
we may further partition Xd as Xd = [1np X1 X2], with

X1 = [P U ], X2 = [Td Fd]. (1.3.6)

Then

X ′dXd =


1′np1np 1′npX1 1′npX2

X ′11np X ′1X1 X ′1X2

X ′21np X ′2X1 X ′2X2

 =



np n1′p p1
′
n r

′
d r̄′d

n1p nIp Jpn M ′d M̄
′
d

p1n Jnp pIn N ′d N̄
′
d

rd Md Nd Rd Zd

r̄d M̄d N̄d Z ′d R̄d


, (1.3.7)

on simplification, using (1.3.5) and (1.3.6).
For a design d ∈ Ωt,n,p, let Cd and C̄d, respectively, denote the infor-

mation matrix (the so-called C-matrix) of the direct and carryover effects,
i.e., Cd (respectively, C̄d) is the coefficient matrix in the reduced normal
equations for τ (respectively, ρ). Both Cd and C̄d are t× t symmetric ma-
trices. A crossover design is said to be connected for direct (respectively,
carryover) effects if all contrasts among the direct (respectively, carryover)
effects are estimable. Clearly, a necessary and sufficient condition for a
crossover design to be connected for direct (respectively, carryover) effects
is that Rank(Cd) = t− 1 (respectively, Rank(C̄d) = t− 1).
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From (1.3.5), P1p = U1n = 1np, i.e., 1np belongs to the column space of
X1. Hence it follows from (1.3.7) that under model (1.3.3) the information
matrix for estimating τ and ρ jointly is of the form

Cd(τ ,ρ) = X ′2X2 −X ′2X1(X ′1X1)−X ′1X2.

Noting that a choice of a g-inverse of X ′1X1 is given by

(X ′1X1)− =
(
nIp Jpn
Jnp pIn

)−
=
(

n−1Ip 0pn
−(np)−1Jnp p−1In

)
,

Cd(τ ,ρ) above may be simplified to

Cd(τ ,ρ) = X ′2AX2 =
[
T ′dATd T ′dAFd
F ′dATd F ′dAFd

]
, (1.3.8)

where A = (In − n−1Jn) ⊗ (Ip − p−1Jp) = Hn ⊗ Hp, writing as before,
Ha = Ia − a−1Ja for a positive integer a. Consequently, using (1.3.6) and
(1.3.7), we may write

Cd(τ ,ρ) =
[
Cd11 Cd12

Cd21 Cd22

]
, (1.3.9)

where
Cd11 = Rd − n−1MdM

′
d − p−1NdN

′
d + (np)−1rdr

′
d,

Cd12 = Zd − n−1MdM̄
′
d − p−1NdN̄

′
d + (np)−1rdr̄

′
d = C ′d21,

Cd22 = R̄d − n−1M̄dM̄
′
d − p−1N̄dN̄

′
d + (np)−1r̄dr̄

′
d.

(1.3.10)

Hence, from (1.3.9), under model (1.3.3), Cd and C̄d, the information ma-
trices for direct effects and carryover effects are, respectively, given by the
Schur complements of Cd22 and Cd11 in Cd(τ ,ρ). Thus we have

Cd = Cd11 − Cd12C
−
d22Cd21

C̄d = Cd22 − Cd21C
−
d11Cd12.

(1.3.11)

It can be shown that Cd and C̄d as in (1.3.11) are invariant with respect
to the choice of g-inverses involved. Equivalently, the matrices Cduv, u, v =
1, 2, in (1.3.10) can be written using projection operators as

Cd11 = T ′dpr⊥ ([P U ])Td,

Cd12 = T ′dpr⊥ ([P U ])Fd = C ′d21,

Cd22 = F ′dpr⊥ ([P U ])Fd.

(1.3.12)
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Similarly, using projection operators we may directly write down expres-
sions for Cd and C̄d from model (1.3.3) with Xd as in (1.3.4). By Lemma
1.2.1, these expressions are clearly equivalent to those in (1.3.11) and are
given by

Cd = T ′dpr⊥([1np P U Fd])Td
= T ′dpr⊥([P U Fd])Td
= T ′dpr⊥([P U ])Td − T ′dpr(pr⊥([P U ])Fd)Td,

C̄d = F ′dpr⊥([1np P U Td])Fd
= F ′dpr⊥([P U Td])Fd
= F ′dpr⊥([P U ])Fd − F ′dpr(pr⊥([P U ])Td)Fd.

(1.3.13)

As noted previously, 1np belongs to the column space of [P U ] and hence
to the columns spaces of [P U Fd] as well as [P U Td]. These facts have
been used in obtaining (1.3.12) and (1.3.13). Furthermore, from (1.3.5),
both Td1t = 1n ⊗ 1p and Fd1t = 1n ⊗ (0, 1′p−1)′ belong to the column
space of P = 1n ⊗ Ip. Hence by (1.3.13), Cd1t = C̄d1t = 0. Since both Cd
and C̄d are symmetric, it is clear that both the matrices have zero row and
column sums for every d ∈ Ωt,n,p.

In the above development we have assumed that all the errors are un-
correlated. This assumption may become untenable if we believe that the
observations arising from the same subject are correlated while those from
different subjects remain uncorrelated. For such situations we may assume
that the errors εj = (ε1j , . . . , εpj)′ are independent while D(εj) = V for all
j, 1 ≤ j ≤ n, where V is a p× p positive definite matrix. This assumption
modifies model (1.3.3) to

Y d = Xdθ + ε, E(ε) = 0, D(ε) = σ2Σ, (1.3.14)

where

Σ = In ⊗ V

and other terms are as in (1.3.3). When V = Ip, model (1.3.14) reduces to
model (1.3.3).

Under model (1.3.14), we consider the weighted least squares estimates
and so, instead of X ′dXd, we need to consider the matrix X ′dΣ

−1Xd, where

Σ−1 = In ⊗ V −1.

Consequently, as before, the information matrix for estimating τ and ρ
jointly under model (1.3.14) is of the form

Cd(τ ,ρ) = X ′2Σ−1X2 −X ′2Σ−1X1(X ′1Σ−1X1)−X ′1Σ−1X2, (1.3.15)
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where X1, X2 are as in (1.3.6). On simplification using the forms of P and
U , we have

X ′1Σ−1X1 =
[

nV −1 1′n ⊗ V −11p
1n ⊗ (1′pV

−1) (1′pV
−11p)In

]
.

Writing δ = (1′pV
−11p)−1, we note that

(X ′1Σ−1X1)
[
n−1(1′n ⊗ Ip)
δHn ⊗ (1′pV

−1)

]
=
[

(1′n ⊗ V −1)
In ⊗ (1′pV

−1)

]
= X ′1Σ−1

⇒ (X ′1Σ−1X1)−X ′1Σ−1 =
[
n−1(1′n ⊗ Ip)
δHn ⊗ (1′pV

−1)

]
.

Using this in (1.3.15), upon simplification, we get that under model (1.3.14),

Cd(τ ,ρ) = X ′2A
∗X2 =

[
Cd11 Cd12

Cd21 Cd22

]
=
[
T ′dA

∗Td T ′dA
∗Fd

F ′dA
∗Td F ′dA

∗Fd

]
, (1.3.16)

where A∗ = Hn ⊗
(
V −1 − δV −1JpV

−1
)

= Hn ⊗ V ∗, writing

V ∗ = V −1 − δV −1JpV
−1. (1.3.17)

Now the information matrices Cd and C̄d under model (1.3.14) may be
obtained from (1.3.16) as in (1.3.11). Alternatively, as in (1.3.13), we may
directly write equivalent expressions for Cd and C̄d under model (1.3.14)
starting from X ′dΣ

−1Xd, with Xd as in (1.3.4), e.g.,

Cd = T ′d(In ⊗ V −
1
2 )pr⊥{(In ⊗ V −

1
2 )[P U Fd]}(In ⊗ V −

1
2 )Td, (1.3.18)

where V −
1
2 is a p× p positive definite matrix such that

V −
1
2V −

1
2 = V −1.

Arguments similar to those used in the context of uncorrelated errors show
that Cd as in (1.3.18) has row and column sums zero and can be written as

Cd = Ht(T ′d(In ⊗ V −
1
2 )pr⊥{(In ⊗ V −

1
2 )[P U FdHt]}(In ⊗ V −

1
2 )Td)Ht.

It is interesting to see that when p = 2, designs which are optimal under
model (1.3.3) remain so even under model (1.3.14). This follows from the
following lemma.

Lemma 1.3.1. When p = 2, the two forms of the matrix Cd(τ ,ρ) as given
by (1.3.8) and (1.3.16) are proportional to each other.

Proof. Let x be a p× 1 non-null vector. Then with V ∗ as in (1.3.17),

V ∗x = V −1x− δV −1JpV
−1x = V −1x−

(
δ1′pV

−1x
)
V −11p.
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It follows that

V ∗x = 0, if and only if
x = δ1′pV

−1x1p = α1p,
(1.3.19)

where α is a constant. For p = 2, this implies that the columns of V ∗ are

spanned by (1, −1)′, and so for p = 2, V ∗ = h

[
1 −1
−1 1

]
= 2h(I2− 1

2J2) =

2hH2, where h > 0 is some constant involving the elements of V .
Hence from (1.3.16), under model (1.3.14), for p = 2,

Cd(τ ,ρ) = 2h [X ′2 (Hn ⊗H2)X2] .

The first factor on the right above, i.e., the constant 2h, absorbs the corre-
lation while the second factor is a matrix which does not involve the cor-
relation and is identical to the expression obtained from (1.3.8) by putting
p = 2. Hence the lemma. �

From Lemma 1.3.1, it is clear that for p = 2, if the two observations
within a subject are correlated then the information matrix Cd is propor-
tional to the information matrix which would have been obtained had the
observations been all uncorrelated, and the proportionality constant is a
function of the correlation term. Hence if p = 2 and one wants to find an
optimal design for τ under model (1.3.14), then it suffices to do so under
model (1.3.3). Thus, for the problem of finding an optimal design for τ
when p = 2, both these models are equivalent.

In so far as the direct effects are concerned, the above assertion also
follows by noting that with p = 2, the best linear unbiased estimators of
all direct effect contrasts must necessarily be based on only the difference
of the two observations within each subject. This is intuitively clear since
consideration of such differences is the only way for eliminating the fixed
effects due to subjects.

The information matrices for more complex models than (1.3.3) or
(1.3.14) may be derived on similar lines, using heavier notation. Such infor-
mation matrices will be derived in subsequent chapters, where such models
are considered.

1.4 Optimality Criteria and Tools

Recall that a crossover design is an allocation of t treatments to the np
experimental sites, where n is the number of subjects, each one of which
is studied for p periods. Clearly, the total number of possible treatment
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sequences of length p is tp. Suppose S is the collection of these tp treat-
ment sequences. One might then look upon a crossover design involving n
subjects as one which assigns ns subjects to the treatment sequence s ∈ S,
where ns ≥ 0 and

∑
s∈S

ns = n.

For given values of the design parameters, t, n and p, typically there
will be many choices for the design and these alternatives form a class of
competing designs. To discriminate among different designs belonging to
a competing class, under a suitable model postulated for the observations
generated by them, one needs to compare the designs using some well-
defined criterion which depends on the objective of the study. For instance,
if comparison of the direct effects of the treatments is of primary interest,
then one needs to find a design which is the best, in the competing class
and under the chosen criterion, with regard to the estimation of direct
effect contrasts. If such a design can be identified, then it is called optimal
for direct effects in the competing class, with reference to the model and
the given criterion. Similarly, optimal designs for carryover effects can be
considered.

A systematic study of various optimality criteria (including the pop-
ular A-, D- and E-criteria) and related optimal designs in a very broad
context was initiated by Kiefer (1958). Another useful optimality crite-
rion, called the MV -optimality, which we use in Chapter 7, was origi-
nally introduced by Takeuchi (1961) and the term “MV -optimality” is due
to Jacroux (1983). We refer the reader to Shah and Sinha (1989) and
Pukelsheim (1993) for excellent accounts of various optimality criteria and
optimal designs. Pukelsheim (1993) dealt mostly with what is known as
approximate theory, where a design is visualized as a probability measure
over the experimental region, the probabilities representing the proportion
of observations at different sites. The general problem then is to determine
these proportions in an “optimal” manner. The exact theory on the other
hand is concerned with the problem of finding an optimal design for a given
finite number of observations. For a more recent and authoritative review
of optimal designs (including crossover designs) based on exact theory, we
refer to Cheng (1996).

The notion of universal optimality helps in unifying various optimality
criteria. In particular, it is well known that a universally optimal design is
also optimal according to the A-, D-, E- and MV -criteria. In this book,
we shall primarily be concerned with the universal optimality criteria and
so, brief details on this seem to be in order. Let A denote the class of
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symmetric, nonnegative definite (n.n.d.) matrices of order t with zero row
sums. Consider the class Φ of real-valued functions φ(·) defined on A, such
that

(a) φ(·) is convex; that is, for every A1, A2 ∈ A and real a (0 ≤ a ≤ 1),

aφ(A1) + (1− a)φ(A2) ≥ φ(aA1 + (1− a)A2);

(b) φ(bA) is non-increasing in the scalar b ≥ 0 for all A ∈ A;
(c) φ(·) is permutation invariant, i.e., φ(EAE′) = φ(A) for every permuta-
tion matrix E of order t and for each A ∈ A.

Let D be a class of competing designs in a given context and let Ad
denote the information matrix for a set of relevant parametric functions
(for instance, these may concern the direct or carryover effects in our setup)
under a design d ∈ D and a given model. Then, under this model, a design
d∗ ∈ D is said to be universally optimal over D for the estimation of this
set of parametric functions if φ(Ad∗) = min

d∈D
φ(Ad) for every φ(·) ∈ Φ.

Incidentally, as will be noted later in Section 2.2, in our context Ad ∈ A
and so φ(Ad) is well defined for every φ(·) ∈ Φ and every competing design
d.

A simple sufficient condition for a design to be universally optimal was
provided by Kiefer (1975). Since we shall often be referring to this sufficient
condition, this result is stated below in the form of a theorem.

Theorem 1.4.1. Suppose for a design d∗ ∈ D,
(i) Ad∗ is completely symmetric, and,
(ii) tr(Ad∗) ≥ tr(Ad) for all d ∈ D.
Then, under the assumed model and for the set of parametric functions
under study, d∗ is universally optimal over D. �

As noted by Kiefer (1975), −tr(A) is a functional satisfying the condi-
tions (a)–(c) above. Hence, a necessary condition for a design to be univer-
sally optimal is that the corresponding information matrix A has maximum
trace among all competing information matrices.

An extension of universal optimality criterion of Kiefer (1975) was con-
sidered by Shah and Sinha (2002). Let Ad denote the information matrix
for the relevant parametric functions under a suitable model using the de-
sign d. Let g be a permutation of {1, 2, . . . , t}, that is g ∈ St, the symmetric
group of permutations on {1, 2, . . . , t}. As per Shah and Sinha (2002), a de-
sign d∗ with information matrix Cd∗ is said to be universally optimal in an
appropriate class of competing designs if it minimizes every real-valued op-
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timality functional φ(·) defined over the set of n.n.d. matrices, that satisfies
the following conditions:

(i) φ(Adg ) = φ(Ad) for every g ∈ St, where dg is the design obtained by
permuting the treatment labels according to g;
(ii) Ad ≥ Af ⇒ φ(Ad) ≤ φ(Af ), where d and f are any two designs in the
competing class;
(iii) φ(

∑
wgAdg ) ≤ φ(Ad), where {wg} are nonnegative rationals satisfying∑

g wg = 1. Here g runs over all the t! permutations in St.

Note that every convex functional satisfies (iii). This formulation of uni-
versal optimality is an extension of the original formulation of Kiefer (1975)
in the sense that the condition of convexity in the original formulation is
replaced by a slightly weaker condition (iii) above.

A sufficient condition for d0 to be universally optimal (as per the ex-
tended definition) is that∑

wgAdg ≤ Ad0 for every d. (1.4.1)

In (1.4.1), the {wg} can be any specific set of weights (which may depend on
d). While using (1.4.1) subsequently in this book, we shall take wg = 1/t!
for all g ∈ St.

We now discuss a technique often used for obtaining universally opti-
mal designs in a class D under a given model. This involves starting with a
universally optimal design under a simpler model and then checking a suit-
able orthogonality condition which, when satisfied, leads to equality of the
information matrices under the given model and the simpler model. Con-
sequently, if the orthogonality condition holds, then a universally optimal
design under a simpler model remains universally optimal under the given
model. This technique was first used by Magda (1980) and then elegantly
and extensively studied by Kunert (1983). This approach has been used
widely in the search of optimal crossover designs and several theorems in
the subsequent chapters make use of this technique. A few details of this
technique are summarized below.

Consider the model
Y d = X1dν1 +X2dν2 + ε, (1.4.2)

where Y d is the vector of observations under the design d, ν1 and ν2 are two
vectors of parameters, X1d and X2d are the corresponding design matrices
and ε is the vector of error terms. Suppose ν2 = (ν′21 ν

′
22)′ and X2d is

conformally partitioned as X2d = [X21d X22d]. Then consider the model
Y d = X1dν1 +X21dν21 + ε. (1.4.3)
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Following Kunert (1983), we will call model (1.4.2) “finer” than model
(1.4.3), while (1.4.3) will be said to be “simpler” than (1.4.2). The in-
formation matrices for the estimation of ν1 under (1.4.2) and (1.4.3) are,
respectively, given by

Ad = X ′1dpr⊥(X2d)X1d, and Bd = X ′1dpr⊥(X21d)X1d.

From Lemma 1.2.1,

pr(X2d) = pr(X21d) + pr(pr⊥(X21d)X22d), (1.4.4)

and hence

pr⊥(X2d) = pr⊥(X21d)− pr{pr⊥(X21d)X22d}
≤ pr⊥(X21d).

(1.4.5)

Therefore

Ad ≤ Bd, for all d ∈ D, (1.4.6)

with equality if and only if the following orthogonality condition holds:

X ′1dpr⊥ (X21d)X22d = 0. (1.4.7)

In view of the above, we get the next lemma which is useful in finding
optimal designs.

Lemma 1.4.1. Let d∗ ∈ Ωt,n,p be such that (i) Bd∗ is completely symmet-
ric, (ii) tr(Bd∗) ≥ tr(Bd) ∀ d ∈ Ωt,n,p and (iii)X ′1d∗pr⊥(X21d∗)X22d∗ = 0.
Then d∗ is universally optimal for the estimation of ν1 under (1.4.2). �

Kushner (1997b) used an argument of Pukelsheim (2003, p. 75) to
obtain an upper bound for the trace of the information matrix Cd. This
result was further generalized by Kunert and Martin (2000a) in the context
of interference models. These results have been used by several authors to
identify universally optimal designs under various situations and we shall
refer to these in later chapters. Here, we state the result of Kushner (1997b).

Lemma 1.4.2. For d ∈ Ωt,n,p, writing Cd(τ ,ρ) =
[
Cd11 Cd12

Cd21 Cd22

]
and with

Cd = Cd11 − Cd12C
−
d22Cd21, an upper bound for tr(Cd) is given by

tr(Cd) ≤ tr(Cd11)− (tr(Cd12))2/tr(Cd22).

�
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1.5 Outline of the Book

Work on the optimality aspects of crossover designs was initiated by He-
dayat and Afsarinejad (1978). Since then, research in this area has seen
extensive growth and many important results have been proved in recent
years. The purpose of this book is to present a comprehensive and up-to-
date account of the major developments on optimal crossover designs.

The detailed discussion on optimal crossover designs begins in Chapter
2, where we introduce balanced and strongly balanced uniform crossover
designs and present results on the optimality of these designs in some classes
of competing designs. The optimality of nearly strongly balanced designs
is also reviewed in Chapter 2. The model considered is the one given in
(1.2.1), which is an additive, fixed effects model, with errors assumed to be
uncorrelated random variables with zero mean and constant variance. This
model includes only the first order carryover effects, apart from a general
mean, the period effects, the subject effects and the direct effects of the
treatments. Some methods of construction of these optimal designs are
also described in Chapter 2.

The optimality results in Chapter 2 relate to crossover designs in which
p ≥ t, where p is the number of periods and t, the number of treatments.
In practice, however, often an experimenter looks for designs for which the
number of periods is small relative to the number of treatments as, in such
an event, the experiment does not have to be continued for a long duration.
Some optimality results on crossover designs satisfying p < t are presented
in Chapter 3 under the model (1.2.1). Construction of some optimal designs
with p < t are also given in Chapter 3.

An approach to arrive at optimal crossover designs via the approximate
design theory was proposed by Kushner (1997a,b, 1998). This approach is
quite general and is capable of producing optimal crossover designs in very
general classes of competing designs. Results based on this approach have
been reviewed in Chapter 4. The case of an arbitrary dispersion structure
of the errors is taken up first by considering a positive definite matrix V

as the dispersion matrix of the errors for every subject. Subsequently,
simplified and readily usable versions of the results are given for the case of
uncorrelated, homoscedastic errors, i.e., when V = Ip. These results relate
to the problem of inference on direct effects. Similar results for inference
on first order carryover effects are also presented in Chapter 4.

More complex additive models have been considered in Chapter 5 and
optimal designs under such models have been discussed. Specifically, a
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model with self and mixed carryover effects is considered in Section 5.2 and
optimal designs under such a model are identified. A model with carryover
effects proportional to direct effects is considered in Section 5.3 and related
optimal designs are reviewed.

The optimal crossover designs considered in Chapters 2–5 are all stud-
ied under models with no separate terms for interaction between treatments
applied to the same subject in successive periods. While the assumption
of absence of interaction may be justified in some situations, it may not be
appropriate in all applications of crossover designs. Optimality aspects of
crossover designs under non-additive models are considered in Chapter 6
where we revise the additive model (1.2.1) to include an interaction term
between the treatment producing the direct effect and the treatment pro-
ducing the carryover effect on a subject in a given period. Under this model,
it is seen that some of the optimality results obtained under an additive
model remain robust. We also consider in Chapter 6 a non-additive model
in the presence of higher order, rather than only first order, carryovers and
study optimal designs under such a model.

Chapter 7 summarizes some further developments on optimal crossover
designs. The case of just two treatments is of considerable interest, espe-
cially in clinical trials. The optimality of two-treatment crossover designs,
under correlated as well as uncorrelated errors, is taken up in Section 7.2.
This material is related to the contents of Chapter 4. Section 7.3 deals
with optimal designs under correlated errors and with more than two treat-
ments. Optimal designs for test-control comparisons are discussed in Sec-
tion 7.4. These designs play an important role in determining the relative
performance of new test treatments vis-a-vis a standard treatment, called
a control. Section 7.5 concerns crossover designs which remain efficient or
optimal when the planned trial has to be terminated due to extraneous
reasons. Such designs can be useful, for instance, in clinical trials if some
of the subjects (patients) drop out before the planned completion of the
experiment. Section 7.6 contains some additional comments.
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Chapter 2

Optimality of Balanced and Strongly
Balanced Designs

2.1 Introduction

An authoritative article by Hedayat and Afsarinejad (1975) stimulated in-
terest in crossover designs, which were termed by these authors as repeated
measurements designs. In particular, they defined various terms like uni-
formity and balance in this context, discussed some constructions and pre-
sented an extensive bibliography. Subsequently, Hedayat and Afsarinejad
(1978) initiated the study of optimality of these designs and obtained opti-
mal designs within a class of uniform designs with p = t. This condition of
uniformity on the competing designs was relaxed later by Cheng and Wu
(1980). They also defined the concept of strong balance and identified de-
signs which are universally optimal in the global class Ωt,n,p. Other authors
continued the study of balanced uniform designs and obtained more gen-
eral optimality results. New classes of designs were also studied, e.g., the
nearly strongly balanced designs by Kunert (1983) and the nearly balanced
uniform designs by Bate and Jones (2006).

In Sections 2.3 and 2.4, we present results on the optimality properties of
balanced and strongly balanced uniform crossover designs. Some results on
nearly strongly balanced, nearly balanced and related designs are reviewed
in Section 2.5. Finally, in Section 2.6, some construction procedures of the
optimal designs considered in Sections 2.3 and 2.4 are presented. All the
designs studied in this chapter have p ≥ t. Designs for the case p < t are
considered in later chapters. The model considered is the traditional model
(1.2.1) or its equivalent form (1.3.3). Throughout, we follow the notation
introduced in Chapter 1.

25
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2.2 Definitions and Some Basic Results

We begin with the following definitions.

Definition 2.2.1. A design d ∈ Ωt,n,p is said to be uniform on periods if
in each period, d assigns each treatment to the same number of subjects,
i.e., mdsi = n/t, 1 ≤ s ≤ t, 1 ≤ i ≤ p.

Definition 2.2.2. A design d ∈ Ωt,n,p is said to be uniform on subjects if
on each subject, d assigns each treatment to the same number of periods,
i.e., ndsj = p/t, 1 ≤ s ≤ t, 1 ≤ j ≤ n.

Definition 2.2.3. A design d ∈ Ωt,n,p is said to be uniform if it is uniform
on periods as well as on subjects.

Definition 2.2.4. A design d ∈ Ωt,n,p is said to be balanced if in the order
of application, no treatment precedes itself and each treatment is preceded
by every other treatment a constant number of times, or equivalently, if
among all the ordered pairs {d(i, j), d(i + 1, j)}, 1 ≤ i ≤ p − 1, 1 ≤ j ≤ n,
each ordered pair of distinct treatments occurs a constant number of times,
say λ1 times, i.e., zdss′ = λ1, zdss = 0, 1 ≤ s, s′ ≤ t; s 6= s′.

Definition 2.2.5. A design d ∈ Ωt,n,p is said to be strongly balanced if
in the order of application, each treatment is preceded by every treatment
(including itself) a constant number of times, or equivalently, if among all
the ordered pairs {d(i, j), d(i+1, j)}, 1 ≤ i ≤ p−1, 1 ≤ j ≤ n, each ordered
pair of treatments (distinct or not) occurs a constant number of times, say
λ2 times, i.e., zdss′ = λ2, 1 ≤ s, s′ ≤ t.

It is clear from the above definitions that a necessary condition for a
design d ∈ Ωt,n,p to be uniform on periods is that t|n and a necessary
condition for a design to be uniform on subjects is that t|p, where for
positive integers a, b, a|b means that b is divisible by a. Thus, for a uniform
design d ∈ Ωt,n,p,

n = µ1t and p = µ2t for some integers µ1, µ2 ≥ 1.
Furthermore, a necessary condition for a design d ∈ Ωt,n,p to be balanced is
that t(t−1)|n(p−1) and a necessary condition for d to be strongly balanced
is that t2|n(p− 1). It follows then that,

λ1 = n(p− 1){t(t− 1)}−1 = µ1(p− 1)(t− 1)−1 and

λ2 = n(p− 1)t−2 = µ1(p− 1)t−1

are positive integers. Moreover, if a uniform design in Ωt,n,p is also strongly
balanced, then p ≥ 2t.
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Example 2.2.1. We give examples of some designs described in the above
definitions. As in Chapter 1, the rows stand for the periods, columns rep-
resent the subjects and the treatments are denoted by 1,2,... etc.

d1 ≡

1 2 3 4
4 1 2 3
2 3 4 1
3 4 1 2

, d2 ≡

1 1 1 2 2 2 3 3 3
1 2 3 1 2 3 1 2 3
2 2 2 3 3 3 1 1 1
2 3 1 2 3 1 2 3 1
3 3 3 1 1 1 2 2 2
3 1 2 3 1 2 3 1 2

,

d3 ≡

1 2 3 4 2 4 1 4
4 1 2 3 3 1 3 3
2 3 4 1 4 2 1 2
4 4 1 2 2 3 4 1

, d4 ≡

1 2 3 3 1 2
2 3 1 2 3 1
3 1 2 1 2 3
3 1 2 1 2 3

.

It is not hard to see that the design d1 ∈ Ω4,4,4 is a balanced uniform
design with µ1 = µ2 = 1 and λ1 = 1 while d2 ∈ Ω3,9,6 is a strongly balanced
uniform design with µ1 = 3, µ2 = 2 and λ2 = 5. Design d3 ∈ Ω4,8,4 is not
uniform on either subjects or periods, but is balanced with λ1 = 2. Finally,
d4 ∈ Ω3,6,4 is a strongly balanced design with λ2 = 2 and it is uniform on
periods with µ1 = 2, but not uniform on subjects. Design d4 is uniform on
subjects in the first 3(= p− 1) periods and designs such as d4 were termed
extra-period designs by Patterson and Lucas (1959). See also Lucas (1957).

�

The next Lemma follows from the definitions of the relevant designs
given above.

Lemma 2.2.1. Let d1, d2, d3 and d4 be crossover designs with t treatments,
which are, respectively, uniform on periods, uniform, balanced uniform and
strongly balanced uniform. Then

d1 ∈ Ωt,n=µ1t,p, d2 ∈ Ωt,n=µ1t,p=µ2t,

d3 ∈ Ωt,n=µ1t,p=µ2t, (t− 1)|µ1(p− 1), d4 ∈ Ωt,n=µ1t,p=µ2t, t|µ1, µ2 ≥ 2

and furthermore,

rd1 = rd2 = rd3 = rd4 = µ1p1t,
r̄d1 = r̄d2 = r̄d3 = r̄d4 = µ1(p− 1)1t,
Rd1 = Rd2 = Rd3 = Rd4 = µ1pIt,

R̄d1 = R̄d2 = R̄d3 = R̄d4 = µ1(p− 1)It,
Md1 = Md2 = Md3 = Md4 = µ1Jtp,
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M̄d1 = M̄d2 = M̄d3 = M̄d4 = [0t µ1Jt,p−1] ,
Nd2 = Nd3 = Nd4 = µ2Jtn,

Zd3 = λ1(Jt − It),
Zd4 = λ2Jt,

(2.2.1)

where µ1, µ2, λ1 and λ2 are positive integers. �

Recalling that for a positive integer a, Ha = Ia − a−1Ja, from (1.3.10),
on applying (1.3.2) and (2.2.1) we have after simplification,

Cd211 = µ1pHt

Cd212 = Zd2 − t−1µ1(p− 1)Jt = C ′d221,

Cd222 = µ1(p− 1− p−1)Ht,

Cd311 = µ1pHt

Cd312 = −λ1Ht

Cd322 = µ1(p− 1− p−1)Ht,

Cd411 = µ1pHt,

Cd412 = 0tt,
Cd422 = µ1(p− 1− p−1)Ht.

(2.2.2)

Then from (1.3.11) it is clear that, Cd3 , C̄d3 , Cd4 , C̄d4 are all multiples of
Ht and hence completely symmetric with forms as shown below. Moreover,
since Cd412 = 0, the information matrices for d4 are particularly simple.

Cd3 = µ1p
[
1− (p− 1)2(t− 1)−2(p2 − p− 1)−1

]
Ht,

C̄d3 = µ1

[
(p− 1− p−1)− (p− 1)2(t− 1)−2p−1

]
Ht,

Cd4 = µ1pHt,

C̄d4 = µ1(p− 1− p−1)Ht.

(2.2.3)

For any d ∈ Ωt,n,p, it is evident from (1.3.13) that both Cd and C̄d
are symmetric n.n.d. matrices. Furthermore, as seen in Chapter 1, these
matrices have zero row sums. Hence they belong to the class A introduced
in Section 1.4. As a result, in our search for optimal designs for direct and
carryover effects over Ωt,n,p, we may use the universal optimality criterion
and apply Theorem 1.4.1 to identify the optimal designs. The following
results given by Cheng and Wu (1980) will be useful in the next section.

Lemma 2.2.2. For any d ∈ Ωt,n,p, the following matrices are all n.n.d.
(i) Cd11, (ii) Cd22 , (iii) Rd − n−1MdM

′
d , (iv) Rd − p−1NdN

′
d,

(v) R̄d − n−1M̄dM̄
′
d, (vi) R̄d − p−1N̄dN̄

′
d , (vii) MdM

′
d − p−1MdJpM

′
d,

(viii) NdN ′d − n−1NdJnN
′
d, (ix) M̄dM̄

′
d − p−1M̄dJpM̄

′
d,

(x) N̄dN̄ ′d − n−1N̄dJnN̄
′
d.
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Proof. The assertions in (i) and (ii) are easy to see. To see the truth of (iii),
observe that Rd−n−1MdM

′
d is the C-matrix for the direct effects when the

carryover and subject effects are not in the model and thus, it is n.n.d. To
prove (vii), note that for a positive integer a the matrix Ia−a−1Ja is n.n.d.
Hence it follows that MdM

′
d − p−1MdJpM

′
d = Md(Ip − p−1Jp)M ′d is n.n.d.

The other results in the lemma follow similarly. �

Lemma 2.2.3. For any positive integers a, b and nonnegative integers
u1, . . . , ua, the minimum of u2

1 + · · · + u2
a, subject to u1 + · · · + ua = b, is

obtained when b− a[b/a] of the ui’s are each equal to [b/a] + 1 and the rest
are each equal to [b/a], where [z] denotes the largest integer not exceeding
z(> 0). �

The above result is well known; a proof can be found, e.g., in Cheng
(1978).

Lemma 2.2.4. Let d∗ ∈ Ωt,n,p be a uniform design. Then d∗ maximizes
tr(Cd11) and tr(Cd22) over Ωt,n,p.

Proof. We present the proof for Cd22; the proof for Cd11 is similar. From
(1.3.10), for any d ∈ Ωt,n,p,

tr(Cd22) = n(p− 1)− n−1
t∑

s=1

p−1∑
i=1

m2
dsi − p−1

t∑
s=1

n∑
j=1

n̄2
dsj + (np)−1

t∑
s=1

r̄2
ds

= n(p− 1)− p−1
t∑

s=1

n∑
j=1

n̄2
dsj − n−1

[
t∑

s=1

p−1∑
i=1

(mdsi − (p− 1)−1r̄ds)2

+ {(p− 1)−1 − p−1}
t∑

s=1

r̄2
ds

]
,

as r̄ds =
∑p−1
i=1 mdsi. Now, from Lemma 2.2.1, for the uniform design d∗,

md∗si = (n/t) for all s, i and r̄d∗s = n(p−1)/t for all s, 1 ≤ s ≤ t, 1 ≤ i ≤ p.
Therefore,

∑t
s=1

∑p−1
i=1

(
md∗si − (p− 1)−1r̄d∗s

)2 = 0, and thus for proving
the result, it is enough to show that d∗ minimizes

∑t
s=1

∑n
j=1 n̄

2
dsj and∑t

s=1 r̄
2
ds. This is clear from Lemma 2.2.3 since

t∑
s=1

n∑
j=1

n̄dsj = n(p− 1) =
t∑

s=1

r̄ds,

|n̄d∗sj − n̄d∗s′j′ | ≤ 1 for all (s, j) 6= (s′, j′) and r̄d∗s are equal for all s. �

Lemma 2.2.5. Let d∗ ∈ Ωt,n,p be a design which is uniform on periods and
uniform on subjects in the first p− 1 periods. Then d∗ maximizes tr(Cd11)
and tr(Cd22) over Ωt,n,p.
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Proof. In this case we observe that n̄d∗sj is a constant for all s, j, while
|nd∗sj − nd∗s′j′ | ≤ 1 for all (s, j) 6= (s′, j′). Now, the proof follows as in
Lemma 2.2.4. �

We only state the following results on constrained minimization and
refer to Cheng and Wu (1980) for their proofs.

Lemma 2.2.6. For reals a1, . . . , at, the minimum of
∑t
s=1 a

2
s, subject to∑t

s=1 as = b, is attained when as = b/t, 1 ≤ s ≤ t, and this minimum is
equal to b2/t. �

Lemma 2.2.7. For reals a1, . . . , at, the minimum of
∑t
s=1 a

2
s/rs, rs > 0,

subject to
∑t
s=1 as = b and

∑t
s=1 rs = c > 0, is attained when as = brs/c,

1 ≤ s ≤ t, and this minimum is equal to b2/c. �

Lemma 2.2.8. Suppose the sequences {aj} and {bj}, 1 ≤ j ≤ n, of
reals are such that (aj − aj′)(bj − bj′) ≥ 0, for all 1 ≤ j, j′ ≤ n. Then∑n
j=1 ajbj ≥ n−1(

∑n
j=1 aj)(

∑n
j=1 bj). �

Lemma 2.2.9. For 0 ≤ c ≤ [2t(p− 1)µ2
1]−1 and reals {asi}, the minimum

of
t∑

s=1

p−1∑
i=1

a2
si + c

(
t∑

s=1

p∑
i=2

asias,i−1

)2

,

subject to
∑t
s=1 asi = µ1t for 1 ≤ i ≤ p, is attained when asi = µ1 for all

1 ≤ s ≤ t, 1 ≤ i ≤ p. �

Lemma 2.2.10. For 0 ≤ c ≤
[
tp(p− 1)µ2

1

]−1 and reals {asi}, the mini-
mum of

t∑
s=1

p−1∑
i=1

a2
si − p−1

t∑
s=1

(
p−1∑
i=1

asi

)2

+ c

(
t∑

s=1

p∑
i=2

asias,i−1

)2

,

subject to
∑t
s=1 asi = µ1t for 1 ≤ i ≤ p, is attained when asi = µ1 for all

1 ≤ s ≤ t and all 1 ≤ i ≤ p. �

From the next section onwards, we review various available results on
the optimality of crossover designs. A main hurdle in obtaining such results
in the class of all designs Ωt,n,p is that the information matrix for direct
effects, Cd, involves the g-inverse of Cd22 ; see (1.3.11). Since Cd22 is design
dependent, finding a general expression for its g-inverse for an arbitrary de-
sign in this class can pose a serious challenge. This makes the determination
of tr(Cd) for an arbitrary design d difficult. The problem has been tackled
in the literature in different ways, giving rise to different optimality results.
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For instance, some authors have restricted the class of competing designs to
certain suitable subclasses of Ωt,n,p, while others have considered Cd under
a simpler model than the one under study and then verified appropriate
orthogonality conditions as in Lemma 1.4.1. Some authors have also used
Lemma 1.4.2, or a generalization of it, to obtain a simple upper bound for
tr(Cd) for arbitrary d and this helped in identifying designs satisfying the
conditions of Theorem 1.4.1. Many of the results that follow in this and
the subsequent chapters hinge on these approaches.

2.3 Optimality of Balanced Uniform Designs

In this section, results on the optimality of balanced uniform designs are
presented following Hedayat and Afsarinejad (1978), Cheng and Wu (1980),
Kunert (1984b) and Hedayat and Yang (2003, 2004).

As remarked in the preceding section, for an arbitrary d ∈ Ωt,n,p,
g-inverses of Cd11 and Cd22 are intractable and so obtaining Cd and C̄d
can pose a problem. Hedayat and Afsarinejad (1978) overcame this diffi-
culty by considering a subclass of uniform designs in Ωt,n=µ1t,p=t. This led
to considerable simplification since for all designs in this subclass, both Cd
and C̄d have simple expressions, thereby facilitating the application of The-
orem 1.4.1 in proving optimality. As we shall see later in this section, the
result of Hedayat and Afsarinejad (1978) for direct effects was subsequently
generalized; we present their proof in order to highlight its simplicity and
directness. They considered the subclass of designs

Ω∗t,n,t = {d : d ∈ Ωt,n,p, n = µ1t, p = t, d is uniform},
and obtained the following result.

Theorem 2.3.1 Let d∗ ∈ Ω∗t,µ1t,t be a balanced design. Then d∗ is univer-
sally optimal for the estimation of direct effects and also for the estimation
of carryover effects over Ω∗t,µ1t,t.

Proof. It can be verified using Lemma 2.2.1 and (1.3.11) that for any design
d ∈ Ω∗t,µ1t,t

Cd = nIt − tµ−1
1 (t2 − t− 1)−1ZdZ

′
d + µ1(2− t)(t2 − t− 1)−1Jt,

C̄d = t−1µ1(t2 − t− 1)It − n−1ZdZ
′
d + t−2µ1(2− t)Jt,

and as usual, Cd1t = 0t = C̄d1t, for all d ∈ Ω∗t,µ1t,t. Again, from Lemma
2.2.1, since d∗ is balanced, Zd∗ = λ1(Jt − It) and so, both Cd∗ and C̄d∗ are
completely symmetric.
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From the form of Cd above, it is clear that in order to maximize tr(Cd),
we need to minimize tr(ZdZ ′d). Now with p = t, it follows that λ1 = µ1

and it can be seen that Zd1t = µ1(t− 1)1t for every d ∈ Ω∗t,µ1t,t, invoking
the uniformity of any such design. This in turn, implies that tr(ZdZ ′d) is
minimized if Zd = µ1(Jt − It) = Zd∗ . Thus,

tr(Cd∗) = max
d∈Ω∗

tr(Cd), and similarly, tr(C̄d∗) = max
d∈Ω∗

tr(C̄d).

In view of Theorem 1.4.1, the proof is now complete. �

Cheng and Wu (1980) extended Theorem 2.3.1 by relaxing the condition
of uniformity on the competing designs. However, some restrictions were
still needed and they considered the subclass of designs as defined below:

Λt,n,p = {d : d ∈ Ωt,n,p, zdss = 0, 1 ≤ s ≤ t},

i.e., Λt,n,p consists of designs in which no treatment is assigned to two
consecutive periods on the same subject. They proved the optimality of
balanced uniform designs over certain subclasses of Λt,n,p. These results
are given below in Theorems 2.3.2–2.3.4. The first two theorems pertain to
optimality for carryover effects and for proving these, they used an interest-
ing technique which allowed them to avoid the computation of a g-inverse
of Cd11 for arbitrary d and work with only the inverse of a diagonal matrix.

Theorem 2.3.2. Let d∗ ∈ Λt,n=µ1t,p=µ2t be a balanced uniform design,
where t ≥ 3. Then d∗ is universally optimal for the estimation of carryover
effects over the subclass of designs Λ0 ⊂ Λt,µ1t,µ2t, where Λ0 consists of
designs in which each treatment is equally replicated in the first p−1 periods.

Proof. By definition, Λ0 = {d : d ∈ Λt,µ1t,µ2t; r̄d = r̄1t for some r̄}.
Clearly, r̄ = µ1(p−1). Now, from (2.2.3), C̄d∗ is completely symmetric. So,
by Theorem 1.4.1, to prove the theorem, we need to show that d∗ maximizes
tr(C̄d) over Λ0.

The fact that MdM
′
d is n.n.d, in conjunction with Lemma 2.2.2(viii) and

(1.3.10), shows that

Cd11 ≤ Rd, for all d ∈ Ωt,n,p.

Hence there always exists a g-inverse C−d11 such that C−d11 ≥ R−1
d for all

d ∈ Ωt,n,p (cf. Wu (1980)). Recalling from Lemma 2.2.1 and (2.2.2) that
C−d∗11 = R−1

d∗ , in order to show that d∗ maximizes tr(C̄d) over Λ0 it is now
enough to show that d∗ maximizes tr(Cd22 − Cd21R

−1
d Cd12) over Λ0. This
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latter expression is simpler as it does not involve any g-inverse and so its
maximization is easier. In the rest of the proof we discuss this maximization
problem.

From (1.3.10), it follows that for every d ∈ Λ0,

tr(Cd22) =
t∑

s=1

r̄ds − n−1
t∑

s=1

p−1∑
i=1

m2
dsi − p−1

t∑
s=1

n∑
j=1

n̄2
dsj + (np)−1

t∑
s=1

r̄2
ds

(2.3.1)
and

tr(Cd21R
−1
d Cd12) =

t∑
s=1

r−1
ds

t∑
s′=1

(
zdss′ − n−1

p∑
i=2

mdsimds′,i−1

−p−1
n∑
j=1

ndsj n̄ds′j + (np)−1rdsr̄ds′

)2

=
t∑

s=1
r−1
ds

t∑
s′=1

(zdss′ − qdss′)2,

(2.3.2)

where

qdss′ = n−1

p∑
i=2

mdsimds′,i−1 + p−1
n∑
j=1

ndsj n̄ds′j − (np)−1rdsr̄ds′ . (2.3.3)

Also for any d ∈ Λ0, the row and column sums of Cd12 are zero, so that

(a)
t∑

s=1

(zdss′ − qdss′) =
t∑

s′=1

(zdss′ − qdss′) = 0.

In addition, every d ∈ Λ0 satisfies the following conditions:

(b) zdss = 0, 1 ≤ s ≤ t,

(c)
t∑

s=1
mdsi = n = µ1t, 1 ≤ i ≤ p,

(d)
t∑

s=1
rds = np = nµ2t.

Now, since
∑n
j=1 n̄dsj = r̄ds is a constant for all d ∈ Λ0, 1 ≤ s ≤ t, and

|n̄d∗sj−n̄d∗s′j′ | ≤ 1 for all (s, j) 6= (s′, j′), by Lemma 2.2.3,
∑t
s=1

∑n
j=1 n̄

2
dsj

is minimized by d∗ over Λ0. Hence, from (2.3.1) and (2.3.2), it is enough
to show that d∗ minimizes

n−1
t∑

s=1

p−1∑
i=1

m2
dsi +

t∑
s=1

r−1
ds

t∑
s′=1

(zdss′ − qdss′)2, (2.3.4)
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subject to (a)–(d).
Cheng and Wu (1980) showed that d∗ minimizes the expression in

(2.3.4); the necessary steps are indicated below.

Step 1. By (b), (a) reduces to

(a′)
t∑

s′=1,s′ 6=s

(zdss′ − qdss′) = qdss.

Applying Lemma 2.2.6, the minimum of
t∑

s′=1

(zdss′ − qdss′)2 =
t∑

s′=1,s′ 6=s

(zdss′ − qdss′)2 + q2
dss

subject to (a′), is attained when zdss′ − qdss′ = qdss/(t − 1) for all s′ 6= s

and the minimum value is q2
dss/(t− 1) + q2

dss = q2
dsst(t− 1)−1. Since d∗ is

balanced and also uniform, it follows from Lemma 2.2.1 and (2.3.3) that
for d ≡ d∗, zd∗ss′ − qd∗ss′ = qd∗ss/(t− 1), (1 ≤ s, s′ ≤ t; s 6= s′) and so, this
minimum is attained.

Step 2. Applying Lemma 2.2.7 with c = np = nµ2t, it can be seen that the
minimum of

t∑
s=1

r−1
ds q

2
dss

subject to (d) is equal to (nµ2t)−1
(∑t

s=1 qdss

)2

. Again, for d∗, we have

rd∗s = nµ2 and qd∗ss = t−1
∑t
s=1 qd∗ss, and so this minimum is attained.

Step 3. From (2.3.3), since
∑n
j=1 ndsj = rds and

∑n
j=1 n̄dsj = r̄ds, it follows

that
t∑

s=1
qdss = n−1

t∑
s=1

p∑
i=2

mdsimds,i−1

+p−1
t∑

s=1

n∑
j=1

(ndsj − n−1rds)(n̄dsj − n−1r̄ds).
(2.3.5)

Now, for any j, j′, if ndsj > ndsj′ , then ndsj ≥ ndsj′+1 and so, n̄dsj ≥ n̄dsj′ ,
implying that the sequences {ndsj} and {n̄dsj}, 1 ≤ j ≤ n, are such that
(ndsj − ndsj′)(n̄dsj − n̄dsj′) ≥ 0 for all j, j′, 1 ≤ j, j′ ≤ n. Similarly for the
other cases. Hence, by Lemma 2.2.8,

n∑
j=1

(ndsj − n−1rds)(n̄dsj − n−1r̄ds) ≥ 0. (2.3.6)
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From Lemma 2.2.1, it can be seen that for the design d∗, nd∗sj = µ2, rd∗s =
nµ2 and so, equality holds in (2.3.6) when d ≡ d∗. Therefore, from (2.3.5),(

t∑
s=1

qdss

)2

≥

(
n−1

t∑
s=1

p∑
i=2

mdsimds,i−1

)2

,

with equality when d ≡ d∗.
After Steps 1, 2 and 3, it follows from (2.3.4) that now it is enough to

show that d∗ minimizes

n−1
t∑

s=1

p−1∑
i=1

m2
dsi +

{
t(t− 1)−1(nµ2t)−1

(
n−1

t∑
s=1

p∑
i=2

mdsimds,i−1

)2
}

= n−1

[
t∑

s=1

p−1∑
i=1

m2
dsi + {(t− 1)µ2n

2}−1

{
t∑

s=1

p∑
i=2

mdsimds,i−1

}2
]
,

(2.3.7)
subject to the constraint (c).

Step 4. Note that {(t − 1)µ2n
2}−1 ≤ {2t(p − 1)µ2

1}−1 for all t ≥ 3. Then
by Lemma 2.2.9, the minimum of (2.3.7) subject to (c) is attained when
mdsi = µ1 for all s, i. Since md∗si = µ1 for all s, i, this minimum is
attained by d∗. This completes the proof. �

Remark 2.3.1. When p = t, Cheng and Wu (1980) showed that the
restriction to the subclass Λ0 as required in Theorem 2.3.2, may be avoided
and the result is valid over the larger class Λt,n=µ1t,p=t. This is shown in
the next theorem. For optimal estimation of carryover effects over a still
wider class, see Theorem 2.3.12 and the comments preceding it. �

Theorem 2.3.3. Let d∗ be a balanced uniform design in Λt,µ1t,t, t ≥ 3.
Then d∗ is universally optimal for the estimation of carryover effects over
Λt,µ1t,t.

Proof. As in Theorem 2.3.2, C̄d∗ is completely symmetric but here we
need to show that d∗ maximizes tr(Cd22−Cd21R

−1
d Cd12) over Λt,µ1t,t. The

essential difference between the proof of this theorem and that of Theorem
2.3.2 is that here we do not have the constancy of r̄ds for all s, though∑t
s=1 r̄ds is a constant as usual. So, instead of the expression in (2.3.4),

from (2.3.1) and (2.3.2) it is easy to see that now we need to minimize

n−1
t∑

s=1

p−1∑
i=1

m2
dsi +

t∑
s=1

r−1
ds

t∑
s′=1

(zdss′ − qdss′)2 − (np)−1
t∑

s=1

r̄2
ds,
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subject to the same conditions (a)–(d). Proceeding as in Steps 1–3 of the
proof of Theorem 2.3.2, and writing r̄ds =

∑p−1
i=1 mdsi, it is clear that it is

enough to show that d∗ minimizes

n−1

[
t∑

s=1

p−1∑
i=1

m2
dsi +

{
(t− 1)µ2n

2
}−1

{
t∑

s=1

p∑
i=2

mdsimds,i−1

}2

−p−1
t∑

s=1

(
p−1∑
i=1

mdsi

)2
]
,

(2.3.8)

subject to the constraint (c).
Now, {(t − 1)µ2n

2}−1 ≤ {tp(p − 1)µ2
1}−1 when p = t, i.e., µ2 = 1.

Hence, by Lemma 2.2.10, the minimum of (2.3.8) subject to (c) is attained
when mdsi = µ1 for all s, i. Noting that md∗si = µ1 for all s, i, the proof is
completed. �

Remark 2.3.2. The proofs of Theorems 2.3.2 and 2.3.3 made use of the
fact that C−d∗11 − R−1

d∗ = 0 and this simplified the proofs considerably.
However, a similar simplification cannot be achieved while attempting to
prove the optimality of d∗ for direct effects, since from (2.2.2) and Lemma
2.2.1,

C−d∗22 − R̄
−1
d∗ = µ−1

1

[
(p− 1− p−1)−1It − (p− 1)−1It

]
6= 0.

Consequently, the minimization of tr(Cd12C
−
d22Cd21) over Λt,µ1t,µ2t is not

equivalent to the minimization of tr(Cd12R̄
−1
d Cd21). So, in order to prove

the optimality results for direct effects, Cheng and Wu (1980) restricted
the class of competing designs to:

Λ∗t,µ1t,µ2t = {d : d ∈ Λt,µ1t,µ2t, d is uniform on subjects
and uniform on the last period}.

We state the result and refer to Cheng and Wu (1980) (and its corrigendum

(1983)) for the proof. �

Theorem 2.3.4. Let d∗ ∈ Λt,µ1t,µ2t be a balanced uniform design. Then
d∗ is universally optimal for the estimation of direct effects over Λ∗t,µ1t,µ2t.

�

All the optimality results of the preceding theorems are valid over spe-
cific subclasses of Ωt,n,p. Kunert (1984b) studied the case p = t, and estab-
lished the universal optimality of balanced uniform designs for the estima-
tion of direct effects over the entire class of competing designs Ωt,n=µ1t,p=t

when µ1 = 1 or 2.



March 9, 2009 12:18 World Scientific Book - 9in x 6in ws-book9x6

Optimality of Balanced and Strongly Balanced Designs 37

Theorems 2.3.5–2.3.8 and 2.3.12 below are due to Kunert (1984b). The
proofs of the first two rest on the following lemmas. For proofs of these
lemmas, we refer to Kunert (1984b).

Lemma 2.3.1. Let p = t > 2 and t|n. For any d ∈ Ωt,n,t, define xdsj =
ndsj − 1 for every pair (s, j), 1 ≤ s ≤ t, 1 ≤ j ≤ n. Assume that the sum
of all positive xdsj is equal to an integer b. Let d∗ ∈ Ωt,n,t be a balanced
uniform design. Then
(i) a necessary condition for tr(Cd) ≥ tr(Cd∗) is that b < n/2 +n/(2t), and
(ii) for 1 ≤ b ≤ t, tr(Cd) ≤ n(t− 1)− n/t− b(t− 1)/{t(n+ 1)}. �

Lemma 2.3.2. Let d ∈ Ωt,n,t be uniform on subjects but not on periods.
Then the sum of all positive terms (mdsi − n/t) equals q where q ≥ 2 and
tr(Cd) ≤ n(t− 1)− n/t− q{2t(t− 1)− 4n}/{nt(t− 1)}. �

The next two theorems give results for direct effects when n = t and n = 2t,
respectively.

Theorem 2.3.5. Let t = n = p > 2 and let d∗ ∈ Ωt,t,t be a balanced
uniform design. Then d∗ is universally optimal for the estimation of direct
effects over Ωt,t,t.

Proof. Since d∗ does not exist in Ω3,3,3 (see Section 2.6), we assume that
t > 3. Suppose there is a design d0 ∈ Ωt,t,t such that tr(Cd0) > tr(Cd∗).
Then by Theorem 2.3.4, it follows that d0 must be either (a) not uniform
on subjects or, (b) uniform on subjects but not uniform on periods.

If d0 satisfies (b), then from Lemma 2.3.2 we have

tr(Cd0) ≤ t(t− 1)− 1− q{2t(t− 1)− 4t}/{t2(t− 1)}
= t(t− 1)− 1− 2q(t− 3)/{t(t− 1)},
< tr(Cd∗)

where the last inequality follows on noting that for d∗ ∈ Ωt,t,t, from (2.2.3),

tr(Cd∗) = t(t− 1)− (t− 1)/(t− 1− t−1) = t(t− 1)− 1− (t2 − t− 1)−1

and, for t > 3, 2q(t− 3)/{t(t− 1)} > (t2− t− 1)−1 since q > 1. Similarly, if
d0 satisfies (a) then by Lemma 2.3.1, one can check that tr(Cd0) < tr(Cd∗).

Again, (2.2.3) shows that Cd∗ is completely symmetric. The result now
follows by Theorem 1.4.1. �

Example 2.3.1. Let t = n = p = 4. The optimality of the design d1 of
Example 2.2.1 follows from Theorem 2.3.5. �

When n = 2t, Kunert (1984b) showed that optimality can be proved
over the entire class for t ≥ 6. This result is stated below.
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Theorem 2.3.6. Let n = 2t, p = t, t ≥ 6 and let d∗ ∈ Ωt,2t,t be a balanced
uniform design. Then d∗ is universally optimal for the estimation of direct
effects over Ωt,2t,t. �

The proof of Theorem 2.3.6 for t ≥ 7 is analogous to that of Theorem 2.3.5.
For t = 6, a modification is needed; for details, see Kunert (1984b).

Remark 2.3.3. The design d∗ of Theorem 2.3.6 is also optimal for t = 5
as shown later in Theorem 2.3.9. If n is large, one can find designs which
are better than d∗. Towards this, we first give a definition and a lemma. �

Definition 2.3.1. Let n = t(t− 1) and d∗ ∈ Ωt,n,t be a balanced uniform
design such that every ordered pair of distinct treatments appears once over
the last two periods. Let f ∈ Ωt,n,t be a design consisting of the first (t−1)
periods of d∗ and a last period equal to the (t− 1)th period of d∗. Then f
is called an orthogonal residual effects design.

Example 2.3.2. The following design f is an example of an orthogonal
residual effects design with t = p = 3 and n = 6 obtained from the balanced
uniform design d∗ shown alongside.

d∗ ≡
1 2 3 1 2 3
2 3 1 3 1 2
3 1 2 2 3 1

, f ≡
1 2 3 1 2 3
2 3 1 3 1 2
2 3 1 3 1 2

.

�

Theorem 2.3.7. Let t = p > 2 and n = µ1t with n > {t(t− 1)}2/2. Let a
design g ∈ Ωt,n,t be such that
(i) the first t(t− 1) subjects of g form an orthogonal residual effects design
f ∈ Ωt,t(t−1),t, and
(ii) the remaining subjects of g form a balanced uniform design in
Ωt,n−t(t−1),t.
Then for the estimation of direct effects, no balanced uniform design in
Ωt,n,t is universally optimal and any such design is dominated by g. �

Remark 2.3.4. By Theorem 2.3.7, a balanced uniform design d∗ is no
longer universally optimal over Ωt,n=µ1t,t if n is sufficiently large. However,
the following theorem shows that d∗ is still highly efficient for all n(= µ1t).

�

Theorem 2.3.8. If a balanced uniform design d∗ ∈ Ωt,n=µ1t,t exists, then

tr(Cd∗)
sup

d∈Ωt,n=µ1t,t

[tr(Cd)]
≥ 1− 1

(t2 − t− 1)2
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for every n = µ1t, where µ1 is a positive integer. �

Remark 2.3.5. Theorem 2.3.7 gives a lower bound to n such that a
balanced uniform design d∗ fails to be optimal if n crosses this bound. For
p = t, Kunert (1984b) gave an upper bound to n (= t(t − 1)/2) such that
for all t and n satisfying this bound, the design d∗ is universally optimal
for direct effects in a certain subclass of Ωt,n,t. Hedayat and Yang (2003)
extended this result by removing the restriction on the competing class of
designs and showed that d∗ remains optimal over the entire class Ωt,n,t as
long as n is within this bound. Their result is given below as Theorem 2.3.9.
This result thus also extends Theorem 2.3.6 to all t ≥ 5 and Theorem 2.3.5
follows from it. We sketch the proof as in Hedayat and Yang (2003). This
theorem can also be deduced from Theorem 3.2.5 in Chapter 3 on noting
that in our present context with p = t, the Stufken designs considered there
reduce to balanced uniform designs if and only if n ≤ t(t− 1)/2. �

Theorem 2.3.9. Let t = p > 2, n = µ1t with n ≤ t(t − 1)/2. Then a
balanced uniform design d∗ ∈ Ωt,n,t is universally optimal for the direct
effects over Ωt,n,t.

Proof. From (2.2.3), Cd∗ is completely symmetric. Therefore, to complete
the proof, it suffices to show that tr(Cd) ≤ tr(Cd∗) for all d ∈ Ωt,µ1t,t.

From (2.2.3), for p = t, tr(Cd∗) = n(t− 1)− n(t− 1)
t2 − t− 1

. Now, with b as

defined in Lemma 2.3.1, we have that if b ≥ n, then tr(Cd) ≤ tr(Cd∗). So,
to complete the proof it suffices to show that for b < n,

tr(Cd) ≤ n(t− 1)− n(t− 1)
t2 − t− 1

.

Using Lemma 1.4.2, one can show that for any d ∈ Ωt,µ1t,t ,

tr(Cd) ≤ q11(d)− q2
12(d)
q22(d)

, (2.3.9)

where

q11(d) = µ1t
2 − t−1

n∑
j=1

t∑
s=1

n2
dsj

q12(d) =
t∑

s=1

zdss − t−1
n∑
j=1

t∑
s=1

ndsj n̄dsj

q22(d) = µ1t(t− 1)(1− t−2)− t−1
n∑
j=1

t∑
s=1

n̄2
dsj .
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Hedayat and Yang (2003) have shown that for b ∈ [0, n),

q11(d) ≤ n(t− 1)− 2b
t
,

q2
12(d) ≥ (t− 1)2(n− b)2

t2
, and

q22(d) ≤ n(t− 1)
(

1− 1
t
− 1
t2

)
.

Hence, on simplification, for b ∈ [0, n), from (2.3.9) it follows that

tr(Cd) ≤ n(t− 1)− 2b
t
− (t− 1)2(n− b)2/t2

n(t− 1)(1− 1/t− 1/t2)

= n(t− 1)− 2b
t
− (t− 1)(n− b)2

n(t2 − t− 1)
.

(2.3.10)

Simple algebra shows that the right-hand side of (2.3.10) is maximized when

b =
n

t(t− 1)
. Recalling that

n

t
≤ t− 1

2
and that b must be a nonnegative

integer, it can be seen that the maximum value of the right-hand side of

(2.3.10) is n(t− 1)− n(t− 1)
t2 − t− 1

. Hence the result. �

Hedayat and Yang (2004) observed that a balanced uniform design d∗

with p = t may not be universally optimal over Ωt,n,t when n > t(t− 1)/2.
This will be evident when the reader reaches Chapter 3. For example, when
t = 3, the design studied in Theorem 3.2.5 exists with n = 36 and is univer-
sally optimal for direct effects over Ω3,36,3, while a balanced uniform design
which also exists in Ω3,36,3 (e.g., take six copies of the design d∗ in Exam-
ple 2.3.2) is not universally optimal. In order to study the performance
of d∗ for n beyond the range in Theorem 2.3.9, Hedayat and Yang (2004)
extended this range for t = 4, 5, . . . , 12. Their result is stated below.

Theorem 2.3.10. Let d∗ ∈ Ωt,n,t be a balanced uniform design. Then d∗

is universally optimal for direct effects over Ωt,n,t for any 4 ≤ t ≤ 12 when
n ≤ t(t+ 2)/2. �

Remark 2.3.6. For t = p = 4, a balanced uniform design d∗ exists with
n = 4, 8, 12, etc., for example, design d1 in Example 2.2.1 or copies of it.
For n = 4, the optimality of d∗ over Ω4,4,4 follows from Theorem 2.3.5
or Theorem 2.3.9. Theorem 2.3.10 establishes that the designs d∗ with
n = 8 and 12 are also universally optimal for direct effects in the entire
class Ω4,8,4 and Ω4,12,4, respectively. For t = p = 3, Street, Eccleston and
Wilson (1990) used a computer search to show that a balanced uniform
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design in Ω3,6,3 is A-optimal. The following result due to Hedayat and
Yang (2004) shows that it is in fact universally optimal. �

Theorem 2.3.11. A balanced uniform design d∗ ∈ Ω3,6,3 is universally
optimal. �

For the case n = 2t, Theorems 2.3.9–2.3.11 together show that a bal-
anced uniform design d∗ is universally optimal for direct effects for all
t = p ≥ 3 over the general class Ωt,n,t. For larger n, these theorems,
together with Theorem 2.3.8, establish that d∗ is either universally optimal
or highly efficient.

Now we consider the status of balanced uniform designs d∗ for the esti-
mation of carryover effects over the general class Ωt,n,p. Recall that Theo-
rems 2.3.1–2.3.3 establish the universal optimality of d∗ in this regard over
restricted classes in Ωt,n=µ1t,p. Kunert (1984b) showed that if µ1 is even,
d∗ can never be universally optimal for carryover effects over Ωt,n=µ1t,t and
if µ1 = 1, then d∗ cannot be universally optimal over Ωt,n=t,t if certain
designs with some special properties exist. Instead, for µ1 = t− 1, he gave
the following result.

Theorem 2.3.12. Let n = t(t − 1). An orthogonal residual effects design
f ∈ Ωt,n,t is universally optimal for the estimation of carryover effects over
Ωt,n,t.

Proof. The proof follows by noting that (i) Cf12 = 0, (ii) Cf22 is completely
symmetric and, (iii) Cf22 has the maximum trace over Ωt,n,t. �

2.4 Optimality of Strongly Balanced Designs

An interesting property of strongly balanced uniform designs is that for
these designs, Cd12 = 0 (see (2.2.2)), unlike balanced uniform designs. In
view of this, expressions for Cd and C̄d become particularly simple as shown
in (2.2.3). This observation and the nice symmetry in the structure of these
designs lead to strong optimality properties. These optimality results do
not require any restriction on the class of competing designs, nor on n, as
was required for balanced uniform designs in Section 2.3. The theorems
presented in this section are due to Cheng and Wu (1980).

Theorem 2.4.1. Let d∗ ∈ Ωt,n,p be a strongly balanced uniform design.
Then d∗ is universally optimal for the estimation of direct as well as car-
ryover effects over Ωt,n,p.
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Proof. From (1.3.11), for any d ∈ Ωt,n,p, Cd ≤ Cd11, and equality holds for
d = d∗ since Cd∗12 = 0 as shown in (2.2.2). Hence

tr(Cd) ≤ tr(Cd11) ≤ tr(Cd∗11), from Lemma 2.2.4

= tr(Cd∗).

Similarly,

tr(C̄d) ≤ tr(Cd22) ≤ tr(Cd∗22) = tr(C̄d∗).

Finally, from (2.2.3), Cd∗ and C̄d∗ are both completely symmetric and the
result follows by applying Theorem 1.4.1. �

Example 2.4.1. Let t = 3, p = 6, n = 9. The optimality of the design d2

shown in Example 2.2.1 follows from Theorem 2.4.1. �

Remark 2.4.1. The optimal designs of Theorem 2.4.1 are rather large in
size since for such a design to exist, we must necessarily have t2|n, t|p and
µ2 ≥ 2. By relaxing the condition of uniformity on subjects, one can obtain
optimal designs that are smaller in size, as shown in the following result.

�

Theorem 2.4.2. Let d∗ ∈ Ωt,n,p be a strongly balanced design that is
uniform on periods and uniform on subjects in the first (p−1) periods. Then
d∗ is universally optimal for the estimation of direct as well as carryover
effects over Ωt,n,p.

Proof. We provide a proof for direct effects – the proof for carryover
effects proceeds along similar lines. The existence of d∗ in Ωt,n,p im-
plies that n = µ1t, p = µ4t + 1 for some integers µ1, µ4 ≥ 1. Again,
Zd∗ = µ1µ4Jt, since d∗ is strongly balanced. Moreover, since d∗ is uni-
form on periods, from Lemma 2.2.1, Md∗ = µ1Jtp, M̄d∗ = [0t µ1Jt,p−1],
rd∗ = pµ11t, r̄d∗ = nµ41t, and N̄d∗ = µ4Jtn since d∗ is uniform on sub-
jects in the first (p − 1) periods. Hence, from (1.3.10) on simplification,
Cd∗12 = 0. Now, from (1.3.11), Cd∗ = Cd∗11 and this is completely sym-
metric. The proof is complete as in Theorem 2.4.1 by invoking Lemma
2.2.5 and Theorem 1.4.1. �

Remark 2.4.2. The optimal design in Theorem 2.4.2 is the extra-period
design of Patterson and Lucas (1959). �

Example 2.4.2. Let t = 3, n = 6, p = 4. The optimality of the design d4

shown in Example 2.2.1 follows from Theorem 2.4.2. �

Cheng and Wu (1980) proved stronger optimality results for the optimal
designs of Theorem 2.4.1 when the competing class of designs contains only
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equireplicate designs in Ωt,n,p. Let

Ω1 = {d : d ∈ Ωt,n,p, rd = r1t for some integer r ≥ 1}

and

Ω2 = {d : d ∈ Ωt,n,p, r̄d = r̄1t for some integer r̄ ≥ 1}.

Theorem 2.4.3. Let d∗ ∈ Ωt,n=µ1t,p be a strongly balanced uniform design.
Then d∗ minimizes the variance of the best linear unbiased estimator of any
contrast among the direct effects (respectively, carryover effects) over Ω1

(respectively, Ω2).

Proof. As before, we provide a proof for direct effects only, the proof for
carryover effects is similar.

To prove the result for the direct effects, we need to prove that Cd∗ ≥
Cd for all d ∈ Ω1. Recall that the row sums of Cd, d ∈ Ω1, are zero and
thus, in particular, this is also true for Cd∗ . So, it is enough to show that

x′Cd∗x ≥ x′Cdx for all d ∈ Ω1

and any t× 1 vector x such that x′1t = 0.
From (1.3.10) and (1.3.11), Cd ≤ Cd11 ≤ (np/t)It for any d ∈ Ω1, since

by Lemma 2.2.2, n−1MdM
′
d and p−1NdN

′
d−(np)−1NdJnN

′
d are both n.n.d.

Thus we have

x′Cdx ≤ x′(
np

t
It)x = x′

np

t
(It − t−1Jt)x = x′(µ1pHt)x = x′Cd∗x

by (2.2.3). This completes the proof. �

2.5 Some More Optimal Designs

All the optimal designs for direct effects presented in Sections 2.3 and 2.4
are either balanced or strongly balanced. Kunert (1983) showed that cer-
tain designs which are neither balanced nor strongly balanced can also be
universally optimal in the entire class of competing designs. In order to
present his results, we need the following definitions.

Definition 2.5.1. A design d ∈ Ωt,n,p will be called a balanced block
design (BBD) on subjects if it satisfies the following conditions:
(i) d is equireplicate, i.e., rds is a constant for 1 ≤ s ≤ t,
(ii) T ′dpr⊥(U)Td is completely symmetric, and
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(iii) ndsj is either [p/t] or [p/t] + 1, where [x] is the greatest integer less
than or equal to x, 1 ≤ s ≤ t, 1 ≤ j ≤ n.

Definition 2.5.2. A design d ∈ Ωt,n,p will be called a BBD on periods if
it satisfies the following conditions:
(i) d is equireplicate,
(ii) T ′dpr⊥(P )Td is completely symmetric, and
(iii) mdsi is either [n/t] or [n/t] + 1, 1 ≤ s ≤ t, 1 ≤ i ≤ p.

Definition 2.5.3. A design d ∈ Ωt,n,p will be called a generalized Youden
design (GYD) if d is a BBD on subjects and also a BBD on periods.

Definition 2.5.4. A design d ∈ Ωt,n,p will be called a generalized Latin
square (GLS) if d is a GYD, t|n and t|p.

Clearly, any GYD as well as any GLS is equireplicate. We now present
some results due to Kunert (1983).

Theorem 2.5.1. Let t divide both n and p and suppose there is a GLS
d∗ ∈ Ωt,n,p such that

zd∗ss′ = r̄d∗s′/t, 1 ≤ s, s′ ≤ t.

Then d∗ is universally optimal for the estimation of direct effects over
Ωt,n,p.

Proof. From the first form of Cd as given in (1.3.13), it can be shown as in
(1.4.6) that

Cd ≤ T ′dpr⊥(1np)Td

and as in (1.4.7), equality holds if and only if the following orthogonality
condition is satisfied

T ′dpr⊥(1np)([P U Fd]) = 0. (2.5.1)

The orthogonality condition (2.5.1) can be equivalently written as:

T ′dpr⊥(1np)([P U ]) = 0, (2.5.2)

and

T ′dpr⊥(1np)Fd = 0. (2.5.3)

Now T ′dpr⊥(1np)Td is completely symmetric and has maximal trace if
and only if d is equireplicate, a condition which is obviously met by the GLS
d∗. Also, from the fact that d∗ is a GLS, it is clear that it satisfies (2.5.2).
Next, by (1.3.5), the condition (2.5.3) is equivalent to Zd = (np)−1rdr̄

′
d,
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which, for equireplicate designs, reduces to zdss′ = r̄ds′/t, 1 ≤ s, s′ ≤ t. As
specified in the statement of the theorem, d∗ satisfies this condition. Hence
the theorem follows. �

Remark 2.5.1. Note that for a GLS, r̄ds′ is a constant for 1 ≤ s′ ≤ t.
Hence the condition on zd∗ss′ to be satisfied by d∗ in Theorem 2.5.1 simply
means that d∗ is also strongly balanced. In contrast, the following two
results by Kunert (1983) demonstrate that non-uniform designs which are
neither balanced nor strongly balanced can be universally optimal over
Ωt,n,p. �

Theorem 2.5.2. Suppose t divides p but not n and let there be a GYD
d∗ ∈ Ωt,n,p such that

zd∗ss′ = n−1

(
p∑
i=1

md∗sim̄d∗s′i

)
, 1 ≤ s, s′ ≤ t.

Then d∗ is universally optimal for the estimation of direct effects over
Ωt,n,p.

Proof. As in the proof of Theorem 2.5.1, we have

Cd ≤ T ′dpr⊥(P )Td
and equality holds if and only if the following orthogonality condition is
satisfied:

T ′dpr⊥(P )([U Fd]) = 0. (2.5.4)

The orthogonality condition (2.5.4) can be equivalently written as:

T ′dpr⊥(P )U = 0, (2.5.5)

and

T ′dpr⊥(P )Fd = 0. (2.5.6)

Now, T ′dpr⊥(P )Td is completely symmetric and has maximal trace if and
only if d is BBD on periods. This is true for the design d∗ in this theorem
since it is a GYD. Also, from the fact that d∗ is a GYD, it is clear that
it satisfies (2.5.5). Finally, (2.5.6) is equivalent to the condition Zd =
n−1MdM̄

′
d, which, as specified in the statement of the theorem, is met by

d∗. Hence the theorem follows. �

Theorem 2.5.3. Suppose t divides n but not p and suppose there exists a
GYD d∗ ∈ Ωt,n,p such that

zd∗ss′ = p−1

 n∑
j=1

nd∗sj n̄d∗s′j

 , 1 ≤ s, s′ ≤ t.



March 9, 2009 12:18 World Scientific Book - 9in x 6in ws-book9x6

46 Optimal Crossover Designs

Then d∗ is universally optimal for direct effects over Ωt,n,p. �

The proof of Theorem 2.5.3 is similar to that of Theorem 2.5.2 but is
based on a different upper bound to Cd, namely, T ′dpr⊥(U)Td. Hence the
orthogonality condition here is T ′dpr⊥(U)([P Fd]) = 0 which is satisfied by
d∗ as in Theorem 2.5.3.

We display two designs in Example 2.5.1, both of which are univer-
sally optimal for direct effects over Ωt,n,p. These are neither balanced nor
strongly balanced. The design d2 satisfies the condition of Theorem 2.5.2
and is uniform on subjects but not on periods, whereas design d1 satisfies
the condition of Theorem 2.5.3 and is uniform on periods but not on sub-
jects. The design d1 is universally optimal for direct effects over Ω3,12,5

while d2 is universally optimal over Ω3,4,15.

Example 2.5.1.

d1 =

2 1 1 3 1 3 1 2 3 2 2 3
1 2 1 2 3 1 1 3 2 3 2 3
1 2 3 2 3 1 2 3 2 3 1 1
2 1 2 1 1 3 3 1 3 2 3 2
3 3 2 1 2 2 3 1 1 1 3 2

, d2 =

1 1 2 3
2 3 1 2
3 2 3 1
2 2 3 1
3 1 1 2
1 1 2 3
2 3 2 1
3 3 1 2
1 2 3 3
1 2 1 3
2 2 1 3
3 1 3 2
1 1 3 2
2 3 2 1
3 3 2 1

.

�
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Remark 2.5.2. Kunert (1983) considered designs with a pre-period (i.e.,
designs where there are carryover effects in the first periods too) together
with designs with no preperiods (i.e., no carryover effects in the first period)
as we have considered so far. Some of his results, in particular the ones
in Theorems 2.5.1–2.5.3, also hold over a class of competing designs that
contains designs with pre-periods. Kunert (1983) also briefly considered
the problem of finding designs that are optimal for carryover effects. We
do not provide details on these and refer the reader to the original source
for more information. Instead, we give an illustration in Example 2.5.2.

Example 2.5.2. Let t = 3, n = 18, p = 6. The following design is univer-
sally optimal for carryover effects over Ω3,18,6.

d ≡

2 3 1 2 3 1 2 3 1 2 3 1 1 2 3 1 2 3
2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 3 1 2
3 1 2 1 2 3 3 1 2 1 2 3 3 1 2 2 3 1
3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 2 3 1
1 2 3 3 1 2 1 2 3 3 1 2 2 3 1 3 1 2
2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1

.

�

Remark 2.5.3. Sometimes the values of t, n and p may be such that
no GYD or GLS meeting the orthogonality conditions in the last three
theorems exist. For such cases, Kunert (1983) discussed designs which
nearly fulfill these conditions. As seen in Remark 2.4.1, t2|n is one of the
necessary conditions for the existence of strongly balanced uniform designs.
For n which is not a multiple of t2, Kunert (1983) introduced the notion of
nearly strongly balanced crossover designs as defined below. �

Definition 2.5.5. A design d ∈ Ωt,n,p is said to be nearly strongly balanced
if
(i) ZdZ ′d is completely symmetric, and
(ii) zdss′ equals either [n(p− 1)/t2] or [n(p− 1)/t2] + 1 for all 1 ≤ s, s′ ≤ t.

We state the following results from Kunert (1983), whose proofs can be
built essentially along the lines of those presented earlier in this section.

Theorem 2.5.4. Let n = at2 + bt, 1 ≤ b ≤ t − 1 and p = µ2t for some
integers a, b and µ2. Let d∗ ∈ Ωt,n,p be a nearly strongly balanced GLS.
Then
(i) d∗ is universally optimal for the estimation of direct effects over the
subclass of all designs in Ωt,n,p which are uniform on subjects and the last
period.
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(ii) If in addition a ≥ b(t− b− 1)t−1 and µ2 ≥ max{2, 4−1b(t− b) + 2t−1},
then d∗ is universally optimal for the estimation of direct effects over the
entire class Ωt,n,p. �

Theorem 2.5.5. Let n = at2 + bt, 1 ≤ b ≤ t − 1 and p = µ2t for some
integers a, b and µ2. Let d∗ ∈ Ωt,n,p be a nearly strongly balanced GLS.
Then d∗ is universally optimal for the estimation of carryover effects over
the subclass of designs in Ωt,n,p which are uniform on the subjects and the
first and last periods. �

Example 2.5.3. The following two designs, d1 ∈ Ω3,6,6 and d2 ∈ Ω5,5,10,
are nearly strongly balanced. By Theorem 2.5.4 (i) and Theorem 2.5.5,
both designs are optimal over restricted classes in Ωt,n,p. However, unlike
d2, design d1 also satisfies the condition of Theorem 2.5.4 (ii) and so it is
universally optimal for direct effects over the entire class Ω3,6,6. Compared
to a strongly balanced uniform design with the same t, both require fewer
subjects.

d1=

1 2 3 1 2 3
2 3 1 1 2 3
3 1 2 2 3 1
3 1 2 3 1 2
2 3 1 3 1 2
1 2 3 2 3 1

, d2=

0 1 2 3 4
2 3 4 0 1
1 2 3 4 0
4 0 1 2 3
3 4 0 1 2
3 4 0 1 2
4 0 1 2 3
1 2 3 4 0
2 3 4 0 1
0 1 2 3 4

. �

Remark 2.5.4. If one desires universal optimality over the entire class
Ωt,n,p, then with t ≤ 8 and b = t − 1, it follows that the smallest possible
values of n and p for d∗ as in Theorem 2.5.4 (ii) are t2−t and 2t, respectively
(this happens for d1 of Example 2.5.3 for t = 3). On the other hand,
the smallest strongly balanced uniform design, which is also universally
optimal over the entire class Ωt,n,p (see Theorem 2.4.1), requires n = t2

and p = 2t. Thus, for t ≤ 8, the smallest design d∗ as per Theorem 2.5.4
(ii) requires t fewer units than that required by a corresponding smallest
strongly balanced uniform design while the number of periods is the same
in both cases. However, when t = 9, the smallest value of p for d∗ as per
Theorem 2.5.4 (ii) is 3t and thus, the smallest d∗ requires t more periods
than the smallest strongly balanced uniform design. As t increases, this
gap becomes wider. �
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Bate and Jones (2006) showed that nearly strongly balanced uniform
designs exist in Ωt,µ1t,µ2t if and only if µ1 = αt + 1 or, µ1 = (α + 1)t − 1
for some integer α ≥ 0. So, the optimal designs of Theorems 2.5.4 and
2.5.5 can exist only for certain combinations of t, n and p. To obtain useful
designs for more combinations of t, n, p, Bate and Jones (2006) defined a
new class of designs, called nearly balanced uniform designs as follows.

Definition 2.5.6. A design d ∈ Ωt,n,p is said to be a nearly balanced design
if zdss′ equals either [n(p− 1)/t2] or [n(p− 1)/t2] + 1, for all 1 ≤ s, s′ ≤ t.

Thus, these nearly balanced designs satisfy condition (ii), but not nec-
essarily condition (i), of Definition 2.5.5. As such, the information matrices
Cd and C̄d for these designs may not be completely symmetric and so,
their universal optimality cannot be claimed via Theorem 1.4.1. However,
if these designs are also uniform, then they are efficient for direct and car-
ryover effects in the sense of Bate and Jones (2006), who called a design
d∗ to be efficient for direct (respectively, carryover) effects over a class if
d∗ maximizes tr(Cd) (respectively, tr(C̄d)) over this class. Their result is
given below.

Theorem 2.5.6. Suppose n = at2 + bt, 1 ≤ b ≤ t− 1 and p = µ2t for some
integers a, b, µ2. Let d∗ be a nearly balanced uniform design in Ωt,n,p. Then
(i) d∗ is efficient for the estimation of direct effects over the class of all
designs in Ωt,n,p which are uniform on subjects and the last period, and
(ii) d∗ is efficient for the estimation of carryover effects over the class of
all designs which are uniform on subjects and the first and the last periods.

�

2.6 Constructions

In this section, we present some results on the construction of balanced
and strongly balanced designs studied in Sections 2.3 and 2.4. We begin
with the construction of balanced uniform designs. As stated in Section
2.2, the following conditions are necessary for the existence of these designs
in Ωt,n,p:

n = µ1t for some positive integer µ1,

p = µ2t for some positive integer µ2, and
µ1(p− 1) ≡ 0 (mod (t− 1)).

(2.6.1)

Moreover, if a balanced uniform design exists in Ωt,t,t, then by taking suit-
able copies of it we can obtain a balanced uniform design in Ωt,µ1t,t. So,
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we first focus on the construction of such designs in Ωt,t,t.
For all even values of t, a balanced uniform design in Ωt,t,t exists. This

can be constructed (cf. Williams (1949)) as follows: Let

a0 =
(

1, t, 2, t− 1, . . . ,
t

2
− 1,

t

2
+ 2,

t

2
,
t

2
+ 1
)′
,

and for 1 ≤ u ≤ t− 1, define au = a0 + (u, . . . , u)′, where the entries in au

are reduced modulo t and, thereafter, every 0 in au is replaced by t. Then
the t× t array

At = [a0 a1 · · · at−1] (2.6.2)

is a balanced uniform crossover design in Ωt,t,t with rows of At representing
the periods and the columns, the subjects. Thus At as in (2.6.2) is simply
a balanced Latin square and such a square is also referred to as a Williams
square.

Example 2.6.1. Let t = 4. Here, a0 = (1, 4, 2, 3)′ and following the above
construction method, the design d1 of Example 2.2.1 may be constructed.
This is a balanced uniform design in Ω4,4,4. �

Example 2.6.2. For t = 6, with a0 = (1, 6, 2, 5, 3, 4)′, we get the balanced
uniform design in Ω6,6,6 as shown below:

1 2 3 4 5 6
6 1 2 3 4 5
2 3 4 5 6 1
5 6 1 2 3 4
3 4 5 6 1 2
4 5 6 1 2 3

. �

When t is odd, the following facts on the existence of a balanced uniform
design in Ωt,t,t are known.

(a) No such design exists for t = 3, 5, 7; see Laywine and Mullen (1998).

(b) Such designs for t = 9, 15, 21 and 27 were constructed by Archdeacon,
Dinitz, Stinson and Tilson (1980), who called these squares row complete
Latin squares (now also called Roman squares). The design for t = 21 was
also constructed by Mendelsohn (1968) and is shown in full in Hedayat and
Afsarinejad (1975). For t = 39, 55, 57, such squares can be constructed by
using the methods of Mendelsohn (1968), Dénes and Keedwell (1974) and
Wang (1973). The designs for t = 9, 15 and 27 are displayed in full by
Hedayat and Afsarinejad (1978).
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(c) Higham (1998) proved that a balanced uniform design exists in Ωt,t,t
when t is a composite number, i.e., it can be written as a product of two
positive integers, each of which is greater than unity.

However, for all odd t, it has long been known (cf. Williams (1949),
Sheehe and Bross (1961)) that a balanced uniform design exists in Ωt,2t,t.
Such a design can be constructed as follows: Let

b0 =
(

1, t, 2, t− 1, . . . ,
t+ 5

2
,
t− 1

2
,
t+ 3

2
,
t+ 1

2

)′
,

c0 =
(
t+ 1

2
,
t+ 3

2
,
t− 1

2
,
t+ 5

2
, . . . , t− 1, 2, t, 1

)′
,

i.e., the column c0 is obtained by writing the entries of b0 in the reverse
order. For 1 ≤ u ≤ t−1, let bu = b0 + (u, . . . , u)′ and cu = c0 + (u, . . . , u)′,
where the elements of bu and cu are reduced modulo t and, thereafter,
every 0 therein is replaced by t. Then a balanced uniform design in Ωt,2t,t
is given by the t× 2t array

Bt = [b0 b1 · · · bt−1 c0 c1 · · · ct−1]. (2.6.3)

Example 2.6.3. Let t = 5. Then

b0 = (1, 5, 2, 4, 3)′ and c0 = (3, 4, 2, 5, 1)′.

Following the method of construction just described, a balanced uniform
design in Ω5,10,5 can be obtained, which is shown below.

1 2 3 4 5 3 4 5 1 2
5 1 2 3 4 4 5 1 2 3
2 3 4 5 1 2 3 4 5 1
4 5 1 2 3 5 1 2 3 4
3 4 5 1 2 1 2 3 4 5

. �

Stufken (1996) proved the following result regarding the existence of a
balanced uniform design in Ωt,µ1t,µ2t.

Theorem 2.6.1. The necessary conditions (2.6.1) for the existence of bal-
anced uniform designs in Ωt,n,p are also sufficient if t is even. Furthermore,
for odd t, a balanced uniform design exists in Ωt,n,p if, in addition to the
necessary conditions, n/t is even.
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Proof. Let the necessary conditions in (2.6.1) hold and let t be even. Define
W = (wij) to be a µ2 × µ1 matrix with entries from the set {1, 2, . . . , t},
such that among the differences wij − wi−1,j , 2 ≤ i ≤ µ2, 1 ≤ j ≤ µ1,
reduced modulo t, each of the numbers 0, 1, . . . , 1

2 t − 1, 1
2 t + 1, . . . , t − 1

occurs equally often. As observed by Stufken (1996), such a matrix W

exists for all positive integers µ1, µ2 and t even. With At as defined in
(2.6.2), for 1 ≤ u ≤ t− 1, let Au be obtained by adding u to each element
of At, addition being performed modulo t, and then every 0 in Au being
replaced by t. Consider the µ2t× µ1t array U given by

U =

 Aw11 · · · Aw1µ1
...

Awµ21 · · · Awµ2µ1

 . (2.6.4)

It can then be verified that U is a balanced uniform design in Ωt,µ1t,µ2t,
where t is even.

If t is odd and µ1 is even, construct a µ2 × µ1/2 matrix F = (fij) with
entries from {1, 2, . . . , t}, such that among the differences fij − fi−1,j , 2 ≤
i ≤ µ2, 1 ≤ j ≤ µ1/2, the (t−1)/2 numbers (t+3)/2, (t+7)/2, . . . , (t−3)/2,
reduced modulo t, occur equally often. Again, as noted by Stufken (1996),
such a matrix F exists. With the t × 2t matrix Bt defined in (2.6.3), for
1 ≤ u ≤ t − 1, let Bu be obtained by adding u to each element of Bt,
addition being modulo t, and then every 0 in Bu being replaced by t. The
µ2t× µ1t matrix V given by

V =

 Bf11 · · · Bf1(µ1/2)

...
Bfµ21 · · · Bfµ2(µ1/2)

 (2.6.5)

is a balanced uniform design in Ωt,µ1t,µ2t, where t is odd and µ1 is even. �

However, the condition that µ1 is even when t is odd is not a necessary
condition for the existence of these designs in Ωt,n=µ1t,t. This is evident
from the construction given by Prescott (1999), who proved that a balanced
uniform design exists for odd t > 3 in Ωt,3t,t. His construction involves three
initial treatment sequences given by
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(
0, 1, (t− 2), 3, . . . ,

t + (−1)(t−1)/2

2
,
t + (−1)(t−1)/2

2
+ 1, . . . , 4, (t− 1), 2

)′
,

(
0, 2, (t− 1), 4, . . . ,

t + (−1)(t−1)/2

2
+ 1,

t + (−1)(t−1)/2

2
, . . . , 3, (t− 2), 1

)′
,

(
0, (t− 1), (t− 2), 2, (t− 4), 4, . . . ,

t− 2− (−1)(t−1)/2

2
, . . . , 3, (t− 5), 1, (t− 3)

)′
.

In the third sequence, we begin with 0 and (t− 1). Thereafter, we work
from each end in pairs, entering (t−2), (t−3), . . . and 1, 2, . . . , alternately,
until all the labels are used. The required design can be constructed by
developing these three initial sequences mod t. In the following example, we
show a balanced uniform design in Ω5,15,5, following Prescott’s construction.

Example 2.6.4. Let t = 5. Then the following is a balanced uniform
design in Ω5,15,5 (here the treatment symbols are 0, 1, . . . , 4):

0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
1 2 3 4 0 2 3 4 0 1 4 0 1 2 3
3 4 0 1 2 4 0 1 2 3 3 4 0 1 2
4 0 1 2 3 3 4 0 1 2 1 2 3 4 0
2 3 4 0 1 1 2 3 4 0 2 3 4 0 1

. �

We now take up the construction of strongly balanced uniform designs.
The earliest examples of strongly balanced uniform designs were given by
Quenouille (1953), who displayed these designs for t = 3, n = 18, p = 6
and t = 4, n = 16, p = 8. Berenblut (1964) and Patterson (1973) gave
general methods of construction of strongly balanced uniform designs in
Ωt,t2,2t. Cheng and Wu (1980) constructed such designs where t2|n and
p/t is an even integer; d2 in Example 2.2.1 is one such design. It may be
noted that if a strongly balanced uniform design in Ωt,t2,2t, as constructed
by the method of Cheng and Wu (1980), is represented by a 2t× t2 array,
A, then one can obtain a strongly balanced uniform design in Ωt,αt2,2βt,
where α, β are integers. This design is given by the 2βt×αt2 array B given
below, where as usual, the rows of B represent the periods and columns,
the subjects. In B, the array A appears α times in each row and β times
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in each column as follows:

B =

A A · · · A
A A · · · A
...
A A · · · A

.

Recall from Section 2.2 that a set of necessary conditions for the exis-
tence of a strongly balanced uniform design are that (i) t2|n, (ii) t|p, and
(iii) p ≥ 2t. Therefore, for the existence of such designs, we need that

n = µ3t
2, for some integer µ3 ≥ 1,

p = µ2t, for some integer µ2 ≥ 2.

Sen and Mukerjee (1987) gave a construction of these designs for odd µ2

(see Section 6.3) and this, together with the construction of Cheng and Wu
(1980) for µ2 even, shows that the above necessary conditions are sufficient
as well. Stufken (1996) gave a unified method of construction of these
designs for general µ2, which covers both the odd and even cases, and we
give his construction in Theorem 2.6.2. His construction uses an orthogonal
array of strength two, which is defined below. For a comprehensive account
of orthogonal arrays, we refer to Hedayat, Sloane and Stufken (1999).

Definition 2.6.1. An orthogonal array, OA(n, p, t, 2) of strength two is a
p×n array with entries from a set of t symbols, such that any 2×n subarray
contains each ordered pair of symbols equally often, precisely n/t2 times.

Remark 2.6.1. From Definition 2.6.1 it is clear that n must be a multiple
of t2. Moreover, a necessary condition for the existence of an OA(t2, p, t, 2)
is that p ≤ t + 1. In particular, an OA(t2, t + 1, t, 2) exists whenever t is
a prime or a prime power (see, e.g., Chapters 2 and 3 in Hedayat et al.
(1999)). �

Example 2.6.5. An OA(9, 3, 3, 2) is shown below.1 1 1 2 2 2 3 3 3
1 2 3 1 2 3 1 2 3
1 2 3 2 3 1 3 1 2

 .
�

Theorem 2.6.2. A strongly balanced uniform design exists whenever
n = µ3t

2 and p = µ2t, for integers µ3 ≥ 1 and µ2 ≥ 2.

Proof. Consider an orthogonal arrayA0 ≡ OA(t2, 3, t, 2), where the symbols
of the array are 1, 2, . . . , t. It is well known that such an array exists for
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all t ≥ 2. Let B0 be an orthogonal array OA(t2, 2, t, 2), obtained from A0

by deleting its third row. For 1 ≤ u ≤ t − 1, let Au be a 3 × t2 matrix
obtained by adding u to each element of A0 and similarly, let Bu be a 2× t2
matrix obtained by adding u to each element of B0, where the elements of
Au and Bu are reduced modulo t, and then every 0 therein is replaced by
t. Finally, let A and B be the 3t× t2 and 2t× t2 matrices defined as

A =


A0

A1

...
At−1

 , B =


B0

B1

...
Bt−1

 .
Since µ2 ≥ 2, let µ2 = 3α + 2β for some nonnegative integers α, β. It can
then be verified that the p× t2 array

[A′ · · ·A′ B′ · · ·B′]′

consisting of α copies of A and β copies of B is a strongly balanced uni-
form design in Ωt,t2,p=µ2t. Now juxtaposing copies of this design, we get a
strongly balanced uniform design in Ωt,n=µ3t2,p=µ2t. �

Example 2.6.6. Let t = 3, n = 9, p = 6. Using the orthogonal array
shown in Example 2.6.5 as A0 we have

B0 =
[

1 1 1 2 2 2 3 3 3
1 2 3 1 2 3 1 2 3

]
.

Since µ2 = 2, we take α = 0, β = 1. Now, forming B1 and B2 as in the proof
of Theorem 2.6.2, we get the strongly balanced uniform design d2 ∈ Ω3,9,6

of Example 2.2.1. �

Example 2.6.7. Let t = 3 and we now take n = 9 = p. Here, µ2 = 3 and
thus, α = 1, β = 0. With A0 as in Example 2.6.5 and forming A1 and A2

as indicated in the proof of Theorem 2.6.2, we can construct the following
strongly balanced uniform design in Ω3,9,9.

1 1 1 2 2 2 3 3 3
1 2 3 1 2 3 1 2 3
1 2 3 2 3 1 3 1 2
2 2 2 3 3 3 1 1 1
2 3 1 2 3 1 2 3 1
2 3 1 3 1 2 1 2 3
3 3 3 1 1 1 2 2 2
3 1 2 3 1 2 3 1 2
3 1 2 1 2 3 2 3 1

. �
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Theorem 2.6.2 shows that the necessary conditions for the existence of
a strongly balanced uniform design are also sufficient. An alternative proof
of this was given by Sen and Mukerjee (1987) (see Remark 6.3.4).

Finally, we consider the construction of strongly balanced designs which
are uniform on periods and uniform on subjects in the first p − 1 periods.
Cheng and Wu (1980) observed that such designs can be easily constructed
in Ωt,n,t+1 if a balanced uniform design in Ωt,n,t is available. This can be
achieved by simply repeating the tth period of the balanced uniform design
as the (t + 1)th period to get the desired strongly balanced design. Such
designs are called extra-period designs.

Example 2.6.8. Let t = 4 = n, p = 5. From the design d1 in Exam-
ple 2.2.1, we get the following strongly balanced design in Ω4,4,5 which is
uniform on subjects and uniform on the first 4 periods.

1 2 3 4
4 1 2 3
2 3 4 1
3 4 1 2
3 4 1 2

. �

Stufken (1996) showed that this idea of Cheng and Wu (1980) can be
extended to obtain such strongly balanced designs even for p > t + 1. His
result is given below.

Theorem 2.6.3. If n = µ1t and p = µ4t+1, µ1, µ4 being positive integers,
then there exists a strongly balanced crossover design in Ωt,n,p which is
uniform on periods and uniform on subjects in the first (p − 1) periods if
(i) t is even, or (ii) t is odd and µ1 is even.

Proof. For t even, let the t × t arrays A1, . . . , At be as in the proof of
Theorem 2.6.1. Construct a µ4t × µ1t array as follows: first juxtapose µ1

copies of At to get the first t rows, then juxtapose µ1 copies of At/2 to get
the next t rows and continue like this, alternating between At and At/2,
until µ4t rows are obtained. Repeat the last row of the resultant array
as the (µ4t + 1)th row. It can be verified that this (µ4t + 1) × µ1t array
is a strongly balanced crossover design in Ωt,µ1t,µ4t+1 which is uniform on
periods and uniform on subjects in the first µ4t periods.

If t is odd and µ1 is even, let Bt be as in (2.6.3). Construct a µ4t ×
µ1t array as follows: first juxtapose µ1/2 copies of Bt to get the first t
rows. Next, again juxtapose µ1/2 copies of Bt to get the next t rows
but this time, permute the columns within each copy of Bt such that the
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first row of this juxtaposition is identical to the last row of the previous
juxtaposition. Continue this process until µ4t rows are obtained, ensuring
that while juxtaposing, the copies of Bt are such that the periods it and
it + 1, 1 ≤ i ≤ µ4 − 1 are identical. Finally, repeat the last row of the
resultant array as the (µ4t+ 1)th row. This (µ4t+ 1)× µ1t array gives the
required design. �

Example 2.6.9. We illustrate the method of construction of Theorem
2.6.3 for t even. Let t = 4, n = 8, p = 9. Here, µ1 = 2, µ4 = 2 and the array
A4 is given by the design d1 of Example 2.2.1. Proceeding as in the proof
of Theorem 2.6.3, we next consider the 8× 8 array[

A4 A4

A2 A2

]
,

and finally, repeating the last row, we get a strongly balanced design in
Ω4,8,9, which is shown below.

1 2 3 4 1 2 3 4
4 1 2 3 4 1 2 3
2 3 4 1 2 3 4 1
3 4 1 2 3 4 1 2
3 4 1 2 3 4 1 2
2 3 4 1 2 3 4 1
4 1 2 3 4 1 2 3
1 2 3 4 1 2 3 4
1 2 3 4 1 2 3 4

. �

Example 2.6.10. We now illustrate the method of construction of Theo-
rem 2.6.3 for t odd. Let t = 3, n = 6, p = 7. Here, µ1 = 2, µ4 = 2. Following
the construction method described in the proof of Theorem 2.6.3, we get a
strongly balanced design in Ω3,6,7, which is shown below.

1 2 3 2 3 1
3 1 2 3 1 2
2 3 1 1 2 3
2 3 1 1 2 3
1 2 3 2 3 1
3 1 2 3 1 2
3 1 2 2 3 1

. �

Methods of construction of nearly balanced and nearly strongly balanced
designs have been given by Bate and Jones (2006) and we refer the reader to
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the original source for details on these. In Example 2.5.3, we have exhibited
two nearly strongly balanced uniform designs. The next example shows a
nearly balanced uniform design as given by Bate and Jones (2006).

Example 2.6.11. Let t = 5, n = 10, p = 15. The following is a nearly
balanced uniform design in Ω5,10,15. Here, the treatment labels are 0, 1, 2,
3 and 4.

0 1 2 3 4 2 3 4 0 1
2 3 4 0 1 1 2 3 4 0
1 2 3 4 0 4 0 1 2 3
4 0 1 2 3 3 4 0 1 2
3 4 0 1 2 3 4 0 1 2
3 4 0 1 2 4 0 1 2 3
4 0 1 2 3 1 2 3 4 0
1 2 3 4 0 2 3 4 0 1
2 3 4 0 1 0 1 2 3 4
0 1 2 3 4 0 1 2 3 4
0 1 2 3 4 0 1 2 3 4
1 2 3 4 0 4 0 1 2 3
4 0 1 2 3 1 2 3 4 0
2 3 4 0 1 3 4 0 1 2
3 4 0 1 2 2 3 4 0 1

. �
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Chapter 3

Some Optimal Designs with p < t

3.1 Introduction

In Chapter 2, results on the optimality of crossover designs have been pre-
sented for the situation when the number of periods is at least equal to the
number of treatments, i.e., when p ≥ t. However, in practice, it is some-
times difficult to continue experiments over a large number of periods and
so, one looks for designs where the number of periods is small compared
to the number of treatments, i.e., p < t. Patterson (1952) was probably
the first to provide several methods of construction for balanced crossover
designs with p ≤ t. Examples of crossover experiments with p < t were also
given by Freeman (1959). Several others including Patterson and Lucas
(1962), Atkinson (1966), Hedayat and Afsarinejad (1975), Constantine and
Hedayat (1982), Afsarinejad (1983) and Stufken (1991) constructed designs
with p ≤ t. In this chapter, we consider some optimal designs for this situ-
ation. Further results, also for p < t, but under settings different from that
in this chapter, will be presented in some later chapters.

The problem of obtaining optimal crossover designs with p < t was first
considered by Dey, Gupta and Singh (1983), who proved the universal opti-
mality of certain balanced designs. However, the class of competing designs
considered by them was rather restricted. Subsequently, several results on
optimal crossover designs for the situation p ≤ t have been obtained. We
present some of this work and begin with results due to Afsarinejad (1985)
and Stufken (1991) in Section 3.2. We also describe in Section 3.2 some op-
timality results given by Hedayat, Stufken and Yang (2006) under a model
in which the subject effects are treated as random. Optimality results on
two-period crossover designs due to Hedayat and Zhao (1990) and Carriere
and Reinsel (1993) are discussed in Section 3.3. In Section 3.4, some results

59
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obtained by Shah, Bose and Raghavarao (2005) on the optimality aspects
of a class of balanced designs studied by Patterson (1952) are reviewed.
Finally, in Section 3.5, some construction methods of the designs of Patter-
son (1952) are discussed. We use notation as in Chapter 1. The following
definition will be helpful.

Definition 3.1.1. A u× v array having entries from a set of t ≥ 2 distinct
symbols is called a type I orthogonal array of strength two if in any 2 × v
subarray all t(t − 1) ordered two-tuples without repetition occur equally
often.

A type I orthogonal array of strength two will be denoted by
OAI(v, u, t, 2). Clearly, a necessary condition for the existence of an
OAI(v, u, t, 2) is that v = λt(t − 1) for some positive integer λ. Two such
type I orthogonal arrays are shown below.

Example 3.1.1.

OAI(6, 3, 3, 2) =

0 1 2 0 1 2
1 2 0 2 0 1
2 0 1 1 2 0

 ,

OAI(12, 4, 4, 2) =


1 1 1 2 2 2 3 3 3 4 4 4
2 3 4 1 3 4 1 2 4 1 2 3
4 2 3 3 4 1 4 1 2 2 3 1
3 4 2 4 1 3 2 4 1 3 1 2

 .
�

Remark 3.1.1. Rao (1961) showed that an orthogonal array OA(t2, k, t, 2)
(see Definition 2.6.1) can be used to construct a type I orthogonal array
OAI(t(t− 1), k − 1, t, 2). Therefore, from Remark 2.6.1, it follows that an
OAI(t(t− 1), p, t, 2) exists for any p ≤ t if t is a prime or a prime power. �

3.2 Designs with p ≤ t

All the results discussed in this section are under the traditional model
(1.2.1). Afsarinejad (1985) considered a class D of designs in Ωt,n,p with
t ≥ 3, n = 2t and p = (t + 1)/2, such that for every d ∈ D, (i) d is
uniform on periods, (ii) the subjects of d form the blocks of a balanced
incomplete block (BIB) design with block size p, and (iii) when restricted
to the first p− 1 periods, the subjects of d again form the blocks of a BIB
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design with block size p − 1. He showed that a balanced design in D is
universally optimal for the estimation of direct and carryover effects over
D. Since the class D is somewhat restrictive, we do not discuss the details
of this result here. Afsarinejad (1985) also provided a construction method
of these universally optimal designs in D when t is a prime or a prime power
of the form 4α + 3, for some nonnegative integer α. We give an example
below with t = 7, where the treatments are labeled as 0, 1, . . . , 6.

Example 3.2.1.

1 4 3 0 5 6 2 6 1 5 3 4 0 2
2 5 4 1 6 0 3 5 0 4 2 3 6 1
4 0 6 3 1 2 5 3 5 2 0 1 4 6
0 3 2 6 4 5 1 0 2 6 4 5 1 3

. �

It is easy to verify that the design in Example 3.2.1 belongs to D and is
also balanced. By the result of Afsarinejad (1985), this design is universally
optimal for direct and carryover effects overD. Note that when t = 4α+3 is
a prime number, such designs were constructed earlier by Patterson (1952);
see Theorem 3.5.3.

Stufken (1991) relaxed the restrictions on the competing designs as im-
posed by Afsarinejad (1985) and proposed designs which he showed to be
universally optimal for either direct effects or carryover effects in different
subclasses of Ωt,n,p. His results are given in Theorems 3.2.1–3.2.4. For
proving his results, Stufken (1991) gave an interesting set of conditions un-
der which the information matrices of direct and carryover effects (i.e., Cd
and C̄d) reduce to simple forms which are completely symmetric. These
in turn help in obtaining optimal (or, highly efficient) designs in a large
class of competing designs. In order to present these results, we need the
following notation.

Using the notation as introduced in Chapter 1, for a design d ∈ Ωt,n,p,
let

nidsj =
{

1, if d(i, j) = s,

0, otherwise,

and, for 1 ≤ s, s′ ≤ t; s 6= s′, define

S1 = zdss′ − n−1
p∑
i=2

mdsimds′,i−1,

S2 =
n∑
j=1

(npdsj − n−1mdsp)(n̄ds′j − n−1r̄ds′),

S3 =
n∑
j=1

(n̄dsj − n−1r̄ds)(n̄ds′j − n−1r̄ds′) + n−1
p−1∑
i=1

mdsimds′i.

(3.2.1)
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The following result due to Stufken (1991) is then true.

Theorem 3.2.1. Let d ∈ Ωt,n,p be a design which is uniform on periods and
for which the quantities S1, S2 and S3 defined in (3.2.1) are independent of
s, s′; 1 ≤ s, s′ ≤ t, s 6= s′. Then the information matrices Cd and C̄d are
completely symmetric and are given by

Cd = (tp)−1
[
np(p− 1) + t2(2S2 + S3)

− {t2(S2 + S3)− t2pS1 − n(p− 1)}2/δ1
]
Ht,

C̄d = (tp)−1
[
n(p− 1)2 + t2S3 − {t2(S2 + S3)− t2pS1 − n(p− 1)}2/δ2

]
Ht,

(3.2.2)
where δ1 = n(p − 1)2 + t2S3, δ2 = np(p− 1) + t2(2S2 + S3) and as usual,
Ht = It − t−1Jt. �

Remark 3.2.1. Several designs discussed in Chapter 2 satisfy the condi-
tions of Theorem 3.2.1. We give some illustrations below, which, inciden-
tally, show that these conditions can be met by designs with p ≤ t as well
as by designs with p > t.

(i) If d ∈ Ωt,n,p is a balanced uniform design then from Definitions 2.2.1
and 2.2.4, mdsi = n/t and zdss′ = λ1 = n(p− 1)/{t(t− 1)} for all s 6= s′, i,
1 ≤ s, s′ ≤ t; 1 ≤ i ≤ p. Consequently, on simplification from (3.2.1),

S1 = n(p− 1)/{t2(t− 1)}.

Again, every treatment occurs exactly µ1(= n/t) times in the last period,
and since d is also uniform on subjects, if any treatment s appears in the last
period on subject j then, for this subject, npdsj = 1 while n̄dsj = (p/t) − 1
and n̄ds′j = (p/t) for all s′ 6= s. Hence, on simplification from (3.2.1) we
have

S2 = µ1

(
1− 1

n

n

t

)(
p

t
− p− 1

t

)
+µ1

(
−1
t

)(
p

t
− 1− p− 1

t

)
+
(
n− 2n

t

)(
−1
t

)(
p

t
− p− 1

t

)
=
n

t2
,

S3 = 2µ1

(
p

t
− 1− p− 1

t

)(
p

t
− p− 1

t

)
+
(
n− 2n

t

)(
p

t
− p− 1

t

)2

+µ1

(
p− 1
t

)
=
n(p− 2)

t2
,

and thus S1, S2, S3 are all independent of s, s′, s 6= s′. Consequently, by
Theorem 3.2.1, Cd and C̄d are completely symmetric and on simplification
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from (3.2.2) using S1, S2 and S3 as obtained above, Cd and C̄d reduce to
the expressions as given by Cd3 and C̄d3 , respectively, in (2.2.3).

(ii) If d ∈ Ωt,n,p is a strongly balanced uniform design then, from Definitions
2.2.1 and 2.2.5, mdsi = n/t as in (i) above and zdss′ = n(p−1)/t2 for all s, s′.
For this case, (3.2.1) yields S1 = 0 and since d is uniform over subjects, S2

and S3 are as in (i). Hence, from Theorem 3.2.1, Cd and C̄d are completely
symmetric and their expressions in (3.2.2) reduce to those for Cd4 and C̄d4 ,
respectively, in (2.2.3).

(iii) The optimal designs with t = 4α + 3, n = 2t and p = (t + 1)/2 as
constructed by Afsarinejad (1985) also satisfy the conditions of Theorem
3.2.1.

(iv) Consider a crossover design d ∈ Ωt,n,p, given by an orthogonal array
OA(n, p, t, 2) (cf. Definition 2.6.1) with the t symbols, n columns and p

rows of the orthogonal array representing, respectively, the t treatments,
n subjects and p periods of d. It can be checked that this design also
satisfies the conditions of Theorem 3.2.1 with Su = 0 for all u = 1, 2, 3. For
example, the fact that

n∑
j=1

n̄dsj n̄ds′j =
n

t2
(p− 1)(p− 2) for s 6= s′,

arising from the properties of an orthogonal array of strength two, is crucial
in showing that S3 = 0. Hence, these designs have completely symmetric
information matrices Cd and C̄d. For the case p = 2, Hedayat and Zhao
(1990) showed that such a design is universally optimal for direct effects
over Ωt,n,2 (see Remark 3.3.3 below).

(v) Consider a crossover design d ∈ Ωt,n=t(t−1),p given by an orthogonal
array of type I, OAI(t(t− 1), p, t, 2) (cf. Definition 3.1.1) with its symbols
as the t treatments, rows as the p periods and columns as the n subjects.
From Definition 3.1.1 it can be checked that this design is uniform on
periods, balanced, and satisfies the conditions of Theorem 3.2.1 with S1 =
S2 = t−1(p − 1) and S3 = t−1(p − 1)(p − 2). Thus, these designs too have
completely symmetric information matrices Cd and C̄d. �

Remark 3.2.2. Stufken (1991) pointed out that if there are two crossover
designs d1 ∈ Ωt,n1,p and d2 ∈ Ωt,n2,p, both satisfying the conditions of
Theorem 3.2.1, then the juxtaposed design d = [d1 d2] ∈ Ωt,n1+n2,p also
satisfies these conditions. Furthermore, for this design d, each Su is equal
to the sum of the Su values corresponding to d1 and d2, 1 ≤ u ≤ 3. This
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fact is quite useful in the search for optimal crossover designs and will be
used in Theorem 3.2.2 below. �

Suppose t and p are such that an OAI(t(t − 1), p, t, 2) exists.
Stufken (1991) suggested the following construction method of a crossover
design with t treatments, p periods and n = λt(t− 1) subjects, where λ is
a positive integer. Consider the following p× t(t− 1) arrays:

A1 : Any OAI(t(t− 1), p, t, 2);

A2 : Any OAI(t(t− 1), p− 1, t, 2) forms the first p− 1 rows

and the (p− 1)th row is repeated as row p;

A3 : Any OAI(t(t− 1), p− 1, t, 2) forms the first p− 1 rows

and any row other than the (p− 1)th is repeated as row p, p ≥ 3.

Let 0 ≤ c0 ≤ c1 ≤ λ and let D∗ ⊂ Ωt,λt(t−1),p be the class of all crossover
designs which are constructed by juxtaposing λ− c1 copies of A1, c0 copies
of A2 and c1−c0 copies of A3. Using the observation made in Remark 3.2.2,
it can be seen that a design d ∈ D∗ satisfies the conditions of Theorem 3.2.1
with

S1 = λ(p− 1)/t− c0, S2 = λ(p− 1)/t− c1, S3 = λ(p− 1)(p− 2)/t. (3.2.3)

It now remains to find c0 and c1 appropriately to arrive at an optimal design.
The following results were obtained by Stufken (1991) in this context.

Theorem 3.2.2. Let d∗ ∈ D∗ be a design for which c0 = c1 = c∗, where c∗

is the nearest integer to {t(p− 1)}−1λ or either of the two nearest integers
if there is a tie. Then d∗ is universally optimal for direct effects over D∗.

Proof. By Theorem 3.2.1, for any design d ∈ D∗, the information matrix for
direct effects Cd is as given in (3.2.2) with the Su’s as in (3.2.3), 1 ≤ u ≤ 3.
Since Cd is completely symmetric, in order to prove the result by invoking
Theorem 1.4.1, it is enough to maximize the multiplier of Ht in Cd over
c0, c1, where 0 ≤ c0 ≤ c1 ≤ λ. After substituting the expressions for Su’s
in Cd, it can be seen that this maximization is achieved when c0 = c1 and
their common value is as given in the theorem. �

Theorem 3.2.3. For p ≤ t, let d∗ ∈ D∗ be a design for which c0 = c1 = λ.

Then d∗ is universally optimal for carryover effects over the entire class
Ωt,λt(t−1),p.

Proof. Clearly, d∗ only consists of λ copies of A2. From the structure of
A2 it can be shown that Cd∗12 = 0. Moreover, d∗ maximizes tr(Cd22)
over Ωt,λt(t−1),p and hence from (2.2.3), d∗ also maximizes tr(C̄d) over
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Ωt,λt(t−1),p. Again, from Theorem 3.2.1, C̄d is completely symmetric and
the proof is completed by invoking Theorem 1.4.1. �

Example 3.2.2. Let t = 4, p = 3, n = 12. The optimal design of The-
orem 3.2.3 consists of one copy of A2 which has as its first two rows an
OAI(12, 2, 4, 2). Therefore, repeating the second row, the optimal design is

1 1 1 2 2 2 3 3 3 4 4 4
2 3 4 1 3 4 1 2 4 1 2 3
2 3 4 1 3 4 1 2 4 1 2 3

. �

Remark 3.2.3. For p = t, the result in Theorem 3.2.3 reduces to a result
of Kunert (1984b) (see Theorem 2.3.12). �

Stufken (1991) also proposed another class of designs and showed that
these are optimal for direct effects in a subclass of Ωt,n,p which is wider than
the class D∗ of Theorem 3.2.1. We call these designs “Stufken designs” and
define them as follows.

Definition 3.2.1. A design d ∈ Ωt,n,p is said to be a Stufken design if it
satisfies the following conditions:

(a) d is uniform on periods.

(b) d, when restricted to the first p−1 periods and viewed as a block design
with the subjects as blocks, is a BIB design with n blocks, each of size p−1.

(c) In the last period of d, θ subjects receive a treatment that was not
assigned to them in any of the previous periods, while the other subjects
receive the same treatment as in period p−1, where θ is the nearest integer
(or one of the nearest integers) to n(pt− t− 1)/{(p− 1)t}.

(d) zdss′ − p−1
n∑
j=1

ndsj n̄ds′j , s 6= s′, is independent of s and s′.

(e)
n∑
j=1

ndsjnds′j , s 6= s′, is independent of s and s′.

Theorem 3.2.4 below gives the optimality properties of these designs
as proved by Stufken (1991). Later, Kushner (1998) showed that if n is
divisible by t(p − 1), then the Stufken designs are universally optimal in
Ωt,n,p; we will come back to this point in Remark 4.5.4. Subsequently,
Hedayat and Yang (2004) further extended this result and proved that if
a Stufken design exists in Ωt,n,p, it is indeed universally optimal for direct
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effects over the entire class Ωt,n,p, even without the aforesaid divisibility
condition; see Theorem 3.2.5. To give a flavor of the ideas involved, we
indicate the proof of Theorem 3.2.4 as given by Stufken (1991). The proof
of the result of Hedayat and Yang (2004) is more involved; we therefore
omit it and refer to the original paper for the proof.

Let D0
t,n,p be the class of all crossover designs in Ωt,n,p for which condi-

tion (b) of Definition 3.2.1 holds.

Theorem 3.2.4. Let d∗ ∈ Ωt,n,p be a Stufken design. Then d∗ is univer-
sally optimal for direct effects over D0

t,n,p.

Proof. For any design, let

θ1 : the number of subjects that receive a treatment in period p that

was not assigned to them in any of the previous periods,

θ2 : the number of subjects that receive the same treatment in period

p as in period p− 1.

Stufken (1991) showed that for any d ∈ D0
t,n,p,

tr(Cd) ≤ n(p− 1)− 2(n− θ1)
p

− pt

n(p− 1)(pt− t− 1)
(n− θ2 − p−1θ1)2,

(3.2.4)
with equality if d satisfies conditions (a) and (d) of Definition 3.2.1.

Clearly, n ≥ θ1 + θ2 and in the above expression, (n− θ2 − p−1θ1) ≥ 0.
So, for fixed θ1, the right-hand side of (3.2.4) will be maximized when θ2 is
as large as possible, i.e., when θ2 = n− θ1. Putting this value of θ2 in the
right-hand side of (3.2.4), one gets the following expression

n(p− 1)− 2
(n− θ1)

p
− θ2

1

t(p− 1)
np(pt− t− 1)

as a function of θ1. It is easily verified that this expression is maximized
when θ1 is equal to the nearest integer to n(pt− t−1)/{(p−1)t}, i.e., when
(c) holds. Let this optimum value of θ1 be denoted by θ∗1 .

Thus, any design satisfying the conditions (a)–(d) maximizes tr(Cd)
over D0

t,n,p and so,

tr(Cd∗) = n(p− 1)− 2(n− θ∗1)
p

− (p− 1)t
np(pt− t− 1)

θ∗1
2 = max

d∈D0
t,n,p

tr(Cd).

(3.2.5)
Since d∗ also satisfies condition (e), Cd∗ is completely symmetric, and the
result now follows on invoking Theorem 1.4.1. �
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When a Stufken design exists in Ωt,n,p, Hedayat and Yang (2004) es-
tablished that the maximization in (3.2.5) is valid over all d ∈ Ωt,n,p and
not only over D0

t,n,p. Their result is stated in the following theorem and its
proof is omitted here.

Theorem 3.2.5. Let d∗ ∈ Ωt,n,p be a Stufken design. Then d∗ is univer-
sally optimal for direct effects over Ωt,n,p. �

Remark 3.2.4. Consider the optimal design d∗ described in Theorem
3.2.2 when λ = at(t− 1) or equivalently, n = at2(t− 1)2 and p = t for some
integer a. Then c∗ = {t(p− 1)}−1λ = a and this optimal design is the one
with a{t(t−1)−1} copies of A1 and a copies of A2. By Theorem 3.2.2, this
design is optimal over D∗. Moreover, for this design θ1 = n−at(t−1) = θ∗1
and so, by Theorem 3.2.5, it is also universally optimal in Ωt,n,t. �

Remark 3.2.5. Let n ≤ t(p − 1)/2. Then θ∗1 = n. Thus for n = 2t and
p = (t+ 1)/2, the designs considered by Afsarinejad (1985) are universally
optimal for direct effects over D0

t,n,p if t ≥ 11. If p = t and n ≤ 1
2 t(t − 1),

then also θ∗1 = n and in this case, Theorem 3.2.4 reduces to a result given
by Kunert (1984b), which was later extended by Hedayat and Yang (2003);
see Remark 2.3.5. However, note that in this case, universal optimality
holds in the entire class Ωt,n,t as shown in Theorem 2.3.9. �

We now describe some results under a model in which the subject effects
are random. These results are due to Hedayat et al. (2006). A model with
random subject effects, in contrast to the fixed effects model (1.2.1), is
justified in situations where the subjects included in the experiment can
be viewed as representing a random sample from a population of subjects.
The model considered by Hedayat et al. (2006) is the same as (1.2.1),
except that now the subject effects are considered as uncorrelated random
variables with mean zero and variance σ2

β . Also, the random subject effects
and the errors are assumed to be mutually uncorrelated. Thus, following
the notation introduced in Chapter 1, we may write the model as

E(Y d) = µ1np + Pα+ Tdτ + Fdρ,

D(Y d) = σ2Σ = σ2(In ⊗ V ),
(3.2.6)

where V = (Ip + γJp), γ = σ2
β/σ

2 and σ2, as before, is the error variance.
Then Cd, the information matrix for direct effects under model (3.2.6)

may be written analogous to (1.3.18) as

Cd = T ′d(In ⊗ V −
1
2 )pr⊥{(In ⊗ V −

1
2 )([1np P Fd])}(In ⊗ V −

1
2 )Td.
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As usual, for any d, an upper bound for this Cd is given by the information
matrix for direct effects under a model ignoring period effects. Using this
fact and a generalization of Lemma 1.4.2, Hedayat et al. (2006) obtained
an upper bound for tr(Cd) in a form similar to (2.3.9) and showed that this
bound is attained by a design d ∈ Ωt,n,p if the following conditions hold:

(a) T ′dP = p−1rd1′p.
(b) Each of the matrices: T ′d(In ⊗ V −

1
2 )pr⊥(1np)(In ⊗ V −

1
2 )Td,

T ′d(In ⊗ V −
1
2 )pr⊥(1np)(In ⊗ V −

1
2 )Fd, and

F ′d(In ⊗ V −
1
2 )pr⊥(1np)(In ⊗ V −

1
2 )Fd

is completely symmetric.
(3.2.7)

Let Ω∗t,n,p ⊂ Ωt,n,p be the class consisting of designs in which each treatment
is replicated n/t times in the last period and in which no treatment is
preceded by itself in any subject. Within this class, Hedayat et al. (2006)
identified a design d∗ for which Cd∗ is completely symmetric, its trace is
equal to the upper bound referred to above, and which maximizes this
upper bound over all d ∈ Ω∗t,n,p. We state their result below.

Theorem 3.2.6. Suppose p ≤ t and let d∗ ∈ Ωt,n,p be a design which
(i) satisfies conditions (a) and (b) in (3.2.7),
(ii) is equireplicate, and
(iii) is binary over subjects, i.e., each treatment appears at most once in
each subject.
Then, under model (3.2.6), irrespective of the value of γ(= σ2

β/σ
2), d∗ is

universally optimal under model (3.2.6) for direct effects over Ω∗t,n,p. �

Later in Chapter 5, we will introduce totally balanced designs in Defini-
tion 5.2.3. It will be evident from this definition that any such design with
p ≤ t satisfies all the conditions of Theorem 3.2.6 and is thus universally
optimal for direct effects over Ω∗t,n,p, no matter what the value of γ is. As
an illustration of Theorem 3.2.6, Hedayat et al. (2006) gave the following
design d, which is universally optimal for direct effects over Ω∗5,20,3 for any
value of γ.

Example 3.2.3.

d =
1 2 3 4 5 4 3 2 1 5 1 3 5 2 4 2 5 3 1 4
5 1 2 3 4 5 4 3 2 1 4 1 3 5 2 4 2 5 3 1
2 3 4 5 1 3 2 1 5 4 3 5 2 4 1 5 3 1 4 2

.

�
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Theorem 3.2.6 is particularly interesting since it identifies universally
optimal designs irrespective of the value of γ. However, the optimal designs
of this theorem are in general not optimal over the entire class Ωt,n,p and
their efficiency over Ωt,n,p depends on the value of γ. For additional results
and details, the original source may be consulted.

3.3 Two-period Designs

In this section we consider an important particular case of the general
situation p < t, namely, the case where p = 2, which is the minimum
number of periods required to ensure the estimability of the direct effect
contrasts. Two-period designs are of substantial interest in the field of
clinical trials and for a discussion on the design and analysis of two-period
crossover experiments and their application in clinical trials see, e.g., Grizzle
(1965), Hills and Armitage (1979), Armitage and Hills (1982) and Willan
and Pater (1986). See also Balaam (1968) and Barker, Hews, Huitson and
Poloniecki (1982). In this section, we review some results on the optimality
of two-period crossover designs as obtained by Hedayat and Zhao (1990)
and Carriere and Reinsel (1993). Further optimal designs with two periods,
which were studied by Afsarinejad and Hedayat (2002) under a model with
self and mixed carryover effects, are presented in Chapter 5.

Throughout this section, p = 2. Let d be a design in Ωt,n,2 and for
1 ≤ s ≤ t, let fds and gds denote the numbers of times treatment s appears
in the first period and in the second period, respectively, of d. Thus in the
notation of Chapter 1, zds′s is the number of subjects that receive treatment
s in the first period and treatment s′ in the second period and clearly, as
in (1.3.2),

fds = r̄ds =
t∑

s′=1

zds′s,

t∑
s′=1

zdss′ = gds,

t∑
s=1

fds =
t∑

s=1

gds = n. (3.3.1)

In their study of optimal designs with p = 2, Hedayat and Zhao (1990)
assumed the model (1.3.14) with an error covariance structure Σ = In⊗V ,
where

V =
(

1 ρ

ρ 1

)
.

As noted in Lemma 1.3.1, for p = 2, the information matrices Cd and C̄d
under model (1.3.14) are equal to a constant times the corresponding in-
formation matrices under the traditional model (1.3.3), this constant being
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a function of ρ. In view of this fact, in searching for optimal designs in
Ωt,n,2 under model (1.3.14), we may as well work with the expressions of
the information matrices under (1.3.3). So, henceforth, we proceed with
the model (1.3.3). Then Cd and C̄d, are as given by (1.3.11) with p = 2.

Hedayat and Zhao (1990) proved their optimality results by making a
very interesting connection between a two-period crossover design in Ωt,n,2
and a block design. This connection is shown in Theorem 3.3.1; it makes the
study of optimality of two-period crossover designs simpler as the optimality
of block designs is well studied. Theorems 3.3.1–3.3.5 are all due to Hedayat
and Zhao (1990). Let Cd denote the information matrix for treatments for
an arbitrary block design d under the usual additive linear model for block
designs.

Theorem 3.3.1. Let d be a design in Ωt,n,2 and let there be b distinct treat-
ments in the first period of d. Let these treatments be labeled as 1, 2, . . . , b,
where b ≤ t. Then there exists a block design d0 with t treatments and b

blocks of sizes r̄d1, . . . , r̄db, such that the (s′, s)th element of the treatment
versus block incidence matrix of d0 equals zds′s (1 ≤ s′ ≤ t, 1 ≤ s ≤ b), and
the relationship

Cd0 = 2Cd, (3.3.2)
holds. Conversely, from a block design with t treatments and b(≤ t) blocks
one can obtain a crossover design d in Ωt,n,2, with n equal to the total
number of experimental units in the block design, such that (3.3.2) holds.

Proof. Given a design d ∈ Ωt,n,2 with b distinct treatments in the first pe-
riod, we construct a block design d0 with b blocks as follows: Corresponding
to treatment s, 1 ≤ s ≤ b, we look at all subjects j for which treatment s
appears in period 1 of d. Then the treatments which appear in the second
period of d for these subjects will together constitute block s of the design
d0. Hence, each of the distinct treatments in period 1 of d gives rise to one
block of d0 and thus d0 is obtained.

Conversely, given a block design d0 with b blocks and t(≥ b) treatments,
we may construct a design d ∈ Ωt,n,2 as follows: Suppose the size of the sth
block of d0 is ks. We first assign the treatment s to ks subjects in the first
period of d. Then the ks treatments appearing in block s of d0 are assigned
to these ks subjects in the second period, 1 ≤ s ≤ b. This gives the design
d in Ωt,n,2.

It can be checked that (3.3.2) holds by computing Cd0 and comparing
it with the Cd as obtained from (1.3.11) with p = 2. Alternatively, one can
see the truth of (3.3.2) by noting that under model (1.3.3), since subject
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effects are fixed, the best linear unbiased estimators of estimable contrasts
among direct effects depend only on the quantities Y2j −Y1j , 1 ≤ j ≤ n, as
one has to eliminate the subject effects. Thus, for p = 2, one can remodel
the 2n observations in Y d in model (1.3.3) via the n terms {Y2j − Y1j} as
follows:

E(Y2j − Y1j) = α2 − α1 + τd(2,j) + ρd(1,j) − τd(1,j), 1 ≤ j ≤ n, (3.3.3)

with Var(Y2j − Y1j) = 2σ2 and Cov(Y2j − Y1j , Y2j′ − Y1j′) = 0, j 6= j′, 1 ≤
j, j′ ≤ n. Observe that (3.3.3) is equivalent to the usual additive linear
model for a block design, where α2−α1 is identified with the general mean,
the quantities ρd(1,j) − τd(1,j) are identified with the block effects and the
quantities τd(2,j) are identified with the treatment effects, such that each
“observation” arising from the block design has variance 2σ2. Hence (3.3.2)
is evident. �

Remark 3.3.1. Had we worked with the correlated errors model (1.3.14)
instead of (1.3.3), the only change in the above proof would have been that
we would have obtained Var(Y2j − Y1j) = 2(1− ρ)σ2. �

Remark 3.3.2. In view of (3.3.2), a crossover design d is connected for
direct effects if and only if the corresponding block design d0 is connected.
But in d0, treatment s is replicated gds times, and hence d0 is connected
only if gds > 0 for every s. Hence, in order to ensure connectedness for
direct effects, hereafter we consider only those two-period crossover designs
in which every treatment is applied at least once in the second period. �

The next example illustrates the connection between d and d0 as shown
in Theorem 3.3.1.

Example 3.3.1. Let t = 3, n = 9 and consider a design d ∈ Ω3,9,2 given
by

d=
1 1 1 2 2 3 3 3 3
1 2 3 1 1 1 1 2 3

.

Following the construction method given in the proof of Theorem 3.3.1,
the corresponding block design d0 is given by the blocks:

Block I : 1 2 3
Block II : 1 1
Block III : 1 1 2 3

.

It can be verified that Cd0 = 2Cd.
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Now, consider the following block design d0 involving 5 treatments and
4 blocks:

Block I : 1 2 3 4
Block II : 1 2 3
Block III : 1 2 3 4 5
Block IV : 2 3 4 5

.

The corresponding crossover design d ∈ Ω5,16,2 is shown below:

d=
1 1 1 1 2 2 2 3 3 3 3 3 4 4 4 4
1 2 3 4 1 2 3 1 2 3 4 5 2 3 4 5

.

Once again, one can verify that Cd0 = 2Cd. The labeling of the treatments
and blocks is arbitrary. �

We also note from Theorem 3.3.1 that if d0 is a proper block design
with b blocks of equal size, then in the corresponding crossover design d,

the b treatments appearing in the first period do so equally often. In view
of this observation, we have the following corollary.

Corollary 3.3.1. If a block design is optimal in the class of all proper block
designs with t treatments and b blocks, where b ≤ t, then the corresponding
crossover design is also optimal for direct effects in the class of all crossover
designs in which b treatments appear in the first period and do so equally
often. �

Example 3.3.2. t = 3, n = 12, p = 2. Consider the following two designs
studied by Kunert (1983).

d1=
1 2 3 2 3 1 1 2 3 2 3 1
2 3 1 1 2 3 2 3 1 1 2 3

,

d2=
1 2 3 1 2 3 1 2 3 2 3 1
1 2 3 2 3 1 1 2 3 1 2 3

.

Kunert (1983) showed by actual computation that Cd2 > Cd1 . Hedayat
and Zhao (1990) showed that d2 is universally optimal in the class of those
designs in Ω3,12,2 which are uniform on the first period. This follows from
Corollary 3.3.1 because the block design corresponding to d2 is a balanced
block design (BBD) and hence, is universally optimal in the class of proper
block designs. �

In view of Corollary 3.3.1, one can obtain optimal two-period crossover
designs by searching for an optimal block design with corresponding pa-
rameters. The following result is a step towards that direction.
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Theorem 3.3.2. Let d1 be a block design with t treatments and b ≤ t blocks
and let d2 be the design with a single block consisting of all the blocks of d1

taken together. Then Cd1 ≤ Cd2 , with equality if and only if, for every fixed
s, the frequency of treatment s in block u of d1 is proportional to the size
of the uth block, 1 ≤ s ≤ t, 1 ≤ u ≤ b.

Proof. It is well known that the condition of proportional frequencies is
equivalent to the condition of orthogonality between treatments and blocks,
see, e.g., Lemma 2.1 of Dey (1986). Now, the result is immediate. �

It follows then that a block design in which each treatment appears in
each block equally often is universally optimal in the class of all proper
block designs with t treatments and an arbitrary number of blocks.

Theorem 3.3.3. A design d∗ ∈ Ωt,n,2 with n ≡ 0 (mod t) is universally
optimal for direct effects over Ωt,n,2 if and only if
(a) fd∗s = 0 (mod t), 1 ≤ s ≤ t, and
(b) zd∗s′s = t−1fd∗s, 1 ≤ s′ ≤ t.

Proof. If a block design d∗0 is obtained from d∗ as in Theorem 3.3.1, then
condition (b) guarantees that each treatment occurs an equal number of
times in each block of d∗0. Now the result follows by invoking Theorems
3.3.1 and 3.3.2. �

Remark 3.3.3. The number of distinct treatments in the first period of
the design d∗ in Theorem 3.3.3 may be any number b with b ≤ t and by
condition (a), fd∗s is a multiple (possibly zero) of t, 1 ≤ s ≤ t, subject

to
t∑

s=1
fd∗s = n. Moreover, from condition (b), it is not hard to see that

the quantities gd∗s, 1 ≤ s ≤ t, are all equal and so d∗ is uniform on the
second period. In particular, if a design is given by an OA(n, 2, t, 2) then
by Theorem 3.3.3, its universal optimality follows. �

Example 3.3.3. Suppose t = 3. Hedayat and Zhao (1990) showed that by
Theorem 3.3.3, each of the following four designs is universally optimal for
direct effects over Ω3,12,2.

d1 =
1 1 1 1 1 1 1 1 1 1 1 1
1 2 3 1 2 3 1 2 3 1 2 3

, d2 =
1 1 1 1 1 1 1 1 1 2 2 2
1 2 3 1 2 3 1 2 3 1 2 3

,

d3 =
1 1 1 1 1 1 2 2 2 2 2 2
1 2 3 1 2 3 1 2 3 1 2 3

, d4 =
1 1 1 1 1 1 2 2 2 3 3 3
1 2 3 1 2 3 1 2 3 1 2 3

.

Note that Cd1 = Cd2 = Cd3 = Cd4 and b = 1 for d1, b = 2 for d2 and d3
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and b = 3 for d4. So, no other design which is non-isomorphic to either of
du, 1 ≤ u ≤ 4, is optimal in Ω3,12,2. �

Example 3.3.4. Suppose t = 3. Then the following design represented by
the OA(9, 2, 3, 2) is universally optimal for direct effects in Ω3,9,2.

1 1 1 2 2 2 3 3 3
1 2 3 1 2 3 1 2 3

. �

By Theorem 3.3.3, one may construct several optimal designs in Ωt,n,2.
To decide which one of these to use in practice, Hedayat and Zhao (1990)
recommended that we use the design which gives the largest degrees of
freedom for estimating σ2. This is achieved if the design assigns a single
treatment to all the subjects in the first period; e.g., the design d1 in Ex-
ample 3.3.3. However, this design will not allow the estimation of contrasts
among carryover effects. If these estimates are desired, then one has to
use designs where all treatments are allocated in the first period; e.g., the
design d4 in Example 3.3.3.

Next, we consider the case when n is not a multiple of t. For this situa-
tion, Hedayat and Zhao (1990) obtained A-optimal designs as shown in the
next two theorems. An A-optimal design is one that estimates the para-
metric functions of interest, such as direct effect contrasts, with minimum
average variance.

Theorem 3.3.4. Suppose n = qt+ l, 0 < l < t. Let d∗ ∈ Ωt,n,2 be a design
which allocates only a single treatment to all subjects in period 1 and the
allocation in the second period is such that

gd∗s = q + 1, for s = 1, 2, . . . , l,

= q, for s = l + 1, l + 2, . . . , t.

Then d∗ is the unique A-optimal design for direct effects over Ωt,n,2.

Proof. The block design d∗0 obtained from d∗ following the method of The-
orem 3.3.1 consists of only a single block given by the second period of d∗.
Hence, as one can easily verify, it is A-optimal uniquely since the associated
replication numbers are as nearly equal as possible. From (3.3.2), the result
is now evident. �

The next example gives one such A-optimal design.
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Example 3.3.5. Suppose t = 6 and n = 14. Then q = 2, l = 2 and so, the
A-optimal design is as given below.

1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 2 2 2 3 3 4 4 5 5 6 6

. �

Theorem 3.3.5. Let d∗ ∈ Ωt,n,2 be such that both the periods are identical
and fd∗s’s are as equal as possible. Then d∗ is A-optimal for carryover
effects and is universally optimal if n = µ1t, where µ1 is a positive integer.

�

Further results on the optimality of two-period crossover designs were
obtained by Carriere and Reinsel (1993) who assumed the subject effects
to be random. We now review some of their results.

Suppose t treatments are to be compared via a two-period crossover
design involving n subjects. Clearly, there are v = t2 possible treatment
sequences. Carriere and Reinsel (1993) considered the situation when these

v treatment sequences are assigned to n =
v∑
l=1

nl subjects at random, where

nl is the number of subjects assigned to the treatment sequence l, 1 ≤ l ≤ v.
Let d(i, l) denote the treatment in the ith position (period) in the treatment
sequence l. The model assumed is similar to the one in (3.2.6) and is given
by

Yijl = µ+ αi + τd(i,l) + ρd(i−1,l) + βjl + εijl, (3.3.4)

where Yijl is the response obtained in period i from the jth subject assigned
to the sequence l and µ, αi, τs, ρs are as in model (1.2.1); the random subject
effects βjl and the errors εijl are assumed to be mutually uncorrelated
random variables with means zero and variances σ2

β and σ2, respectively,
1 ≤ i ≤ 2, 1 ≤ j ≤ nl, 1 ≤ l ≤ v.

Then for d ∈ Ωt,n,2, Carriere and Reinsel (1993) noted that the informa-
tion matrix for the direct effects Cd under model (3.3.4) can be expressed
as

σ2Cd = (1 + ν)−1
{
Rd − ν2R̄d − n−1(1− ν2)r̄dr̄′d − ZdR̄−d Z

′
d

}
, (3.3.5)

with

ν = σ2
β/(σ

2 + σ2
β)

and other notation as in Chapter 1.
Using this, Carriere and Reinsel (1993) proved the following result, in-

voking Theorem 1.4.1.
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Theorem 3.3.6. Let d∗ ∈ Ωt,n,2 be a strongly balanced design which is
uniform on periods. Then under the model (3.3.3), d∗ is universally optimal
for direct effects over Ωt,n,2. �

If sequence effects are present in the model, then too, Carriere and
Reinsel (1993) showed that the optimality of d∗ as in Theorem 3.3.6 is
preserved.

Since d∗ of Theorem 3.3.6 is strongly balanced, for the existence of such
a d∗ it is necessary that n is a multiple of t2. When n = at2 + t for an
integer a > 0, Carriere and Reinsel (1993) showed that a design d∗ with
zd∗ss = a+ 1 and zd∗ss′ = a for 1 ≤ s, s′ ≤ t; s 6= s′, is universally optimal
for direct effects over those designs in Ωt,n,2 which are uniform on the first
period. Incidentally, this result establishes the optimality of the design d2

in Example 3.3.2. Similarly, when n = at2 + t(t − 1), a design d∗ with
zd∗ss = a and zd∗ss′ = a+ 1 for 1 ≤ s, s′ ≤ t; s 6= s′, is universally optimal
for direct effects over those designs in Ωt,n,2 which are uniform on the first
period.

Theorem 3.3.3 shows that under a fixed effects model, some designs
which allocate only a single treatment in period 1 can be universally op-
timal; see design d1 of Example 3.3.3. This may be contrasted with the
findings of Carriere and Reinsel (1993) who observed that these designs no
longer remain optimal under the mixed effects model (3.3.4). In fact, for
n = t2, they showed that the efficiency of such a design, relative to the op-

timal design of Theorem 3.3.6, is only
1

2− ν2
, in so far as the estimation of

direct effects is concerned. Similarly, for n = at2 + t or at2 + t(t− 1), a > 0,
this efficiency, relative to the optimal design described in the preceding

paragraph, turns out to be
1

2− ν2 − t2/n2
.

3.4 Optimality of Patterson Designs

The balanced crossover designs given by Patterson (1952) for p ≤ t are quite
popular among experimenters as, for given t, these often involve a moderate
number of subjects while keeping p small. These designs have been around
for several decades and the efficiencies of these designs are known to be quite
high in many cases. Optimality properties of these designs were studied by
Shah, Bose and Raghavarao (2005) and in this section, we review some of
their findings. In these results, the formulation of the universal optimality
criteria is as given by Shah and Sinha (2002) and described in Section 1.4.
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All results in this section are under model (1.2.1).

Definition 3.4.1. A design d ∈ Ωt,n,p will be said to be a Patterson design
if the following conditions hold:

(i) d is uniform on periods, i.e., n = µ1t for some integer µ1;

(ii) d is balanced, i.e., Zd = λ1(Jt − It) for some integer λ1;

(iii) when the subjects of d are viewed as blocks, they form the blocks of a
balanced incomplete block (BIB) design with block size p ;

(iv) when d is restricted to the first p− 1 periods, then again, the subjects
of d form the blocks of a BIB design with block size p− 1 ;

(v) in the set of µ1 subjects receiving a given treatment in the last period,
every other treatment is applied λ1 times in the first p− 1 periods.

The conditions (i)–(v) above are equivalent to the conditions given by
Patterson (1952). It may be noted that crossover designs satisfying these
conditions were called “balanced” by Patterson (1952). However, subse-
quently, the term “balance” has been popularly used in the sense of Def-
inition 2.2.4 and so, in order to avoid confusion, we shall use the term
Patterson designs for designs satisfying the conditions of Definition 3.4.1.

From conditions (i) and (ii) of Definition 3.4.1 it follows as in Section
1.2 that the parameters of a Patterson design must necessarily satisfy

p ≤ t, n = µ1t and λ1 = µ1(p− 1)/(t− 1).

In what follows, we exclude the case p = t = 2, n = 2µ1, even though
designs satisfying the conditions (i)–(v) exist for these parametric values;
this is simply because in such a case, neither the contrasts among direct
effects nor those among the carryover effects are estimable. Recalling from
Section 1.3 the notion of connectedness of a crossover design, it can be seen
that the Patterson designs are connected for other values of t, n and p.

Example 3.4.1. A Patterson design with t = 4, p = 3, n = 12 is shown
below.

1 2 3 4 1 2 3 4 1 2 3 4
2 1 4 3 3 4 1 2 4 3 2 1
3 4 1 2 4 3 2 1 2 1 4 3

. �

Let Bt,n,p consist of connected designs in Ωt,n,p that are binary on sub-
jects in the sense that a treatment is applied to a subject at most once.
Also, for d ∈ Ωt,n,p, let Cd(τ ,ρ,α) denote the information matrix for es-
timating (τ ,ρ,α). Using the notation introduced in Chapter 1, under the
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model (1.2.1) it follows from (1.3.7) that for d ∈ Ωt,n,p, this symmetric
matrix is given by

Cd(τ ,ρ,α) =


Rd − p−1NdN

′
d Zd − p−1NdN̄

′
d Md − p−1NdJnp

R̄d − p−1N̄dN̄
′
d M̄d − p−1N̄dJnp

nIp − np−1Jp

 .
(3.4.1)

The information matrix for joint estimation of (τ ,ρ) is as usual denoted
by Cd(τ ,ρ) as in (1.3.9).

Let d∗ ∈ Ωt,n,p be a Patterson design. Then from Definition 3.4.1 it
follows that

Rd∗ = µ1pIt, R̄d∗ = µ1(p− 1)It,

Md∗ = µ1Jtp, M̄d∗ = [0t µ1Jt,p−1],

Zd∗ = λ1(Jt − It),

Nd∗N
′
d∗ = p(µ1 − λ1)It + pλ1Jt,

N̄d∗N̄
′
d∗ = ((p− 1)µ1 − (p− 2)λ1)It + (p− 2)λ1Jt.

(3.4.2)

The first two lines in (3.4.2) follow as in Lemma 2.2.1 from condition (i)
of Definition 3.4.1, the third line is due to condition (ii) and the remaining
two lines are consequences of conditions (iii) and (iv), respectively.

For any design d ∈ Ωt,n,p, without loss of generality, we can rearrange
the subjects so that the first n1 subjects have treatment 1 in the last period,
the next n2 subjects have treatment 2 in the last period, ..., the last nt

subjects have treatment t in the last period, where
t∑

s=1
ns = n. With this

arrangement of the subjects, it is clear that

N̄ ′d = N ′d −


1n1 0 · · · 0
0 1n2 · · · 0
...
0 0 · · · 1nt

 .
It can now be seen that

NdN̄
′
d = NdN

′
d −Θd, and N̄dN̄

′
d = NdN

′
d −Θd −Θ′d + diag(n1, . . . , nt),
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where Θd = (θ1, . . . ,θt) and for 1 ≤ s ≤ t, θs is the t × 1 vector obtained
by taking the sum of the ns columns of Nd corresponding to the ns subjects
with treatment s in the last period.

Again, from Definition 3.4.1 it follows that for a Patterson design d∗,
we have

Θd∗ = (µ1 − λ1)It + λ1Jt,

Nd∗N
′
d∗ = pΘd∗ ,

Nd∗N̄
′
d∗ = (p− 1)Θd∗ ,

N̄d∗N̄
′
d∗ = (p− 2)Θd∗ + µ1It.

(3.4.3)

From (3.4.1), on using (3.4.2) and (3.4.3) we find that Cd∗(τ ,ρ,α) is equal
to

tµ1(p−1)
(t−1) Ht − tµ1(p−1)

p(t−1) Ht 0tp

− tµ1(p−1)
p(t−1) Ht

µ1(p−1)(pt−t−1)
p(t−1) Ht + µ1(p−1)

pt Jt
µ1
p 1t

(
−(p− 1),1′p−1

)
0pt µ1

p

(
−(p− 1)

1p−1

)
1′t nIp − n

pJp


,

(3.4.4)
where, as before, Ht = It − t−1Jt.

From (3.4.4), we can write Cd∗(τ ,ρ) as in (1.3.9) with

Cd∗11 =
µ1t(p− 1)

(t− 1)
Ht,

Cd∗12 = − tµ1(p− 1)
p(t− 1)

Ht = C ′d∗21,

Cd∗22 =
µ1(p− 1)(pt− t− 1)

p(t− 1)
Ht.

(3.4.5)

To prove the next result we need the following lemma, which can be
proved easily.

Lemma 3.4.1. Let A = (auv) be a t× t matrix and let g be a permutation
on {1, 2, . . . , t}, the corresponding permutation matrix being denoted by Eg.

Let St be the symmetric group on {1, 2, . . . , t}. Then Ā =
1
t!

∑
g∈St

E′gAEg
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is a completely symmetric matrix with diagonal elements equal to a and
off-diagonal elements equal to b, where

a =
1
t

t∑
u=1

auu, b =
1

t(t− 1)

(
t∑

u=1

t∑
v=1

auv −
t∑

u=1

auu

)
.

�

For an arbitrary design d, let dg denote the design obtained from it by
permuting the t treatment labels according to g, g ∈ St. We then have the
following result.

Lemma 3.4.2. For a Patterson design d∗ ∈ Ωt,n,p,

Cd∗(τ ,ρ,α) =
1
t!

∑
g∈St

Cdg (τ ,ρ,α), (3.4.6)

where d ∈ Bt,n,p.

Proof. It is enough to consider the different submatrices of Cd(τ ,ρ,α)
in (3.4.1) for a design d ∈ Bt,n,p and show that for each of these, the
average over all permutations of treatment labels equals the corresponding
expression in Cd∗(τ ,ρ,α) as given in (3.4.4).

Note that Cdg (τ ,ρ,α) = Q′gCd(τ ,ρ,α)Qg, where

Qg =

Eg 0tt 0tt
0tt Eg 0tt
0tt 0tt It


and Eg is as defined in Lemma 3.4.1. Using Lemma 3.4.1, from (3.4.1),
it can be easily checked that for a connected design d ∈ Bt,n,p, the aver-
aged versions of each of Rd−p−1NdN

′
d, Zd−p−1NdN̄

′
d and R̄d−p−1N̄dN̄

′
d

is equal to the corresponding expression for d∗ as shown in (3.4.4). For
example, since d is binary over subjects, the sth diagonal element of
NdN

′
d is

∑
j

n2
dsj =

∑
j

ndsj = rds and the average of rds over all permu-

tations is pµ1(= rd∗s) for all s. Hence, since 1t
′NdN

′
d1t = p2n, applying

Lemma 3.4.1, it can be seen that the average of Rd − p−1NdN
′
d is equal

to
tµ1(p− 1)
t− 1

Ht which is equal to Rd∗ − p−1Nd∗N
′
d∗ , as shown in (3.4.4).

Moreover, for a binary design d, the sth diagonal element of Θd is ns. The
average of ns over all permutations is µ1 = n/t and this is equal to the
common diagonal element of Θd∗ . It can also be seen that the averages
of Md and Nd are µ1Jtp and pt−1Jtn, respectively. Thus the average of
Md−p−1NdJnp is 0tp, which equals the corresponding term for d∗ as given
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in (3.4.4). Similarly, the average of M̄d−p−1N̄dJnp leads to the correspond-
ing expression in (3.4.4). This completes the proof. �

In the following theorem, we prove a strong optimality property for d∗.

Theorem 3.4.1. Let d∗ ∈ Ωt,n,p be a Patterson design. Then d∗ is uni-
versally optimal for the joint estimation of direct and carryover effects over
Bt,n,p.

Proof. Obtaining the information matrix Cd(τ ,ρ) from Cd(τ ,ρ,α) by
adjusting for the period effects α is equivalent to computing the Schur
complement of the diagonal block corresponding to α in Cd(τ ,ρ,α). This
Schur complement in Cd∗(τ ,ρ,α) is Cd∗(τ ,ρ) and that in Cdg(τ ,ρ,α) is
Cdg(τ ,ρ). Since the Schur complement is a concave function (see e.g.,
Pukelsheim (1993)), from (3.4.6) it is evident that

Cd∗(τ ,ρ) ≥ 1
t!

∑
g∈St

Cdg(τ ,ρ).

Using the sufficient condition (1.4.1) with weights wg = 1/t!, g ∈ St, it
follows that d∗ is universally optimal for the joint estimation of (τ ,ρ) over
Bt,n,p. �

Remark 3.4.1. Markiewicz (1997) and Shah and Sinha (2002) showed
that universal optimality for the joint estimation of two sets of parameters
implies the universal optimality for the estimation of each set of parameter
(though the converse is not true) and much more. So, Theorem 3.4.1 implies
that d∗ is universally optimal for the estimation of direct as well as carryover
effects over Bt,n,p. �

We next consider the optimality properties of d∗ over a wider class than
Bt,n,p. Let Λt,n,p denote the class of connected designs in Ωt,n,p in which
no treatment is assigned to two consecutive periods on the same subject.
Clearly, Bt,n,p ⊂ Λt,n,p ⊂ Ωt,n,p.

To simplify matters, we initially assume a simpler model than (1.3.3)
in which we assume that there are no period effects, all other terms being
as in (1.3.3); this assumption is relaxed later. Under such a model, for a
design d ∈ Λt,n,p, let C̃d(τ ,ρ) denote the information matrix for estimating
τ and ρ jointly, and C̃d be the information matrix for estimating direct
effects. Then the submatrices of C̃d(τ ,ρ) are

C̃d11 = Rd − p−1NdN
′
d,

C̃d12 = Zd − p−1NdN̄
′
d = C̃ ′d21,

C̃d22 = R̄d − p−1N̄dN̄
′
d.

(3.4.7)
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The corresponding expressions for a Patterson design d∗ are given by

C̃d∗11 =
tµ1(p− 1)
t− 1

Ht,

C̃d∗12 = − tµ1(p− 1)
p(t− 1)

Ht = C̃ ′d∗21,

C̃d∗22 =
µ1(p− 1)(pt− t− 1)

p(t− 1)
Ht +

µ1(p− 1)
pt

Jt.

(3.4.8)

For d ∈ Λt,n,p, let Ad(τ ,ρ) denote the average of C̃d(τ ,ρ), the average
being over all permutation of treatment labels, i.e.,

Ad(τ ,ρ) =
1
t!

∑
g∈St

C̃dg (τ ,ρ) =
(
Ad11 Ad12

Ad21 Ad22

)
, (say). (3.4.9)

From (3.4.7), arguments similar to those used in proving Lemma 3.4.2 yield

Ad11 =
p2tµ1 − β
p(t− 1)

Ht,

Ad12 = − β − l
p(t− 1)

Ht,

Ad22 =
ptµ1(p− 1)− (β − 2l)− µ1(t+ p− 1)

p(t− 1)
Ht

+
µ1(p− 1)

pt
Jt,

(3.4.10)

where
β =

∑
s

∑
j

n2
dsj ,

l =
∑
s

(sum of ndsj for subjects with treatment s in the last period).

(3.4.11)

The following theorem shows the optimality property of a Patterson
design over the class Λt,n,p. We only give an outline of its proof below and
refer to Shah et al. (2005) for details.

Theorem 3.4.2. Let d∗ ∈ Ωt,n,p be a Patterson design. Then d∗ is uni-
versally optimal for direct as well as carryover effects over Λt,n,p.

Proof. Let d be any design in Λt,n,p. Shah et al. (2005) showed that C̃d∗22

and Ad22 are both nonsingular and hence, C̃−1
d∗22 and A−1

d22 exist. Then
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as in (1.3.11), with C̃d∗ = C̃d∗11 − C̃d∗12C̃
−1
d∗22C̃d∗21 and similarly, writing

Ad = Ad11 −Ad12A
−1
d22Ad21, it follows that

C̃d∗ =
tµ1(p− 1)
t− 1

[
1− t

p(pt− t− 1)

]
Ht,

Ad =
1

p(t− 1)

[
p2tµ1 − β −

(β − l)2

ptµ1(p− 1)− (β − 2l)− µ1(t+ p− 1)

]
Ht,

(3.4.12)
where β and l are as in (3.4.11).

At this stage, some more notation will be helpful. For any symmetric
matrix

B =
(
B11 B12

B21 B22

)
,

where each Buv is t× t, let

B11.22 = B11 −B12B
−
22B21.

Then the information matrix C̃d∗ and the matrix Ad shown in (3.4.12) can
be equivalently written as

C̃d∗ = C̃d∗(τ ,ρ)11.22 and Ad = Ad(τ ,ρ)11.22

where the submatrices comprising C̃d∗(τ ,ρ), and Ad(τ ,ρ) are as given in
(3.4.8) and (3.4.10), respectively.

We first show that d∗ is universally optimal for direct effects over Λt,n,p
when period effects are assumed absent. For this, by (1.4.1), it is enough
to show that

C̃d∗(τ ,ρ)11.22 ≥
1
t!

∑
g∈St

C̃dg(τ ,ρ)11.22. (3.4.13)

Shah et al. (2005) showed that

C̃d∗(τ ,ρ)11.22 ≥ Ad(τ ,ρ)11.22 (3.4.14)

and it is easy to see that

C̃dg(τ ,ρ)11.22 =
(
C̃d(τ ,ρ)11.22

)
g
,

where the right-hand side is obtained by applying g to the rows and columns
of C̃d(τ ,ρ)11.22.

Recalling that the Schur complement is a concave function, we have∑
g∈St

C̃dg(τ ,ρ)


11.22

≥
∑
g∈St

C̃dg(τ ,ρ)11.22. (3.4.15)
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Therefore, by (3.4.14), (3.4.9) and (3.4.15),

C̃d∗(τ ,ρ)11.22 ≥ Ad(τ ,ρ)11.22 =
1
t!

∑
g∈St

C̃dg(τ ,ρ)


11.22

≥ 1
t!

∑
g∈St

C̃dg(τ ,ρ)11.22.

(3.4.16)

Hence (3.4.13) holds and d∗ is universally optimal over Λt,n,p for a model
without the period effects.

Now, under model (1.2.1) (i.e., when period effects are present), remem-
bering that Cd, the information matrix for direct effects under this model,
is equivalently written as Cd = Cd(τ ,ρ)11.22, it is easy to see as in (1.4.6)
that

Cd(τ ,ρ)11.22 ≤ C̃d(τ ,ρ)11.22,

with equality holding if d is uniform on periods. Hence, using (3.4.16),

Cd∗(τ ,ρ)11.22 = C̃d∗(τ ,ρ)11.22 ≥
1
t!

∑
g∈St

C̃dg(τ ,ρ)11.22

≥ 1
t!

∑
g∈St

Cdg(τ ,ρ)11.22

for every d ∈ Λt,n,p. By (1.4.1), this establishes the universal optimality of
d∗ for direct effects under model (1.2.1). An analogous treatment will show
the universal optimality of d∗ for carryover effects where one has to work
with a g-inverse of Cd11. �

Remark 3.4.2. The design d∗ is not universally optimal over Λt,n,p for
the joint estimation of the direct and carryover effects (cf. Shah and Sinha
(2002)). It is also not known whether a Patterson design is universally op-
timal for the estimation of direct or carryover effects over the entire class
Ωt,n,p. However, as demonstrated later in Section 4.8 (see Table 4.8.1),
many Patterson designs have very high efficiencies for the separate estima-
tion of both direct and carryover effects over Ωt,n,p. �

3.5 Constructions

Patterson (1952) provided construction methods of several families of Pat-
terson designs with p ≤ t. In what follows, we describe some of these
constructions.
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The first method is applicable to the case where t is a prime or a prime
power, p ≤ t and n = t(t−1). This method uses a complete set of mutually
orthogonal Latin squares (MOLS) of order t. Recall that a Latin square
of order m(≥ 2) is an m ×m array, with entries from a set of m distinct
symbols such that each symbol appears exactly once in each row and once
in each column of the array. Two Latin squares of the same order are said to
be orthogonal to each other if, when any one of the squares is superimposed
on the other, every ordered pair of symbols appears exactly once. A set
of Latin squares is said to form a set of MOLS if every pair in the set is
orthogonal to each other. The maximum number of MOLS of order m(> 2)
is (m− 1), this number being attainable if m is a prime or a prime power
(see e.g., Raghavarao (1971, Chapter 1)) and in such a case we say that
there is a complete set of MOLS.

We now have the following result.

Theorem 3.5.1. For t a prime or a prime power, a Patterson design exists
in Ωt,n=t(t−1),p, where p ≤ t.

Proof. Let t be a prime or a prime power and consider a complete set
of t − 1 MOLS of order t, such that any square in the set is obtained
from any other square of the set by permuting the rows. Such a set of
MOLS can be constructed as follows (see e.g., Stevens (1939)). Let x be a
primitive element of GF (t) and let the elements of GF (t) be represented
by u0 = 0, u1 = 1, u2, . . . , ut−1. For 0 ≤ i ≤ t− 2, consider the arrays

Li =

0 1 · · · ut−1

x0+i x0+i + 1 · · · x0+i + ut−1

x1+i x1+i + 1 · · · x1+i + ut−1

...
xt−2+i xt−2+i + 1 · · · xt−2+i + ut−1

.

Then the set {Li}, 0 ≤ i ≤ t− 2, forms a complete set of MOLS of order t
where Li+1 can be obtained by cyclically permuting the last t − 1 rows of
Li. Form the t× t(t− 1) array L given by

L = [L0 L1 · · · Lt−2].
This L gives a Patterson design in Ωt,t(t−1),t, where the rows of L represent
the periods and columns, the subjects. Now, on deleting any t− p rows of
L, one gets a design in Ωt,t(t−1),p with p < t. Patterson (1952) showed that
this design satisfies the conditions of a Patterson design. �

Example 3.5.1. Let t = 4. For notational simplicity, we use the mapping
u0 → 1, u1 → 2, u2 → 3, u3 → 4.
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Then the three MOLS of order 4, constructed by the method described
above, are:

L0 =


1 2 3 4
2 1 4 3
3 4 1 2
4 3 2 1

 , L1 =


1 2 3 4
3 4 1 2
4 3 2 1
2 1 4 3

 , L2 =


1 2 3 4
4 3 2 1
2 1 4 3
3 4 1 2

 .
Now deleting the last row of L = [L0 L1 L2], one gets the Patterson design
exhibited in Example 3.4.1. �

Example 3.5.2. Let t = 5. Here,

L =


0 1 2 4 3 0 1 2 4 3 0 1 2 4 3 0 1 2 4 3
1 2 3 0 4 2 3 4 1 0 4 0 1 3 2 3 4 0 2 1
2 3 4 1 0 4 0 1 3 2 3 4 0 2 1 1 2 3 0 4
4 0 1 3 2 3 4 0 2 1 1 2 3 0 4 2 3 4 1 0
3 4 0 2 1 1 2 3 0 4 2 3 4 1 0 4 0 1 3 2

 .
If a design with p = 3 is required, simply deleting the last two rows of L
gives a Patterson design in Ω5,20,3. �

Remark 3.5.1. Note that the result of Theorem 3.5.1 does not extend to
all sets of MOLS. For instance, the method of construction of a complete
set of MOLS given by Bose and Nair (1941) does not have the property
that each Latin square in the set can be obtained by a permutation of rows
of other squares in the set and thus, these MOLS cannot be used in the
construction of Theorem 3.5.1. �

A disadvantage of the method of construction in Theorem 3.5.1 is that
the design requires n = t(t−1) and this number can be quite large for even
moderate values of t. For smaller values of n, Patterson (1952) constructed
designs using the method of differences. Let the treatments be represented
by the elements of an additive Abelian group of order t, with 0 denoting the
identity of the group. In this method, it suffices to find n/t initial sequences,
each having p elements, satisfying certain properties. The design in Ωt,n,p
is obtained by “developing” each of these initial sequences, each initial
sequence giving rise to a set of t sequences. Here, by the term “developing”
we mean that other sequences of a set are obtained by adding the non-zero
elements of the group in turn to each element in the initial sequence.

The initial sequences needed for the construction of Patterson designs
must satisfy certain conditions. Without loss of generality, the first treat-
ment in each of the initial sequences can be taken to be 0, the identity of
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the group. Clearly, a treatment must occur at most once in each initial
sequence. Suppose the differences between successive elements of the kth
initial sequence are d1k, d2k, . . . , dp−1,k, 1 ≤ k ≤ n/t.

For 1 ≤ k ≤ n/t, define

δ1k = d1k, δ2k = d1k + d2k, . . . , δp−1,k = d1k + d2k + · · ·+ dp−1,k.

Thus, the initial sequence is (0, δ1k, δ2k, . . . , δp−1,k)′. Now, consider the
arrays

0 −δ1k −δ2k · · · −δp−1,k

δ1k 0 −(δ2k − δ1k) · · · −(δp−1,k − δ1,k)
δ2k (δ2k − δ1k) 0 · · · −(δp−1,k − δ2,k)
...

...
δp−1,k (δp−1,k − δ1k) (δp−1,k − δ2,k) · · · 0

. (3.5.1)

For 1 ≤ k ≤ n/t, let A1k = {d1k, d2k, . . . , dp−1,k} and A1 =
n/t
∪
k=1

A1k.

Also, let A2k, 1 ≤ k ≤ n/t, denote the set of elements to the left of the

principal diagonal in the array (3.5.1) and A2 =
n/t
∪
k=1

A2k. Similarly, let

A3k = {dp−1,k, dp−2,k + dp−1,k, . . . , d1k + d2k + · · · + dp−1,k}, 1 ≤ k ≤ n/t

and A3 =
n/t
∪
k=1

A3k. Note that the set unions A1, A2 and A3 allow the

inclusion of the same element more than once. All the conditions (i)–(v)
required for a Patterson design are met if the following hold:

(a) A2 and −A2 together include all the non-zero elements of the group an
equal number of times,

(b) each of A1 and A3 includes each non-zero element of the group equally
often.

Example 3.5.3. Let t = 7, p = 3. Consider the Abelian group of residues
mod 7. We start with the three initial sequences

(0, 5, 6)′, (0, 3, 5)′, (0, 6, 3)′.

It is easy to check that

A1 = {5, 1, 3, 2, 6, 4},
A2 = {5, 1, 6, 3, 2, 5, 6, 4, 3},
A3 = {1, 6, 2, 5, 4, 3}.

Clearly, the sets Ai, 1 ≤ i ≤ 3, satisfy the conditions (a) and (b) above
and by developing these initial sequences, one gets a Patterson design with
t = 7, n = 21, p = 3. �
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Based on the above idea, Patterson (1952) obtained several families of
Patterson designs through the method of differences, some of which are
described next.

Theorem 3.5.2. Let p = 3 and suppose t is a prime or a prime power of
the form 4m + 3, where m is a positive integer. Then a Patterson design
exists in Ωt,n=t(t−1)/2,p=3.

Proof. In keeping with the preceding discussion, here we need k = n/t =
(t− 1)/2 initial sequences, such that on developing these we get the treat-
ment sequences for the n = tk = t(t−1)/2 subjects. Since p = 3, the kth ini-
tial sequence will give rise to two differences, d1k and d2k, 1 ≤ k ≤ (t−1)/2.

For a given k, suppose we write the difference pairs as
(
d1k

d2k

)
.

Let x be a primitive element of GF (t). If x + 1 is an even power of x,
consider the following k difference pairs(

x0

x1

)
,

(
x2

x3

)
,

(
x4

x5

)
, · · · ,

(
xt−3

xt−2

)
, (3.5.2)

and if x+ 1 is an odd power of x, consider the k difference pairs(
x1

x0

)
,

(
x3

x2

)
,

(
x5

x4

)
, · · · ,

(
xt−2

xt−3

)
. (3.5.3)

Since the first treatment in each of the k initial sequences can be taken to
be 0, the initial sequences can now be obtained easily from the difference
pairs in (3.5.2) and (3.5.3).

It can be verified that in either case, these initial sequences derived
from the sets of differences displayed above, satisfy the conditions (a) and
(b). Therefore, using either of (3.5.2) or (3.5.3), a Patterson design in
Ωt=4m+3,n=t(t−1)/2,p=3 can be constructed for a positive integer m. �

Example 3.5.4. Let t = 11. Then m = 2, n = 55 and k = 5. A primitive
element of GF (11) is x = 2 and thus, x + 1 = 3 = x8. Therefore, using
(3.5.2), we get the following 5 pairs of differences:(

1
2

)
,

(
4
8

)
,

(
5
10

)
,

(
9
7

)
,

(
3
6

)
.

The five initial sequences are thus (0, 1, 3)′, (0, 4, 1)′, (0, 5, 4)′,
(0, 9, 5)′, (0, 3, 9)′. Developing each of these initial sequences mod 11, we
get a Patterson design with t = 11, n = 55, p = 3. �

The above method of construction has been generalized by Patterson
(1952) to obtain some Patterson designs with odd number of periods. For
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example, a design with t = 7, n = 21, p = 5 can be obtained by developing
each of the following three initial sequences mod 7:

(0, 5, 6, 2, 4)′ (0, 3, 5, 4, 1)′ (0, 6, 3, 1, 2)′.

For more constructions of designs of this type, we refer the reader to Pat-
terson (1952).

Next, let t = 4u+3 be a prime number, where u is a positive integer, and
let the treatments be represented by the elements of the group of residues
mod t. Patterson (1952) proved the following result.

Theorem 3.5.3. Suppose t is a prime of the form 4u + 3, where u is a
positive integer. Then a Patterson design exists in Ωt,n=2t,p=(t+1)/2.

Proof. Since n/t = 2, we have k = 2 and we need two initial sequences.
Consider the two sets of differences

{2w, 4w, 6w, . . . , (t−1)w} and {−2w,−4w,−6w, . . . ,−(t−1)w}, (3.5.4)

where w is a positive integer satisfying w 6= 0 mod t and the differences
in (3.5.4) are reduced mod t. Patterson (1952) showed that the initial
sequences derived from the sets of differences (3.5.4) satisfy the conditions
(a) and (b). �

Example 3.5.5. Let t = 11. Choosing w = 2, we have, from (3.5.4) the two
sets of differences as {4, 8, 1, 5, 9} and {7, 3, 10, 6, 2}. The initial sequences
are thus (0, 4, 1, 2, 7, 5)′ and (0, 7, 10, 9, 4, 6)′. The required Patterson design
with t = 11, n = 22, p = 6 is shown next.

0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
4 5 6 7 8 9 10 0 1 2 3 7 8 9 10 0 1 2 3 4 5 6
1 2 3 4 5 6 7 8 9 10 0 10 0 1 2 3 4 5 6 7 8 9
2 3 4 5 6 7 8 9 10 0 1 9 10 0 1 2 3 4 5 6 7 8
7 8 9 10 0 1 2 3 4 5 6 4 5 6 7 8 9 10 0 1 2 3
5 6 7 8 9 10 0 1 2 3 4 6 7 8 9 10 0 1 2 3 4 5

.

�

In Table 3.5.1, we give the parameters of some designs that can be
constructed by the methods of Patterson (1952). Given p and t, these
correspond to the smallest possible n for which a Patterson design may
exist.
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Table 3.5.1
Parameters of Patterson Designs

p 3 3 3 3 4 4 4 4 4
t 3 7 8 11 4 5 7 8 13
n 6 21 56 55 4 20 14 56 52

p 5 5 5 5 5 6 6 6 6
t 5 7 8 11 13 6 7 8 11
n 10 21 56 55 39 6 42 56 22

Patterson (1952) also briefly considered designs that are balanced for
first and second order carryover effects and for details on these, the original
source may be consulted. See also Williams (1950) in this connection.
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Chapter 4

Optimal Designs via Approximate
Theory

4.1 Introduction

The results discussed in Chapters 2 and 3 concern exact designs where each
subject receives a sequence of treatments over p periods, and the number
of subjects assigned to any such treatment sequence is a non-negative inte-
ger. In other words, with n subjects altogether, the proportion of subjects
receiving any treatment sequence is of the form u/n, where 0 ≤ u ≤ n. The
resulting discreteness of u precludes the use of techniques based on calculus
and one has to have recourse to only combinatorial arguments in the search
for optimal designs. In Chapters 2 and 3, combinatorial tools were seen to
yield optimal designs separately for p ≥ t and p < t. In addition, some
of these results also put restrictions on the class of competing designs and
most of them assume model (1.3.3) which has uncorrelated errors.

Considerable simplicity can be achieved if we allow the proportions men-
tioned above to vary continuously over the interval [0, 1], such that their
total, over all possible treatment sequences, equals unity. The resulting
continuous design framework permits the development of an approximate
design theory, where calculus may be used to determine these proportions
in an optimal fashion. This leads to an optimal design or, more precisely,
an optimal design measure. In the context of crossover designs with t = 2,
this point was recognized, among others, by Laska, Meisner and Kushner
(1983), Matthews (1987, 1990) and Kushner (1997a). A more extensive
study of these designs, via the approximate theory, was reported by Kush-
ner (1997b). He worked with arbitrary t ≥ 2 and obtained optimality
results for the estimation of direct effects under the correlated errors model
(1.3.14) in the class of all connected crossover designs. Considering ar-
bitrary t and p, which include both p ≤ t and p > t, Kushner (1997b,

91
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1998) obtained necessary and sufficient conditions for universal optimality
in terms of linear equations involving the aforesaid proportions. For t = 2,
Matthews (1990) obtained optimal designs for direct and carry over effects
using similar equations.

While the approximate theory is mathematically convenient, the ensuing
optimal designs can be practically implemented for a given n only when
the underlying optimal proportions are rational numbers with n as the
denominator. Thus, after finding the optimal proportions for any specified
t and p, it is of interest to identify the values of n for which they translate
to an exact optimal design. Later in this chapter, it will be seen that
symmetrized versions of approximate optimal designs play a key role in
this context.

Our approach to optimality in the preceding chapters was based on the
minimization of some convex and non-increasing function φ of the informa-
tion matrix (vide Section 1.4). In this chapter, on the other hand, we for-
mulate optimality in terms of maximization of concave and non-decreasing
functions Φ of the information matrix. This is done primarily for keeping
conformity with the literature relevant to this chapter. We, however, point
out that this change is only a matter of convenience because if Φ is con-
cave and non-decreasing then −Φ is convex and non-increasing, and thus,
maximization of Φ is equivalent to minimization of −Φ.

In this chapter, we follow Kushner (1997b, 1998) to give an account
of the approximate theory as applied to crossover designs. In addition to
the points mentioned previously, another interesting feature of his work is
a general formula, pertaining to arbitrary t, n and p, for the direct effect
information matrix Cd∗ corresponding to a design d∗ which is Φ-optimal in
the approximate theory, where Φ(·) is non-decreasing and strictly concave.
For any Φ, Φ(Cd∗) can serve as a lower bound to the Φ-value of the infor-
mation matrix for direct effects of any competing design and this allows one
to calculate the Φ-efficiency of direct effects for a design with the same t, n
and p as d∗. Therefore, given t, n and p, if no exact optimal design can
be identified either as a translation of d∗ or via combinatorial arguments,
then one can choose an exact design from among the available ones on the
basis of their efficiencies. Moreover, if for some t, n, p, an exact design is
known to be optimal in some subclass of Ωt,n,p, its efficiency in the global
class Ωt,n,p can be computed.

This chapter is organized as follows. We first follow Kushner (1997b)
to present the principal results in approximate theory for the estimation of
direct effects under model (1.3.14) which assumes an arbitrary dispersion
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matrix Σ = In⊗V. Then from Section 4.4 onwards, these developments are
specialized to the case V = Ip, as in Kushner (1998), for ease in presenta-
tion. The analogous problem of inference related to the carryover effects is
briefly presented in Section 4.7. Emphasis is placed on the application of
these results in the construction of exact optimal designs, both for direct
and carryover effects. Some of the optimal designs discussed in the earlier
chapters which arise from this approach are highlighted. Several new exact
designs are also discussed. Finally, computation of the efficiency of possibly
non-optimal designs is illustrated, both for direct and carryover effects.

4.2 Notation and Information Matrices

We first consider model (1.3.14) and, for introducing approximate designs in
this setup, we begin with a set of treatment sequences where each sequence
is a p×1 vector with elements from the set {1, 2, . . . , t}. A typical sequence
will be written as

s = (t1, t2, . . . , tp)′, ti ∈ {1, 2, . . . , t}, 1 ≤ i ≤ p,

where for 1 ≤ i ≤ p, ti denotes the treatment appearing in position i of the
sequence. Let S be the set of all these tp sequences. A crossover design d

assigns subjects to these sequences in S. For a given s ∈ S, let ns be the
number of subjects which are assigned to the sequence s and let

∑
s∈S

denote

the sum over all sequences in S. For a design d in approximate theory, the
ns are any numbers satisfying

n =
∑
s∈S

ns, ns ≥ 0,

whereas for d to be an exact design, each ns needs to be an integer. Define

ps = ns/n, s ∈ S.

Thus ps is the proportion of subjects assigned to s by the design d. A design
in approximate theory will be specified by the set {ps, s ∈ S}, where

ps ≥ 0,
∑
s∈S

ps = 1. (4.2.1)

For a sequence s ∈ S, let Ts be the p× t incidence matrix for the period
versus direct effects and Fs be the p × t incidence matrix for the period
versus carryover effects for all subjects assigned to s. Then the information
matrix Cd(τ ,ρ) under model (1.3.14) as given in (1.3.16) can be written in
terms of the proportions ps as shown in the following lemma.
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Lemma 4.2.1.

Cd(τ ,ρ) = n
∑
s∈S

ps

[
(Ts −

∑
s∈S psTs)′

(Fs −
∑

s∈S psFs)′

]
V ∗

Ts −
∑
s∈S

psTs, Fs −
∑
s∈S

psFs


=
[
Cd11 Cd12

Cd21 Cd22

]
,

where V ∗ is as defined in (1.3.17).

Proof. Recalling the definitions of Tdj and Fdj from Section 1.3, from
(1.3.16) we get

Cd(τ ,ρ) =
[
T ′d
F ′d

]
A∗[Td, Fd] =


n∑
j=1

T ′djA
∗Tdj

n∑
j=1

T ′djA
∗Fdj

n∑
j=1

F ′djA
∗Tdj

n∑
j=1

F ′djA
∗Fdj

 ,
and since A∗ = Hn ⊗ V ∗, the sub-matrices of Cd(τ ,ρ) simplify to

Cd11 =
n∑
j=1

Tdj − n−1
n∑
j=1

Tdj

′ V ∗
Tdj − n−1

n∑
j=1

Tdj

 ,

Cd12 =
n∑
j=1

Tdj − n−1
n∑
j=1

Tdj

′ V ∗
Fdj − n−1

n∑
j=1

Fdj

 = C ′d21,

Cd22 =
n∑
j=1

Fdj − n−1
n∑
j=1

Fdj

′ V ∗
Fdj − n−1

n∑
j=1

Fdj

 ,

with V ∗ as in (1.3.17). It is obvious that the matrices Tdj and Fdj depend
only on the sequence s to which subject j is assigned by d. So, for a design
d, Tdj = Ts, and Fdj = Fs for all the subjects j which are assigned to
sequence s. Now, since nps subjects are assigned to the sequence s, the
lemma follows. �

The information matrices for direct and carryover effects may now be
obtained from Cd(τ ,ρ) as in (1.3.11).

We next introduce the notion of symmetric designs. To that end, we first
have the following definitions. As in Section 1.4, let St be the symmetric
group of permutations on {1, 2, . . . , t} and let g be any member of St.

Definition 4.2.1. For a sequence s ∈ S, the set of sequences {gs : g ∈ St}
is called a symmetry block or an equivalence class and it is denoted by
< s >, i.e., < s > consists of all sequences obtained by relabeling of
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the treatments in s. Sequences in the same symmetry block are called
equivalent sequences.

Let L be the number of distinct treatments in s. Then it is easy to see
that | < s > | = t(t− 1) . . . (t− L+ 1), where for a set W , |W | denotes its
cardinality.

Example 4.2.1. With t = 3 and p = 3, consider s = (122)′. Here L = 2
and the symmetry block < s > consists of the following six equivalent
sequences: (122)′, (133)′, (211)′, (311)′, (322)′, (233)′. �

Let P ∗ = (ps) be the array of proportions of the treatment sequences s
in a design d. We can then equivalently denote the design d by the array P ∗

and this equivalence is denoted by d ↔ P ∗. For a design d ↔ P ∗, let the
design obtained by relabeling the treatments of d according to g be denoted
by dg ↔ P ∗g . A design is called symmetric if d = dg for all g ∈ St. We can
equivalently define a symmetric design in terms of sequence proportions as
follows.

Definition 4.2.2. A symmetric design is one for which ps is a constant
for each s ∈< s >.

In any design P ∗, define

Pk =
∑
s∈<k>

ps,

the sum being over all sequences in a symmetry block < k >, k ∈ S. Pk is
called the weight of < k > and ∑

k∈S̄

Pk = 1 (4.2.2)

where S̄ is the support of the design and the sum is taken over all distinct
symmetry blocks in S̄. Clearly, for a symmetric design, the proportions ps
are given by

ps =
Pk

| < k > |
, s ∈< k > .

Example 4.2.2. With t = 3 and p = 3, consider a design supported on two
symmetry blocks < k1 > and < k2 >, with k1 = (122)′ and k2 = (123)′.
Here | < k1 > | = | < k2 > | = 6.

If we choose Pk1
= Pk2

= 1/2, then ps = 1/12 for each s ∈< k1 > and
also for each s ∈< k2 >. So, with n = 12, the symmetric design is
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1 1 2 3 3 2 1 2 3 1 3 2
2 3 1 1 2 3 2 1 2 3 1 3
2 3 1 1 2 3 3 3 1 2 2 1

.

If we choose Pk1
= 1/4 and Pk2

= 3/4, then ps = 1/24 for s ∈< k1 > and
ps = 3/24 for s ∈< k2 >. Thus an exact symmetric design with n = 24
will consist of each sequence in < k1 > repeated once and each sequence in
< k2 > repeated thrice. Again, we may choose Pk1

= 1 and then ps = 1/6
for s ∈< k1 >, and ps = 0 otherwise. �

The above example illustrates that by varying the symmetry blocks and
their weights, one can obtain different designs. For obtaining an optimal
design, one has to choose an appropriate set of symmetry blocks and the
corresponding weights.

We introduce some more definitions and notations which will be used
in later sections.

Definition 4.2.3. A sequence s ∈ S is called contiguous if no other treat-
ment occurs between any two periods with the same treatment.

Definition 4.2.4. A sequence s ∈ S is called separated if no treatment
occurs in consecutive periods.

Example 4.2.3. The sequence s = (111122233)′ is a contiguous sequence
while s = (1213213)′ is a separated sequence. �

For a given sequence s ∈ S, let

Bs = number of consecutive treatments in s

= |{i : ti = ti+1, 1 ≤ i ≤ p− 1}|,

fs, m = frequency of treatment m in s,

f̄s, m = frequency of treatment m in positions
1 to p− 1 of s,

fs,tp = frequency of the treatment appearing in the
last position of s,

Ss =
t∑

m=1
(fs, m)2.

(4.2.3)

It is easy to see that the values of Bs, fs, tp and Ss remain the same
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for all sequences s ∈< s > and

Bs =
{
p− L, if s is contiguous

0, if s is separated,
(4.2.4)

p− L ≥ Bs ≥ 0 for any s ∈ S, (4.2.5)

t∑
m=1

fs, m = p, (4.2.6)

t∑
m=1

f̄s, m = p− 1, (4.2.7)

where, as before, L is the number of distinct treatments in s.

4.3 Quadratic Function for Direct Effects Associated with
a Sequence

A quadratic function associated with a treatment sequence and the cor-
responding quadratic function for a design will be useful in the present
context. We discuss this following Kushner (1997b).

For each treatment sequence s ∈ S, define a nonnegative quadratic
qs(u) as

qs(u) = qs11 + 2qs12u+ qs22u
2, −∞ < u <∞, (4.3.1)

where

qs11 = tr[(Ts − t−1Jpt)′V ∗(Ts − t−1Jpt)],

qs12 = tr[(Ts − t−1Jpt)′V ∗(Fs − t−1J̄pt)],

qs22 = tr[(Fs − t−1J̄pt)′V ∗(Fs − t−1J̄pt)],

J̄pt = [0t Jt,p−1]′.

The quadratic qs(u) as in (4.3.1) is a proper quadratic function since if
qs22 = 0, then (Fs − t−1J̄pt)′V ∗(Fs − t−1J̄pt) = 0, which implies that

V ∗(Fs − t−1J̄pt) = 0⇒ (Fs − t−1J̄pt) = 1pα′ for some t× 1 vector α,
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by (1.3.19). Since each of Fs and J̄pt have 0′t as the first row, this implies
that α = 0. Hence Fs − t−1J̄pt = 0, which is impossible.

The quadratics for sequences may in turn be used to define quadratics
for designs. For a given d, d↔ P ∗, the quadratic of the design d, denoted
by Q(u, P ∗), is given by

Q(u, P ∗) =
∑
s∈S

psqs(u) = q11(P ∗) + 2q12(P ∗)u+ q22(P ∗)u2, say. (4.3.2)

It can be verified that the quadratics qs(u) are the same for all sequences
in a symmetry block < s >, that is,

qs(u) = qgs(u), g ∈ St,
(the verification for the case V = Ip is given in Lemma 4.4.1). So instead
of studying the quadratics for each individual sequence in S, it is enough
to study them for only the distinct symmetry blocks in S.

For a symmetric design, using Lemma 4.2.1, in conjunction with (4.3.1)
and (4.3.2), one can deduce the following result. As before, we write Ht =
It − t−1Jt.

Lemma 4.3.1. Let d↔ P ∗ be a symmetric design. Then

Cd(τ ,ρ) =
n

t− 1

[
q11(P ∗) q12(P ∗)
q12(P ∗) q22(P ∗)

]
⊗Ht

and consequently, the information matrix for direct effects is given by

Cd =
n

t− 1
{
q11(P ∗)− q2

12(P ∗)/q22(P ∗)
}
Ht. (4.3.3)

�

From (4.3.2), noting that {q11(P ∗)− q2
12(P ∗)/q22(P ∗)} is the minimum

of Q(u, P ∗) over u, Cd as given in (4.3.3) may be written as

Cd =
n

t− 1

{
min

−∞<u<∞
Q(u, P ∗)

}
Ht.

Now, let

b = max
P∗

min
−∞<u<∞

Q(u, P ∗). (4.3.4)

Kushner (1997b) showed that for any optimality functional Φ,

max
d

Φ(Cd) =
nb

t− 1
Φ(Ht),

and that d is Φ-optimal for every strictly concave Φ and hence universally
optimal, if and only if Cd satisfies

Cd =
nb

t− 1
Ht. (4.3.5)
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It may be reiterated that this d is an optimal design in approximate
theory and an exact optimal design satisfying (4.3.5) may not exist for all
t, n, p. By (4.3.2) and (4.3.3), the elements of Cd involve quadratic functions
of the proportions ps and so it is difficult to obtain the ps for the optimal
design from the equations in (4.3.5). However, one can find equivalent
versions of these equations which are easier to solve. In order to do this,
for the set of quadratics {qs(u)} as in (4.3.1), consider a function q(u), two
reals a, b and a subset S̄ of S as follows:

q(u) = max
s
{qs(u)}, −∞ < u <∞,

b = min
−∞<u<∞

{q(u)},

a = arg min
−∞<u<∞

{q(u)}, i.e., b = q(a),

S̄ = {s : b = qs(a), s ∈ S}.

(4.3.6)

Thus, S̄ is the set of treatment sequences in S at which the minimax b

is achieved. Essentially using the fact that these quadratics are convex
functions, it can be shown that a as in (4.3.6) is unique. Moreover, using an
argument that involves interchange of maximum and minimum, Kushner
(1997b) established that the b in (4.3.6) is the same as the b in (4.3.4)
and that the sequences which form the support of any optimal design are
contained in S̄. We skip the highly technical details and refer to Kushner
(1997b) for these. Now, to obtain an optimal design one needs to determine
a, b and S̄ and this is possible when V is known.

At this stage, we note that for the practically important situation of
two treatments, the quadratics in (4.3.1) reduce to a simple form and con-
sequently, it is easier to obtain optimal designs by this method. This case
of t = 2 is discussed in Chapter 7. Furthermore, for general t, the algebra
remains relatively manageable when the errors follow an autoregressive pat-
tern and a study of this case is also deferred to Chapter 7. In this chapter,
we concentrate on the case V = Ip where as expected, determining a, b and
S̄ for general t via (4.3.6) becomes even simpler. Thus hereafter in this
chapter, we will consider the model (1.3.3). This leads to a simple set of
necessary and sufficient conditions for a design to be universally optimal.
These conditions are in the form of equations which are linear in the pro-
portions and these can be solved to construct optimal designs for various
choices of t and p. In Section 4.4 we present theorems under this model
which will give the forms of a, b and S̄ for given values of t and p.
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4.4 Determining a, b and S̄

In the following lemma, the coefficients of the quadratic in (4.3.1) are sim-

plified for the case V = Ip and these are expressed in terms of the quantities

Bs, fs, tp and Ss as defined in (4.2.3). Since these quantities remain con-

stant for equivalent sequences, it follows that the quadratics are identical

for all sequences belonging to the same symmetry block. This fact will be

found useful later in finding optimal designs.

Lemma 4.4.1. With V = Ip, the coefficients in the quadratic (4.3.1)

reduce to

qs11 = p− p−1Ss

qs12 = p−1(pBs + fs, tp − Ss)

qs22 = (pt)−1(pt− 1)(p− 1) − p−1(Ss − 2fs, tp + 1).

(4.4.1)

Furthermore,

q′s(u) = 2p−1(pBs+fs, tp−Ss)+2up−1{t−1(pt−1)(p−1)−(Ss−2fs, tp+1)}.
(4.4.2)

Proof. With V = Ip, from (1.3.19) we have V ∗ = Hp and hence from (4.3.1)

on simplification,

qs11 = tr
[
T ′
sTs − p−1T ′

sJpTs
]

= tr[T ′
sTs − p−1






fs, 1

...

fs, m




 (fs, 1 . . . fs, m)]

=
t∑

m=1
fs, m − p−1Ss

= p− p−1Ss.

The other coefficients follow similarly. �

We now give the theorems which allow the determination of a, b and

S̄ for all t and p for the quadratics as given by Lemma 4.4.1. The proofs

of the theorems use a key result from Kushner (1997a) which is stated as

Lemma 4.4.2. So far, we have used the notation s ∈ A (e.g., s ∈ S) to
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denote that the sequence s ranges over all sequences in a set of treatment
sequences A. In what follows, to avoid another new notation, we will also
use s ∈ A to denote that the sequence s ranges over distinct symmetry
blocks in A. The distinction between the two will be of concern only in
the context of summation, where the actual meaning will be clear from the
context, keeping in mind that each of Bs, Ss, fs,tp , and hence qs(u), is
invariant for all sequences s in a symmetry block < s >.

Lemma 4.4.2. For a fixed real number A, let

B = max
s
{qs(A)},

SA = {s : qs(A) = B, s ∈ S},
S+
A = {s : q′s(A) ≥ 0, s ∈ SA}, and

S−A = {s : q′s(A) ≤ 0, s ∈ SA}.

If both sets of treatment sequences S+
A and S−A are nonempty, then

a = A, b = B and S̄ = SA. �

Theorem 4.4.1. Suppose p > t. Then a, b and S̄ are given by

a = 0,
b = t−1p(t− 1)− (pt)−1r(t− r),
S̄ = {s : fs, m = q or q + 1, 1 ≤ m ≤ t},

(4.4.3)

where p is written as p = qt+ r, and q and r are integers, q ≥ 1, 0 ≤ r ≤
t− 1.

Proof. We apply Lemma 4.4.2 with A = 0. Towards this, we first find the
possible sequences s which maximize qs(0) and then consider S0, S+

0 and
S−0 .

From Lemma 4.4.1, it can be easily seen that

max
s

qs(0) = max
s
{p− p−1Ss} = p−min

s
{p−1Ss}. (4.4.4)

It follows from Lemma 2.2.3 that the minimum of Ss as defined in (4.2.3),
subject to (4.2.6), is attained when s is a sequence in which the fs, m values
(1 ≤ m ≤ t) differ by at most unity. Hence from (4.4.4), qs(0) is maximized
for sequences belonging to the set

S0 = {s : fs, m = q or q + 1, 1 ≤ m ≤ t, s ∈ S}.

Since p = qt + r, each sequence in S0 will have r treatments occurring
q + 1 times each and t− r treatments occurring q times each. Therefore,

Ss = (t− r)q2 + r(q + 1)2 = {p2 + r(t− r)}/t, s ∈ S0. (4.4.5)
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From (4.4.4) and (4.4.5), we also have

B = max
s

qs(0) = p− {p2 + r(t− r)}/pt
= t−1p(t− 1)− (pt)−1r(t− r).

(4.4.6)

Now, with S0 as above, we need to show that both S+
0 and S−0 are

nonempty. For this, we show that q′s(0) takes both negative and nonnega-
tive values for s ∈ S0. From (4.4.2) and (4.2.3), for s ∈ S,

q′s(0) = 2p−1
(
pBs + fs, tp − Ss

)
= 2p−1

(
pBs −

t∑
m=1

fs, mf̄s, m

)
.

(4.4.7)
Consider a sequence s1 ∈ S of the form

s1 = (1, 2, . . . , t, 1, 2, . . . , t, . . . , 1, 2, . . . , t, 1, 2, . . . , r),′ (4.4.8)

where the string 1, 2, . . . , t occurs successively q times. Clearly, s1 ∈ S0 and
is a separated sequence. Hence from (4.2.4), Bs1 = 0 and from (4.4.7),

q′s1
(0) = −2p−1

t∑
m=1

fs1, mf̄s1, m < 0.

Next, consider a sequence s2 ∈ S of the form

s2 = (1, 1, . . . 1, 2, 2, . . . , 2, . . . , t, t, . . . , t)′, (4.4.9)

where the string of identical treatments is of length q for treatments
1, 2, . . . , (t−r) and is of length q+1 for treatments (t−r+1), (t−r+2), . . . , t.
Clearly, s2 ∈ S0 and is a contiguous sequence with tp = t and L = t. Hence
from (4.2.4), Bs2 = p− t and from (4.4.5) and (4.4.7),

q′s2
(0) = 2p−1

{
p(p− t) + fs2, t −

p2 + r(t− r)
t

}
. (4.4.10)

The values of fs2, t may vary depending on p, t, q and r and we consider
the possible cases separately.

Case 1. p = qt, q > 1. Then r = 0 and therefore, fs2, t = q and (4.4.10)
simplifies to q′s2

(0) = 2t−1(t− 1)(p− t− 1) > 0.

Case 2. p = t + 1. Then q = r = 1 and fs2, t = q + 1 = 2. Hence from
(4.4.10), q′s2

(0) = 0.

Case 3. p = qt+ r, either q = 1, r ≥ 2 or q ≥ 2, r ≥ 1. Here fs2, t = q+ 1.
From (4.4.10), q′s2

(0) = 2(pt)−1{(t−1)(p− t−1)p+ t− r(t− r+ 1)}. Since
p(p− t− 1) > t ≥ t− r + 1 and t− 1 ≥ r, it follows that q′s2

(0) > 0.
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Thus, both S−0 and S+
0 are nonempty and invoking Lemma 4.4.2, we

get a = A = 0, b = B and S̄ = S0. From (4.4.6) and the expression for S0

as shown earlier, the result is now evident. �

Theorem 4.4.2. Suppose p ≤ t. Then a, b and S̄ are given by

a = (p− 1)−1,

b = p− 1− p−1 − {pt(p− 1)}−1,

S̄ = < s3 > ∪ < s4 >, where
s3 = (1, 2, . . . p− 1, p)′, s4 = (1, 2, . . . p− 1, p− 1)′.

(4.4.11)

Proof. The proof follows along the line of that of Theorem 4.4.1. However,
now we apply Lemma 4.4.2 with A = (p− 1)−1. Lemma 4.4.1 yields

qs(A) =
2

p− 1
Bs −

p

(p− 1)2
Ss +

2
(p− 1)2

fs, tp + b0 +
p2 − 2

(p− 1)2
, (4.4.12)

for all s ∈ S, and where b0 = p− 1− p−1 − {pt(p− 1)}−1.
Given a sequence s, suppose we derive another sequence k from it by

keeping the treatment in position p of s fixed and rearranging the treat-
ments in the other positions. Then Sk = Ss and fk, tp = fs, tp for all such
k though Bk may not equal Bs. So, noting that Bs appears in (4.4.12)
with a positive coefficient and recalling the facts (4.2.4) and (4.2.5) about
Bs, it is evident that a sequence maximizing qs(A) must be a contiguous
one. Continuing with A = (p− 1)−1, for any contiguous sequence s with L
distinct treatments, from (4.2.4) and (4.4.12), we observe that

(p−1)2qs(A) = −pSs+2fs, tp−2(p−1)L+b0(p−1)2+3p2−2p−2. (4.4.13)

Now, given a contiguous sequence s, if we relabel the treatments in
s to obtain a new sequence k1 then, Sk1

= Ss, while fk1, tp
=

fs, m for some m such that fs, m ≥ 1. Hence from (4.4.13), a contigu-
ous sequence s maximizing qs(A) must satisfy

fs, tp = max{fs, m , 1 ≤ m ≤ t}. (4.4.14)

Clearly, with s3 and s4 defined as in (4.4.11), < s3 > consists of all se-
quences having distinct treatments in the p positions and < s4 > consists
of all sequences having distinct treatments in the first p− 1 positions with
the treatment in position p−1 also occurring in position p. Kushner (1998)
argued that for the maximization of qs(A), one must have

either (i) fs, tp = 1 and hence s ∈< s3 >,

or (ii) fs, tp = 2 and s ∈< s4 > .
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If (i) holds then L = p, Ss = p and hence by (4.4.13), qs(A) = b0, on
simplification. Similarly, if (ii) holds then L = p − 1, Ss = p + 2 and
again (4.4.13) yields qs(A) = b0. Thus qs(A) is maximized if and only if
s ∈ < s3 > or s ∈ < s4 >, i.e.,

SA =< s3 > ∪ < s4 >,

and the maximum value of qs(A), that is B, equals b0.
Finally, with SA as above, we need to show that both S+

A and S−A are
nonempty. Using (4.4.2), one can see that,

q′s(A) = −2(pt)−1 < 0 for s ∈< s3 >

= 2(pt)−1{t(p− 1)− 1} > 0 for s ∈< s4 > .

(4.4.15)

Thus both S+
A and S−A are nonempty. Invoking Lemma 4.4.2, we get a =

A = (p − 1)−1, b = B = b0 and S̄ = SA. From the expressions for b0 and
S̄A shown above, it is clear that a, b and S̄ are as specified by (4.4.11).

�

Using a, b and S̄ from the above two theorems, one can find optimal
designs as shown in the next two sections.

4.5 Optimality Equations

From (4.3.5) and Theorems 4.4.1 and 4.4.2 the next theorem follows.

Theorem 4.5.1. The information matrix for direct effects for a universally
optimal design d is given by

Cd =
nb

t− 1
Ht (4.5.1)

where b is as in (4.4.3) if p > t and as in (4.4.11) if p ≤ t. �

It is difficult to solve the equations in (4.5.1) directly to obtain the
proportions ps for the optimal design, but these may be reduced to a simpler
system of equations which give the necessary and sufficient conditions for
optimality. In order to state these optimality equations we need some
notations which we introduce below following Kushner (1998). Let

Blm =
p−1∑
i=1

∑
s∈ S:ti+1=l,ti=m

ps, 1 ≤ m, l ≤ t,

Pm =
∑
s∈ S

psfs, m, 1 ≤ m ≤ t,
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Rm =
∑
s∈ S

psf̄s, m, 1 ≤ m ≤ t,

Pml =
∑
s∈ S

psfs, mfs, l, 1 ≤ m, l ≤ t,

Qml =
∑
s∈ S

psfs, mf̄s, l, 1 ≤ m, l ≤ t,

Rml =
∑
s∈ S

psf̄s, mf̄s, l, 1 ≤ m, l ≤ t,

P im =
∑

s∈ S:ti=m

ps,

δlm =
{

1, if m = l

0, otherwise.

It may be pointed out that for an exact design d, nBlm = zdlm, nPm =
rdm, nRm = r̄dm, and so on, where zdlm, rdm, r̄dm, etc., are as defined in
(1.3.1).

Theorem 4.5.2. When p > t, and b is as in (4.4.3), a design d is univer-
sally optimal for direct effects if and only if its support is contained in S̄ as
in (4.4.3) and for 1 ≤ m, l ≤ t, 1 ≤ i ≤ p,

(i) δlmPm − (1/p)Pml = b(tδlm − 1)/(t2 − t),

(ii) Blm = (1/p)Qlm,

(iii) P im = 1/t.

�

Theorem 4.5.3. When 2 < p ≤ t, and b is as in (4.4.11), a design d is
universally optimal for direct effects if and only if its support is contained
in S̄ as given in (4.4.11) and for 1 ≤ m, l ≤ t, 1 ≤ i ≤ p,

(i) δlmPm − p−1Pml + (p− 1)−1(Bml − p−1Qml) = b(tδlm − 1)/(t2 − t),

(ii) Blm − p−1Qlm + (p− 1)−1(δlmRm − p−1Rml) = 1/(pt2),

(iii) P im = 1/t.

�
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The above theorems pertain to approximate design theory and the con-
ditions given there may not be satisfied by a universally optimal design
in exact design theory. The optimality equations of Theorems 4.5.2 and
4.5.3 can be solved by numerical methods and Kushner (1998) solved them
to obtain universally optimal designs in approximate theory for the cases
(t, p) = (3, 3), (4, 3), (4, 4) and (3, 5). The proportions used in each of these
designs are rationals and these designs are also optimal in exact theory
with the minimum numbers of subjects required for the corresponding ex-
act designs being 12, 32, 144 and 30, respectively. The optimal design for
(t, p) = (3, 3) and n = 12 is the design in Example 4.2.2.

Remark 4.5.1. Condition (iii) in each of the above two theorems is equiv-
alent to the condition of uniformity on periods, i.e., such uniformity is
necessary for universal optimality in approximate theory. �

Remark 4.5.2. If p ≥ t, and t|p, then (4.4.3) implies that fs,m = p/t for
all treatments m. This is the same as saying that the design is uniform on
subjects. So, for p ≥ t, and t|p, uniformity on subjects is also a necessary
condition for universal optimality in approximate theory. �

Remark 4.5.3. Even in exact theory, the types of uniformity noted in the
last two remarks play a crucial role in ensuring universal optimality. This
is evident, for instance, from Theorems 2.3.3, 2.3.4, 2.4.1, 2.5.4, 3.2.4, etc.

�

Remark 4.5.4. It can be shown that some of the universally optimal
exact designs of earlier chapters, e.g., the optimal designs in Theorem 2.4.1,
Theorem 2.4.2 and Theorem 3.2.4 (with (p− 1)t|n)), satisfy the conditions
of the above theorems. Hence they are universally optimal for direct effects
in approximate design theory. �

4.6 Optimal Symmetric Designs for Direct Effects

Using concavity arguments, it can be seen that among the optimal de-
signs there is always one that is symmetric (cf. Matthews (1987), Kushner
(1997b)). If we restrict to optimal symmetric designs, then the conditions
for universal optimality become much simpler than those in the theorems of
the preceding section. The resulting reduced conditions, appearing in the
following theorems, are useful in constructing optimal symmetric designs.
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Theorem 4.6.1. (i) A design is universally optimal for direct effects only
if its support is in S̄ and the condition∑

s∈S̄

Psq
′
s(a) = 0 (4.6.1)

holds, where Ps is the weight of the symmetry block < s >, a, S̄ are as
in (4.3.6), q′s(a) is given by (4.4.2) and the summation is over all distinct
symmetry blocks in S̄.
(ii) Furthermore, a symmetric design is universally optimal for direct effects
if and only if its support is in S̄ and (4.6.1) holds. �

Two illustrative examples follow.

Example 4.6.1. Let p = 4, t = 2. From Theorem 4.4.1, a = 0 and S̄
consists of symmetry blocks of sequences (1122)′, (1212)′ and (1221)′. On
computation using (4.4.7), the q′s(0) values for these sequences are found
to be 1,−3 and −1, respectively. So, a universally optimal design may be
constructed by choosing suitable symmetry blocks and their weights such
that (4.6.1) is satisfied. The following are some of the possible choices.
These optimal designs were also obtained by Matthews (1990).

(i)P(1122)′ = P(1221)′ = 1/2, P(1212)′ = 0. This leads to ps = 1/4 for
s ∈< (1122)′ > ∪ < (1221)′ > and all other ps = 0. The corresponding
smallest exact design has n = 4.

(ii) P(1122)′ = 4/6, P(1212)′ = P(1221)′ = 1/6. This leads to ps = 4/12 for
s ∈< (1122)′ > and ps = 1/12 for s ∈< (1212)′ > ∪ < (1221)′ >. The
corresponding smallest exact design has n = 12.

(iii) P(1122)′ = 3/4, P(1212)′ = 1/4, P(1221)′ = 0. This leads to ps = 3/8 for
s ∈< (1122)′ >, ps = 1/8 for s ∈< (1212)′ > and all other ps = 0. The
corresponding smallest exact design has n = 8. �

Example 4.6.2. Let p = 3, t = 4. From Theorem 4.4.2, a = 1/2 and
S̄ =< (123)′ > ∪ < (122)′ >. From (4.4.14), q′s(1/2) = −1/6 for
s ∈< (123)′ > while q′s(1/2) = 7/6 for s ∈< (122)′ >. Therefore, by
Theorem 4.6.1, a universally optimal design may be constructed by choos-
ing P(123)′ = 7/8 and P(122)′ = 1/8, leading to ps = 7/48 for s ∈< (123)′ >
and ps = 1/48 for s ∈< (122)′ >. The corresponding smallest exact design
has n = 48. �

This idea of construction in Examples 4.6.1 and 4.6.2 may be used to
derive simpler necessary and sufficient conditions for a symmetric design to
be universally optimal. These conditions arising from (4.6.1) do not involve
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explicit evaluation of q′s(a) and are summarized in the next two theorems.

Theorem 4.6.2. When p > t, a symmetric design is universally optimal
for direct effects if and only if

(i)
∑
s∈S̄q

(pBs − w)Ps +
∑

s∈S̄q+1

(pBs − w + 1)Ps = 0 and

(ii)
∑
s∈S̄

Ps = 1,

where S̄, q and r are as in Theorem 4.4.1, w = {p(p− 1) + r(t− r + 1)}/t
and we write S̄ = S̄q ∪ S̄q+1 with S̄q = {s : s ∈ S̄, fs,tp = q}, S̄q+1 = {s :
s ∈ S̄, fs,tp = q + 1}.

Proof. On simplification from (4.4.7) using (4.4.5),

q′s(0) = (2/p)(pBs − w), for s ∈ S̄q

and

q′s(0) = (2/p)(pBs − w + 1) for s ∈ S̄q+1.

Now the theorem follows from (4.6.1). �

Theorem 4.6.3. When p ≤ t, a symmetric design is universally optimal
for direct effects if and only if

Ps3 = 1− 1
t(p− 1)

and Ps4 =
1

t(p− 1)
,

where sequences s3, s4 are as in (4.4.11).

Proof. From (4.4.15) and (4.6.1),

−Ps3 + {t(p− 1)− 1}Ps4 = 0.

Since Ps3 + Ps4 = 1, the result follows. �

A version of Theorem 4.6.2 for t = 2 was given by Matthews (1990).
By choosing symmetry blocks and their weights appropriately such that
the conditions of the above two theorems are satisfied, various symmetric
universally optimal designs may be constructed. These may in turn be
used to construct symmetric universally optimal designs with suitable n in
exact design theory. Thus these exact optimal designs exist for all t and p.
The only drawback of this method is that sometimes n can become large.
Moreover, as the size of a symmetry block < s > depends on the number
of distinct treatments in s, the value of n depends on the symmetry blocks
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chosen as the support of the design. Therefore, a judicious choice of these
symmetry blocks is important.

We now present some illustrative examples. In these examples we only
give the nonzero values of Ps and ps. For all other symmetry blocks in
S̄, Ps = 0 and consequently, ps = 0 for all sequences in these symmetry
blocks.

Example 4.6.3. Let p = t = 3. Consider the sequences s3 = (123)′ and
s4 = (122)′. By Theorem 4.6.3 a universally optimal design has Ps3 = 5/6
and Ps4 = 1/6. Since both the symmetry blocks consist of 6 equivalent
sequences, this design has ps = 5/36 for s ∈< s3 > and ps = 1/36 for
s ∈< s4 >. The corresponding smallest exact design has n = 36. �

Example 4.6.4. Let p = 6, t = 3. We apply Theorem 4.6.2. Here
q = 2, r = 0 and so, w = 10. For illustration, we consider the following
sequences:

k1 = (112233)′, k2 = (122331)′, k3 = (121332)′, k4 = (123123)′.

All these sequences are in S̄q. Taking zero weights for all symmetry blocks in
S̄ other than those for k1,k2,k3,k4, condition (i) of Theorem 4.6.2 reduces
to

8Pk1
+ 2Pk2

− 4Pk3
− 10Pk4

= 0.

Different solutions of this equation which satisfy condition (ii) of Theorem
4.6.2 will give different symmetric universally optimal designs. A few of
them are shown below.

1. Take Pk1
= 1/3, Pk3

= 2/3. Then the proportions for the universal
optimal design are ps = 1/18 for s ∈< k1 > and ps = 1/9 for s ∈< k3 >.
The corresponding smallest exact design has n = 18.

2. Take Pk1
= Pk2

= Pk4
= 1/3. Then the proportions for the universal

optimal design are ps = 1/18 for s ∈< k1 > ∪ < k2 > ∪ < k4 > . The
corresponding smallest exact design has n = 18.

3. Take Pk2
= 2/3 and Pk3

= 1/3. Then the proportions for the optimal
design are ps = 1/9 for s ∈< k2 > and ps = 1/18 for s ∈< k3 >. The
corresponding smallest exact design has n = 18.

4. Take Pk2
= 5/6 and Pk4

= 1/6. Then the proportions for the optimal
design are ps = 5/36 for s ∈< k2 > and ps = 1/36 for s ∈< k4 > . The
corresponding smallest exact design has n = 36. �
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Example 4.6.5. Let p = 4, t = 3. We again apply Theorem 4.6.2. Here
q = 1, r = 1 and so, w = 5. From Theorem 4.6.2, the coefficient of P(1233)′

in (i) is zero. Therefore, the design with P(1233)′ = 1 will be universally
optimal and it will have proportions ps = 1/6 for s ∈< (1233)′ >. The
corresponding smallest exact design has n = 6. In fact, for all p, t with
p = t + 1, the coefficient of Ps2 in condition (i) of Theorem 4.6.2 is zero,
where

s2 = (1, 2, . . . , t− 1, t, t)′.

So a design with Ps2 = 1 will be universally optimal for all such pairs p, t.
�

Remark 4.6.1. (i) The above examples demonstrate the flexibility of the
present method. However, for larger values of t, the number of subjects re-
quired in the corresponding exact design can be quite large. The first three
designs of Example 4.6.4 all have n = 18 and the fourth design requires
more subjects due to the choice of the symmetry blocks used in its con-
struction. Thus one has to choose the symmetry blocks judiciously while
constructing an optimal design so as to keep the number of subjects under
control as much as possible. In this connection, we refer to Kushner (1999)
who proposed a method that, in a sense, exploits partitioned versions of
the symmetry blocks so as to achieve optimality, keeping the size of the
experiment relatively small.

(ii) The optimal designs for t = 2 which may be obtained by the above
method are the same as those obtained by Matthews (1990). Designs in
Example 4.6.5 are the extra-period crossover designs which were shown
to be universally optimal by Cheng and Wu (1980) and are discussed in
Theorem 2.4.2 in Chapter 2. �

4.7 Optimal Designs for Carryover Effects

Analogous to the discussion in the earlier sections where the focus was on
inference on direct effects, results may be derived for inference on carry-
over effects and universally optimal designs for arbitrary p and t can be
obtained, without placing restrictions on the class of competing designs.

To begin with, for a sequence s ∈ S̄, we define the following quadratics
for carryover effects:

rs(u) = qs22 + 2qs12u+ qs11u
2, −∞ < u <∞, (4.7.1)



March 9, 2009 12:18 World Scientific Book - 9in x 6in ws-book9x6

Optimal Designs via Approximate Theory 111

where the coefficients are as defined in (4.4.1). Note that the roles of the
coefficient of u2 and the constant term in (4.7.1) and (4.3.1) have been
interchanged. Consequently, in order that (4.7.1) is a proper quadratic, we
now must have qs11 6= 0. From the expression of qs11, it can easily be argued
that qs11 = 0 if and only if the same treatment occurs in every position of
s. Henceforth, such sequences are kept out of consideration and in view of
this, we consider the class of sequences

S∗ = {s = (t1, . . . , tp)′, t1, . . . , tp are not all equal}.

Let

r(u) = max
s
{rs(u)}, −∞ < u <∞,

b̄ = min
−∞<u<∞

{r(u)},

ā = arg min
−∞<u<∞

{r(u)}, i.e., b̄ = r(ā),

S̄∗ = {s : b̄ = rs(ā), s ∈ S∗}.

(4.7.2)

We can determine ā, b̄ and S̄∗ applying a counterpart of Lemma 4.4.2
where qs(·) is replaced by rs(·), and results for inference on carryover ef-
fects, analogous to the theorems in Sections 4.4–4.6, can be derived along
similar lines. We skip the details, giving only the result corresponding to
Theorem 4.6.1 and illustrating its use in the construction of optimal designs
through some examples. For details we refer to Bose and Shah (2005).

Theorem 4.7.1. (i) A design is universally optimal for carryover effects
only if its support is in S̄∗ and the condition∑

s∈S̄∗
Psr

′
s(ā) = 0 (4.7.3)

holds, where Ps is the weight of the symmetry block < s >, ā, S̄∗ are as
in (4.7.2), r′s(ā) is as obtained from (4.7.1) and the summation is over all
distinct symmetry blocks in S̄∗.
(ii) Furthermore, a symmetric design is universally optimal for carryover
effects if and only if its support is in S̄∗ and (4.7.3) holds. �

It can be shown that the version of Lemma 4.4.2, with rs(·) replacing
qs(·), is applicable to every p and t with A = 0, resulting in ā = 0 (this is
in contrast with the situation for direct effects where the cases p > t and
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p ≤ t had to be studied separately). Thus for every p and t, from (4.7.1)
and (4.4.1), we have

rs(0) = (pt)−1(pt− 1)(p− 1)− p−1(Ss − 2fs, tp + 1) (4.7.4)

and

r′s(0) = 2p−1(pBs + fs, tp − Ss). (4.7.5)

From (4.7.4), it is clear that in order to maximize rs(0), one needs to
minimize Ss − 2fs, tp . The following exhaustive cases summarize the final
results so obtained.

Case 1: p ≤ t. Here

b̄ = (pt)−1(pt− t− 1)(p− 1), and

S̄∗ = < s3 > ∪ < s4 > ∪∆1

where sequences s3 and s4 are as in (4.4.11) and ∆1 is the union of distinct
symmetry blocks arising out of the sequences in

T1 = {s : s = (t1, . . . , tp)′, ti = tp for some i < p− 1 and t1, . . . , tp−1

all distinct}.

Example 4.7.1. Let p = t = 3. Here, s3 = (123)′, s4 = (122)′ and by
(4.7.5), r′s(0) equals −4/3 and 0 for s = s3 and s4, respectively. Moreover,
r′s(0) = −2 for every s ∈ T1. Hence from (4.7.3), the optimal design assigns
the entire weight on < (122)′ >. It is not hard to see that the same happens
when p = 3 and t = 4. �

Case 2: p = qt, q > 1. Here

b̄ = (pt)−1(p2 − p− 1)(t− 1) and

S̄∗ = ∆2 ∪∆3,

where ∆u is the union of distinct symmetry blocks arising out of the se-
quences in Tu, u = 2, 3, and

T2 = {s : each treatment occurs q times in s},
T3 = {s : fs, tp = q + 1, one treatment other than tp occurs q − 1 times

and the remaining t− 2 treatments occur q times each in s}.

Example 4.7.2. Let p = 4, t = 2. Explicit consideration of ∆2

and ∆3 show that here S̄∗ consists of symmetry blocks of sequences
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(1122)′, (1212)′, (1221)′, (1222)′, (1211)′, (1121)′ with their r′s(0) values be-
ing 1,−3,−1, 1/2,−3/2,−3/2, respectively. Equation (4.7.3) is met, for in-
stance, when (i) P(1122)′ = P(1221)′ = 1/2, or (ii) P(1122)′ = 3/4, P(1212)′ =
1/4. These designs were obtained by Matthews (1990). �

Example 4.7.3. Let p = 6, t = 3. As before, one choice of an opti-
mal design consists of symmetry blocks < (112233)′ >, < (123123)′ >,
< (122331)′ > applied in equal proportions. This follows on noting that
the r′s(0) values for sequences in these symmetry blocks equal 8/3,−10/3
and 2/3, respectively. �

Case 3: p = qt+ 1. Here

b̄ = t−1(p− 1)(t− 1) and

S̄∗ = ∆4,

where ∆4 is the union of distinct symmetry blocks arising out of the se-
quences in

T4 = {s : fs,tp = q + 1, the remaining t− 1 treatments

occur q times each in s}.

Example 4.7.4. Let p = 4, t = 3. Note that the sequence (1233)′ belongs
to S̄∗ and that its r′s(0) value equals 0. So the optimal design assigns the
entire weight on the symmetry block < (1233)′ >. �

Case 4: p = qt+ r, 2 ≤ r < t. Here

b̄ = (pt)−1{(p− 1)(pt− 1)− (p− r)(p+ r − 2)− t(r − 1)} and

S̄∗ = ∆5 ∪∆6,

where ∆u is the union of distinct symmetry blocks arising out of the se-
quences in Tu, u = 5, 6 and

T5 = {s : fs, tp = q + 1, r − 1 treatments other than tp also occur
q + 1 times each and the remaining t− r treatments occur
q times each in s},

T6 = {s : fs, tp = q + 2, (r − 2) treatments occur q + 1 times each
and the remaining t− r + 1 treatments occur q times each in s}.

Example 4.7.5. Let p = 5, t = 3. Here one choice of the optimal design
consists of the symmetry blocks < (11232)′ > and < (12333)′ > applied in
equal proportions. �
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Remark 4.7.1. As noted in Example 4.6.1, the two designs in Example
4.7.2 are also universally optimal for direct effects. Design (i) of Example
4.7.2 is a strongly balanced uniform design. Such designs are known to
be universally optimal for both direct and carryover effects (cf. Theorem
2.4.1). Again, as noted in Example 4.6.5, the design in Example 4.7.4 is
also universally optimal for direct effects. This is an extra-period strongly
balanced design, which is known to be optimal for both direct and carryover
effects (cf. Theorem 2.4.2). The designs in Example 4.7.1 may also be
constructed by the method proposed by Stufken (1991), who showed that
these designs are universally optimal for carryover effects. �

4.8 Design Efficiency

As seen in the preceding sections, in many situations, universally optimal
designs obtained via approximate theory lend themselves to universally
optimal exact designs for appropriately chosen n. Even when for a pre-
specified n, this kind of implementation is not possible, the results arising
from approximate theory serve as useful benchmarks for assessing the effi-
ciency of any design under a particular optimality criterion.

For given p, t, and given a specific optimality criterion Φ, let d∗ be a
universally optimal and hence Φ-optimal approximate design. Now suppose
n is also specified and consider an exact design d with n subjects and the
same p, t, as d∗. As before, let Cd and C̄d denote the information matrices
of d for inference on direct and carryover effects, respectively.

In view of Theorem 4.5.1, the Φ-efficiency of d for direct effects, denoted
by EΦ(d), is defined as

EΦ(d) = Φ(Cd)/{nb(t− 1)−1Φ(Ht)}, (4.8.1)

where b is given by (4.4.3) if p > t and by (4.4.11) if p ≤ t. Similarly, the
Φ-efficiency of d for carryover effects, denoted by ĒΦ(d), is defined as

ĒΦ(d) = Φ(C̄d)/{nb̄(t− 1)−1Φ(Ht)}, (4.8.2)

where b̄ is as given in Section 4.7. Indeed, (4.8.1) and (4.8.2) are conserva-
tive in the sense that they are relative to the approximate optimal design
d∗, which may not translate itself to an exact design for the specified n.
In this sense, (4.8.1) and (4.8.2) are actually lower bounds on efficiency as
long as one restricts oneself to exact designs.

We now use (4.8.1) and (4.8.2) to study the designs constructed by
Patterson (1952) which are useful from a practical point of view as they
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need a small number of subjects with p ≤ t. In Section 3.4, these designs
were shown to be universally optimal for direct and carryover effects in the
restricted class of designs where no treatment follows itself. It is of interest
to examine how efficient these designs are in the entire class Ωt,n,p. As
noted in the proof of Theorem 3.4.2, for a Patterson design d,

Cd =
n(p− 1)
t− 1

[
1− t

p(pt− t− 1)

]
Ht.

Similarly, from (3.4.5), one can check that for such a design,

C̄d =
n(p− 1)

(t− 1)p2t
[p(pt− t− 1)− t]Ht.

Hence, using (4.8.1) and (4.8.2), it can be shown on simplification that the
efficiency of a Patterson design for the estimation of direct and carryover
effects are, respectively, given by

EΦ(d) =
U1

U1 + t
, ĒΦ(d) =

U2

U2 + t
, (4.8.3)

for any strictly concave Φ satisfying Φ(kHt) = kΦ(Ht) for every k > 0. In
(4.8.3),

U1 = t2(p− 1)2(pt(p− 1)− p− t),
U2 = p(pt− t− 1)− t.

In Chapter 3, Table 3.5.1 gives a set of values of t, p and n for which
Patterson designs are available. Table 4.8.1 shows EΦ(d) and ĒΦ(d) for
these designs, as obtained via (4.8.3).

When p ≤ t, Kushner (1998) showed that no design can be universally
optimal for both direct and carryover effects in the general class while Table
4.8.1 shows that Patterson designs have high efficiencies for estimating both
direct and carryover effects in the general class.

In a similar way the efficiencies of other designs may be computed, e.g.,
the designs of Stufken (1991) (see Theorem 3.2.4), for the case where n is
not a multiple of (p− 1)t, can be seen to have high efficiencies.
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Table 4.8.1
Efficiency Lower Bounds for Patterson Designs

p t n EΦ(d) ĒΦ(d)
3 3 6 0.993103 0.800000
3 7 21 0.998885 0.820513
3 8 56 0.999156 0.822222
3 11 55 0.999563 0.825397
4 4 4 0.999306 0.909091
4 5 20 0.999564 0.910714
4 7 14 0.999783 0.912500
4 8 56 0.999835 0.913043
4 13 52 0.999939 0.914474
5 5 10 0.999861 0.947368
5 7 21 0.999930 0.948148
5 8 56 0.999947 0.948387
5 11 55 0.999972 0.948837
5 13 39 0.999980 0.949020
6 6 6 0.999960 0.965517
6 7 42 0.999971 0.965686
6 8 56 0.999978 0.965812
6 11 22 0.999988 0.966049
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Chapter 5

Optimality under Some Other
Additive Models

5.1 Introduction

In Chapters 2–4, we have presented various optimality results for crossover
designs under the traditional model (1.2.1) or its version with correlated
errors, i.e., (1.3.14). These models assume that the carryover effect of
a treatment remains the same no matter which treatment is applied in
the following period and moreover, that it has no relationship with the
direct effect. However, there may be several practical situations where
such an assumption is untenable. For more on criticisms of model (1.2.1),
specially for medical applications, see, e.g., Senn (1992) and Matthews
(1994). For examples in other areas, see Kempton, Ferris and David (2001).
For these situations it is believed that it might be more reasonable to model
the carryover effects in a way different from what has been done in the
traditional model. In this chapter, we consider two such variants of model
(1.2.1) that have been considered in the literature and review optimality
results under them.

The first of these variants assumes that the carryover effect of each treat-
ment is of two types, depending on whether the treatment is followed by
itself or by any other treatment. Thus the carryover effect of a treatment on
itself is different from that on other treatments. Afsarinejad and Hedayat
(2002) initiated work under such a model and termed the two types of car-
ryover effects as self and mixed carryover effects, respectively. They also
gave examples of experimental situations where the experimenter would
like to study these two different carryover effects. Their work, however,
relates to only two-period crossover designs. Kunert and Stufken (2002)
also considered this kind of model and obtained optimal designs for p ≥ 3.
It is interesting to note that in contrast to the optimal designs under (1.2.1)

117
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which often have the same treatment applied to the same subject in con-
secutive periods (e.g., the strongly balanced designs considered in Chapter
2), the optimal designs under a model with self and mixed carryover effects
avoid this. Hedayat and Yan (2008) considered a version of this model with
correlated errors and their results will be discussed later in Section 7.3.

The second modification of the model (1.2.1) that we consider in this
chapter is one in which the carryover effect of a treatment is assumed to be
proportional to its direct effect. The optimality aspects of designs under
this modified model were considered by Kempton et al. (2001), Bailey and
Kunert (2006) and Bose and Stufken (2007). This model is conceptually
quite simple — a treatment with a larger direct effect will tend to have a
larger lingering effect. It is, however, technically more complicated, being
intrinsically nonlinear in nature.

In Section 5.2 a model with self and mixed carryover effects is considered
and results on optimal designs under such a model are reviewed. In Section
5.3, we consider the determination of optimal designs under a model in
which the carryover effects are proportional to the direct effects. Some
examples of optimal designs under the respective models are also given in
both sections.

5.2 A Model with Self and Mixed Carryover Effects

Kunert and Stufken (2002) gave an interesting example of application of
crossover designs in sensory evaluation trials to motivate the model with
self and mixed carryover effects. Suppose an assessor is examining several
products (for example, tasting the bitterness of different brands of beer)
in a sequence. If an assessed product is very bitter, then experience shows
that assessors tend to rate the immediately next assessed product (different
from the very bitter product) with a lower than normal value of bitterness.
If an assessor gets this very bitter product twice in consecutive periods,
then usually the same rating is given. Thus the carryover effect of the
product is different in the two cases, depending on whether the same or a
different product is assessed in two successive periods. A similar behavior
of the carryover effects can be observed in other situations too.

In view of this, for such situations, Afsarinejad and Hedayat (2002)
proposed a modificaion of the model (1.2.1) and introduced the concepts of



March 9, 2009 12:18 World Scientific Book - 9in x 6in ws-book9x6

Optimality under Some Other Additive Models 119

self and mixed carryover effects. This model is given by

Yij =
{
αi + βj + τd(i,j) + νd(i−1,j) + εij , if d(i, j) 6= d(i− 1, j),
αi + βj + τd(i,j) + χd(i−1,j) + εij , if d(i, j) = d(i− 1, j),

1 ≤ i ≤ p, 1 ≤ j ≤ n.
(5.2.1)

where χs is the self carryover effect and νs is the mixed carryover effect of
treatment s, νd(0,j) = χd(0,j) = 0, and all other terms in (5.2.1) have their
usual meanings as in (1.2.1), the errors being uncorrelated. Thus (5.2.1)
and (1.2.1) differ in their assumptions on the nature of carryover effects.

Under the model (5.2.1), Afsarinejad and Hedayat (2002) studied de-
signs with only two periods. For proving their results they used the tech-
nique of Hedayat and Zhao (1990) described in Section 3.3 where a con-
nection between optimal two-period crossover designs and optimal block
designs was established. For example, using this technique, Afsarinejad
and Hedayat (2002) proved that any symmetric BIB design with t blocks of
size k can be used to construct a design which is optimal for direct effects
over the subclass of Ωt,tk,2 consisting of designs which are uniform on the
first period.

In their method of construction, the t blocks of the symmetric BIB
design are first written out as a k × t array, forming a Youden design (this
is always possible). One row is added to this Youden design to form a
(k + 1) × t Latin rectangle A, i.e., no treatment appears more than once
in a column of A and each treatment appears exactly once in each row of
A. Again, this is always possible. Now, the two-period crossover design is
constructed by allocating treatment s to the first period of any k subjects,
and assigning in the second period of these k subjects, the k treatments
which appear in the column of A which has s in row (k + 1), 1 ≤ s ≤ t.
Then, as in Corollary 3.3.1, the optimality of this design for direct effects
follows.

We illustrate their method with an example of an optimal design given
by them. For more examples and other details, we refer to the original
source.

Example 5.2.1. Let t = 7. Consider the following BIB design with seven
blocks of size k = 3:

Block I : 1 2 4 Block II : 2 3 5
Block III : 3 4 6 Block IV : 4 5 7
Block V : 5 6 1 Block VI : 6 7 2

Block VII : 7 1 3

.
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This BIB design leads to the following two-period design which is uni-
versally optimal for the estimation of direct effects under the model (5.2.1)
over a subclass of Ω7,21,2 consisting of designs which are uniform on the
first period.

3 3 3 4 4 4 5 5 5 6 6 6 7 7 7 1 1 1 2 2 2
1 2 4 2 3 5 3 4 6 4 5 7 5 6 1 6 7 2 7 1 3

.

�

Kunert and Stufken (2002) considered the case p > 2, t > 2 and ob-
tained optimal designs under model (5.2.1). For proving their results they
used a generalization of Lemma 1.4.2 and some techniques developed by
Kunert and Martin (2000a) for a general interference model. The results
presented in the rest of this section are due to Kunert and Stufken (2002).

As in (1.3.3), model (5.2.1) can be rewritten in matrix notation as

Y d = Pα+ Uβ + Tdτ +Gdν + Sdχ+ ε, (5.2.2)

where χ = (χ1, . . . χt)′, ν = (ν1, . . . , νt)′, and Gd and Sd are the design
matrices for the mixed carryover and self carryover effects, respectively, all
other notations being as defined in the context of model (1.3.3).

Remark 5.2.1. If a design d is balanced, then obviously, there are no self
carryover effects and consequently, Sd = 0. For such a design, model (5.2.2)
reduces to the traditional model (1.3.3) and thus, as observed in (1.3.5),

T ′dGd = Zd =
n(p− 1)
t(t− 1)

(Jt − It) .

�

As in (1.3.13), under model (5.2.2), the information matrix for the es-
timation of direct effects under the design d is given by

Cd = T ′dpr⊥ ([P U Gd Sd])Td. (5.2.3)

In view of the facts that P1p = U1n = 1np and Td1t = 1np (see (1.3.5)),
1np belongs to the column space of [P U Gd Sd] and the information
matrix in (5.2.3) has row and column sums zero for any design d ∈ Ωt,n,p.
Instead of studying Cd directly, Kunert and Stufken (2002) used a slightly
simpler matrix which majorizes Cd in the Loewner sense. This helped
them to obtain an upper bound for the trace of Cd, d ∈ Ωt,n,p, and then
use Theorem 1.4.1 to find an optimal design. We first state the following
result which can be obtained as in (1.4.6) and (1.4.7).
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Lemma 5.2.1. For a design d ∈ Ωt,n,p,

Cd ≤ T ′dpr⊥([U Gd Sd])Td

in the Loewner sense, with equality if and only if

T ′dpr⊥([U Gd Sd])P = 0. (5.2.4)

�
We now identify designs for which (5.2.4) holds. For d ∈ Ωt,n,p, let

Ad11 = T ′dpr⊥(U)Td,

Ad12 = T ′dpr⊥(U)Gd,

Ad13 = T ′dpr⊥(U)Sd,

Ad22 = G′dpr⊥(U)Gd,

Ad23 = G′dpr⊥(U)Sd,

Ad33 = S′dpr⊥(U)Sd.

We then have the following result.

Theorem 5.2.1. Consider a design d ∈ Ωt,n,p which satisfies the following
conditions:
(i) each of Aduv, 1 ≤ u ≤ v ≤ 3, is completely symmetric,
(ii) d is uniform on periods,
(iii) the mixed carryover effects of all treatments occur equally often in each
period, and
(iv) the self carryover effects of all treatments occur equally often in each
period.
Then for such a design d, T ′dpr⊥([U Gd Sd])P = 0.

Proof. Using (1.3.5), we have

1′tT
′
dpr⊥(U) = 1′t(T

′
d − p−1T ′dUU

′)
= 1′np − p−11′npUU

′

= 1′np − 1′np = 0′

⇒ 1′tAd11 = 0′.

(5.2.5)

Similarly, one can show that

1′tAd12 = 0′ = 1′tAd13.

Therefore, by condition (i), as applied to Ad11, Ad12 and Ad13, each of
these matrices is a multiple of Ht = It − t−1Jt. Furthermore, by the same
condition, every other Aduv admits a generalized inverse which is a linear
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combination of Ht and It −Ht(= t−1Jt). Using these facts, one can check
that
T ′dpr⊥([U Gd Sd])P = T ′dpr⊥(U)P −Ad12A

−
d22G

′
dpr⊥(U)P

−(Ad13 −Ad12A
−
d22Ad23)(Ad33 −A′d23A

−
d22Ad23)−

×(G′dpr⊥(U)P −A′d23A
−
d22S

′
dpr⊥(U)P )

= T ′dpr⊥(U)P − x1HtG
′
dpr⊥(U)P

−x2Ht(G′dpr⊥(U)P − x3HtS
′
dpr⊥(U)P ),

(5.2.6)
for some numbers x1, x2 and x3. In the above, × stands for usual matrix
multiplication.

Now, by condition (iv) of the theorem, each column of S′d(1n ⊗ Ip) is
a multiple of 1t. Also, recalling from Section 1.3 that P = 1n ⊗ Ip and
U = In ⊗ 1p, one gets pr⊥(U)P = 1n ⊗ Hp. Therefore, each column of
S′dpr⊥(U)P is a multiple of 1t because

S′dpr⊥(U)P = S′d(1n ⊗Hp) = S′d(1n ⊗ Ip)Hp.

In a similar manner, using conditions (ii) and (iii), one can see that each
column of T ′dpr⊥(U)P and G′dpr⊥(U)P is also a multiple of 1t. Thus

HtG
′
dpr⊥(U)P = HtS

′
dpr⊥(U)P = 0

and invoking (5.2.5) we get

T ′dpr⊥(U)P = 0.

Hence from (5.2.6) it is clear that T ′dpr⊥([U Gd Sd])P = 0 and this com-
pletes the proof. �

By Lemma 5.2.1, for a design d satisfying the conditions of Theorem
5.2.1, we have

Cd = T ′dpr⊥([U Gd Sd])Td.

The next step is to identify designs which satisfy the conditions of Theorem
5.2.1. Analogous to the definitions given in Section 2.5, we now have the
following definitions. As usual, the subjects are taken as blocks and for
z > 0, [z] denotes the largest integer not exceeding z.

Definition 5.2.1. A design d ∈ Ωt,n,p is called a balanced block design in
the direct effects if
(a) every treatment appears equally often in d,
(b) in each subject, every treatment is allocated either [p/t] or [p/t] + 1
times and,
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(c) the number of subjects where treatments s and s′ are both allocated
[p/t] + 1 times is the same for every s 6= s′, 1 ≤ s, s′ ≤ t.

If t|p, then a balanced block design in the direct effects allocates every
treatment p/t times to each subject and thus the design is also uniform on
subjects (see Definition 2.2.2).

Definition 5.2.2. A design d ∈ Ωt,n,p is called a balanced block design in
the carryover effects if the first p − 1 periods of d form a balanced block
design in the direct effects in Ωt,n,p−1.

Remark 5.2.2. Clearly, if d ∈ Ωt,n,p is a balanced block design in the
direct effects, then Ad11 is completely symmetric. Again, let d be a design
for which zdss = 0, 1 ≤ s ≤ t (e.g., d could be a balanced design). Then
Sd = 0 as observed in Remark 5.2.1, implying that Ad13 = 0 = Ad23 = Ad33

and thus trivially, each of these matrices is completely symmetric. If this
design d with zdss = 0 is, in addition, a balanced block design in the
carryover effects, then Ad22 is also completely symmetric. Finally, if d is
balanced and T ′dUU

′Gd is completely symmetric, then from the form of
T ′dGd given in Remark 5.2.1, it is clear that Ad12 is completely symmetric.

�

We now define a class of crossover designs for which (5.2.4) will be shown
to hold.

Definition 5.2.3. A design d ∈ Ωt,n,p is called totally balanced if
(a) d is uniform on periods,
(b) d is balanced (in the sense of Definition 2.2.4),
(c) d is a balanced block design in the direct effects,
(d) d is a balanced block design in the carryover effects, and
(e) the number of subjects where both treatments s and s′ appear [p/t] + 1
times and treatment s′ does not appear in the last period is the same for
every pair s, s′, 1 ≤ s, s′ ≤ t; s 6= s′.

Clearly, a totally balanced design may have p < t, p = t or p > t, and
when t|p, it is simply a balanced uniform design. Some examples of totally
balanced designs are given in the next section. The following result gives
the information matrix for direct effects for these designs.

Theorem 5.2.2. For a totally balanced design d ∈ Ωt,n,p,

Cd = T ′dpr⊥([U Gd Sd])Td.
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Proof. By Lemma 5.2.1, it suffices to show that the conditions of Theorem
5.2.1 are satisfied by a totally balanced design d. Since d is uniform on
periods, it meets condition (ii) of Theorem 5.2.1. Again, since d is balanced,
condition (iii) is satisfied and condition (iv) is trivially satisfied since in a
balanced design there are no self carryover effects. In order to complete
the proof, we now need to verify condition (i) for d. It is evident from
Remark 5.2.2 that for a totally balanced design d, Ad11, Ad13, Ad22, Ad23

and Ad33 are all completely symmetric. It remains to show that Ad12 is also
completely symmetric. For this, we separately study two cases, depending
on whether t divides p or not.

Case 1: t divides p.
In this case, d is uniform on subjects and is actually a generalized Latin

square design (see Definition 2.5.4) for which condition (e) of Definition
5.2.3 is trivially true. In d, a treatment s appears in the last period in
n/t subjects and for these subjects, the mixed carryover effect of s appears
p/t − 1 times. For all other (i.e., n − n/t) subjects, the mixed carryover
effect of s appears p/t times. Thus

1′npGd =
{(p

t
− 1
) n
t

+
p

t

(
n− n

t

)}
1′t.

The above, together with the fact that T ′dU = Nd = pt−1Jtn for this design
d, implies that

T ′dUU
′Gd = pt−1JtnU

′Gd = pt−11t1′npGd

=
{(p

t
− 1
) np
t2

+
p2

t2

(
n− n

t

)}
Jt,

which is completely symmetric. Recalling Remark 5.2.2, it is now clear that
Ad12 is also completely symmetric.

Case 2: t does not divide p.
Note that d is balanced in the carryover effects. Since [(p−1)/t] = [p/t],

it now follows that in d, the mixed carryover effect of each treatment appears
in each subject either [p/t] times or [p/t] + 1 times. So, a treatment that
appears only [p/t] times in a subject cannot appear in the last period of
this subject. For treatments s and s′, 1 ≤ s, s′ ≤ t; s 6= s′, let u1, u2 and u3

be defined as follows:
(i) u1 is the number of subjects where treatments s and s′ both appear

[p/t] + 1 times and treatment s′ does not appear in the last period,
(ii) u2 is the number of subjects where treatment s appears [p/t] + 1

times and the mixed carryover effect of s′ appears [p/t] times, and
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(iii) u3 is the number of subjects where treatment s appears [p/t] times
and the mixed carryover effect of treatment s′ appears [p/t] + 1 times.

Then one can check that, for s 6= s′, the (s, s′)th element of T ′dUU
′Gd

equals

(n− u1 − u2 − u3)[p/t]2 + (u2 + u3)[p/t] ([p/t] + 1) + u1([p/t] + 1)2
.

Since d satisfies condition (e) of Definition 5.2.3, u1 is a constant for all
s 6= s′. Again, the number of subjects in d where s appears [p/t] + 1 times
is independent of s and this number is u1 + u2, implying that u2 does
not depend on s or s′. Similarly, the number of subjects where the mixed
carryover effect of treatment s′ appears [p/t] + 1 times is also independent
of s′ and this number is u1 + u3. Hence u3 too does not depend on s

or s′ and all off-diagonal elements of T ′dUU
′Gd are the same. So, noting

the complete symmetry of T ′dGd, (see Remark 5.2.1), it is clear that Ad12 =
T ′dGd−p−1T ′dUU

′Gd also has all off-diagonal elements equal. Now, recalling
from (5.2.5) that 1′tAd12 = 0′ for all d ∈ Ωt,n,p, for a totally balanced design,
the diagonal elements of Ad12 are also the same. Hence Ad12 is a completely
symmetric matrix. This completes the proof. �

Once an upper bound on Cd has been found and designs attaining the
bound are identified, a key step in obtaining universally optimal designs
involves maximization of the trace of this upper bound. To that end, we
first define for any design d ∈ Ωt,n,p,

aduv = tr(HtAduvHt) = tr(HtAduv), 1 ≤ u ≤ v ≤ 3. (5.2.7)

Kunert and Stufken (2002) presented the following result.

Lemma 5.2.2. For every d ∈ Ωt,n,p,

tr
(
T ′dpr⊥([U Gd Sd])Td

)
≤ q∗d (5.2.8)

where q∗d is defined in terms of the values of aduv as follows:

1. If ad22ad33 − a2
d23 > 0, then

q∗d = ad11 −
a2
d12ad33 − 2ad12ad13ad23 + a2

d13ad22

ad22ad33 − a2
d23

.

2. If ad22ad33 − a2
d23 = 0 and ad22 > 0, then q∗d = ad11 − a2

d12/ad22.

3. If ad22 = 0 and ad33 > 0, then q∗d = ad11 − a2
d13/ad33.

4. If ad22 = ad33 = 0, then q∗d = ad11.
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Furthermore, equality in (5.2.8) holds if all Aduv, 1 ≤ u ≤ v ≤ 3, are
completely symmetric. �

As noted in the proof of Theorem 5.2.2, the matrices Aduv are all com-
pletely symmetric for a totally balanced design. Hence Lemmas 5.2.1, 5.2.2
and Theorem 5.2.2 together lead to

Theorem 5.2.3. For every d ∈ Ωt,n,p,

tr(Cd) ≤ q∗d,

with equality if d is a totally balanced design. �

We now look for a design d for which tr(Cd) equals the maximum possi-
ble value of q∗d. For obtaining such a design, symmetry blocks or classes of
equivalent sequences (cf. Definition 4.2.1) as used in Chapter 4 are found
useful. For given p and t, suppose S, the set of all tp sequences, is the
union of K distinct symmetry blocks, and as in Chapter 4, let < s > de-
note the symmetry block or equivalence class containing the sequence s.
For a design d ∈ Ωt,n,p, Ps is the proportion of subjects to which d assigns
sequences from the equivalence class < s >, and we write < s >∈ S to
denote that < s > runs over all the K equivalence classes in S.

As these sequences are applied to individual subjects of d, the con-
tribution of the different subjects to tr(Cd) needs to be evaluated. Let
Tdj , Gdj and Sdj , respectively, denote the design matrices for the direct ef-
fects, mixed carryover effects and self carryover effects with respect to the
subject j, 1 ≤ j ≤ n. For 1 ≤ j ≤ n, define

a
(j)
d11 = tr(Ht(T ′djTdj − p−1T ′djJpTdj)),

a
(j)
d12 = tr(Ht(T ′djGdj − p−1T ′djJpGdj)),

a
(j)
d13 = tr(Ht(T ′djSdj − p−1T ′djJpSdj)),

a
(j)
d22 = tr(Ht(G′djGdj − p−1G′djJpGdj)),

a
(j)
d23 = tr(Ht(G′djSdj − p−1G′djJpSdj)),

a
(j)
d33 = tr(Ht(S′djSdj − p−1S′djJpSdj)),

so that from (5.2.7) and the fact that U = In ⊗ 1p,

aduv =
n∑
j=1

a
(j)
duv, 1 ≤ u ≤ v ≤ 3.

Clearly, the value of a(j)
duv depends on the treatment sequence applied to

subject j and it is the same for all subjects which receive sequences from
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the same equivalence class. Let

auv(s) = a
(js)
duv , 1 ≤ u ≤ v ≤ 3,

where js is any subject receiving a sequence from < s >. Then

aduv = n

( ∑
<s>∈S

Psauv(s)

)
, 1 ≤ u ≤ v ≤ 3. (5.2.9)

Thus the proportions Ps determine q∗d and so, one needs to choose these
proportions in such a manner that q∗d is maximized. However, from the
form of q∗d as defined in Lemma 5.2.2 and (5.2.9), it is clear that q∗d is a
nonlinear function of the Ps and the problem of determining the proportions
which maximize q∗d becomes a challenging one. This problem is overcome
by introducing the bivariate quadratic function

qd(x, y) = ad11 + 2xad12 + x2ad22 + 2yad13 + y2ad33 + 2xyad23. (5.2.10)

Again, for a sequence s ∈ S, define

hs(x, y) = a11(s) + 2xa12(s) + x2a22(s) + 2ya13(s) + y2a33(s) + 2xya23(s).
(5.2.11)

Clearly, hs(x, y) is the same for all sequences in the same equivalence class,
i.e., for all s ∈< s > and hence using (5.2.9), (5.2.10) and (5.2.11),

qd(x, y) = n
∑

<s>∈S
Pshs(x, y).

This makes qd(x, y) a linear combination of the quantities {hs(x, y)}.
From (5.2.10) and the expressions for q∗d shown in Lemma 5.2.2, it can

be verified that

qd(x, y) ≥ q∗d, for all x, y,

the lower bound q∗d being attainable. Furthermore, from the definition of
qd(x, y), it is not hard to see that

qd(x, y) ≤ nmax
s

hs(x, y), for all x, y.

Hence it follows that for every d ∈ Ωt,n,p,

q∗d ≤ nmin
x,y

max
s

hs(x, y). (5.2.12)

The next two theorems summarize some results of Kunert and Stufken
(2002). The proof of the first one of these is quite involved and hence
skipped.
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Theorem 5.2.4. For t ≥ 3 and 3 ≤ p ≤ 2t, consider any sequence s∗ such
that

(i) no treatment is applied to two consecutive periods in s∗,

(ii) the numbers of times any two treatments appear in s∗ differs by at most
unity, and

(iii) the treatment in the last period appears the maximum number of times
in s∗.
Then for all x, y,

hs∗(x, y) ≥ hs∗(x∗,−1),

and

hs∗(x∗,−1) = min
x,y

max
s

hs(x, y),

where

x∗ =


t

(tp− t− 1)
, for p ≤ t,

tp+ 2t(p− 1− t)
pt(t− 1) + (pt− 2t− 1)(p− 1− t)

, for p > t.

�

If p ≤ t, then any sequence which satisfies the properties (i)–(iii) in
Theorem 5.2.4 must necessarily be equivalent to (1, 2, . . . , p)′. If p > t,
sequences from more than one single equivalence class can satisfy these
conditions. For instance, if t < p < 2t, then both the non-equivalent
sequences, (1, 2, . . . , t, 1, 2, . . . , p−t)′ and (1, 2, . . . , t, t−1, t−2, . . . , 2t−p)′,
satisfy the conditions (i)–(iii) in Theorem 5.2.4.

Theorem 5.2.5. For t ≥ 3 and 3 ≤ p ≤ 2t, if a totally balanced design
d∗ ∈ Ωt,n,p exists then d∗ is universally optimal for the estimation of direct
effects over Ωt,n,p under the model (5.2.1).

Proof. For the design d∗, the information matrix for direct effects under
the model (5.2.1) is as given by Theorem 5.2.2, that is,

Cd∗ = T ′d∗pr⊥([U Gd∗ Sd∗ ])Td∗ . (5.2.13)

In the proof of Theorem 5.2.2, it was argued that each Ad∗uv, 1 ≤ u ≤
v ≤ 3, is completely symmetric. Hence invoking Lemma 1.2.1 with B = U ,
C = [Gd∗ Sd∗ ], and using the fact that Sd∗ = 0, one can check that Cd∗ as
shown in (5.2.13) is completely symmetric.
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In view of Theorem 1.4.1, it is now enough to show that d∗ maximizes
tr(Cd) over Ωt,n,p. From (5.2.12) and Theorem 5.2.3, first observe that,

tr(Cd) ≤ q∗d ≤ nmin
x,y

max
s

hs(x, y),

for every d ∈ Ωt,n,p, and that
tr(Cd∗) = q∗d∗ .

Hence it would suffice to show that
q∗d∗ = nmin

x,y
max
s

hs(x, y).

To prove the last identity now observe that the conditions (b), (c) and
(d) of Definition 5.2.3, respectively, imply the conditions (i), (ii) and (iii)
of Theorem 5.2.4. Therefore, every sequence of a totally balanced design
d∗ meets all the conditions of Theorem 5.2.4. Hence by that theorem,

qd∗(x, y) = n
∑

<s>∈S
Pshs(x, y) ≥ nmin

x,y
max
s

hs(x, y),

for every x, y. Since q∗d∗ is an attainable lower bound of qd∗(x, y), the above
implies that

q∗d∗ ≥ nmin
x,y

max
s

hs(x, y),

that is,
q∗d∗ = nmin

x,y
max
s

hs(x, y),

in view of (5.2.12). The result is now immediate. �

Remark 5.2.3. Interestingly, totally balanced designs are also optimal
under a model in which the carryover effects are proportional to direct
effects. These results are reviewed in the next section. �

Corollary 5.2.1. If p = t or p = 2t and a generalized Latin square design
d∗ exists in Ωt,n,p such that d∗ is balanced (in the sense of Definition 2.2.4),
then d∗ is universally optimal for direct effects over Ωt,n,p under the model
(5.2.1).

Proof. The result follows from Theorem 5.2.5 on observing that the design
d∗ satisfies all the conditions of Definition 5.2.3 and is thus totally balanced.

�

Note that in a totally balanced design no treatment follows itself on
any subject. Therefore, the optimal designs under the model (5.2.1) are in
many cases different from those under the traditional model (1.2.1) where
strongly balanced designs (see Definition 2.2.5) are often optimal.

We now present some examples of totally balanced designs from Kunert
and Stufken (2002). Each of these designs is universally optimal for direct
effects over Ωt,n,p under (5.2.1).
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Example 5.2.2. t = 4, p = 3. A totally balanced design d∗ with n = 12 is

1 3 2 4 1 2 1 4 3 4 2 3
d∗= 2 1 3 2 4 1 3 1 4 3 4 2

3 2 1 1 2 4 4 3 1 2 3 4
. �

For t = 4, p = 3, the design which is optimal for direct effects over
Ωt,n,p under the traditional model (1.2.1) has some treatment sequences
equivalent to (1, 2, 2)′ (see Example 4.6.2) and is thus different from the
above design d∗.

Example 5.2.3. Let t = 4 = p. A totally balanced design d∗ with n = 4
is

d∗=

1 2 3 4
2 4 1 3
3 1 4 2
4 3 2 1

.

This d∗ is a Latin Square Design which is also balanced. This is also
universally optimal under the traditional model (1.2.1) (see Example 2.3.1).

�

Example 5.2.4. Let t = 3, p = 4. A totally balanced design d∗ with n = 6
is

d∗=

1 2 3 3 1 2
2 3 1 2 3 1
3 1 2 1 2 3
1 2 3 3 1 2

.

This d∗ is different from the optimal design in Ω3,6,4 under model (1.2.1),
namely, the extra-period strongly balanced design (see Example 2.4.2). �

Example 5.2.5. Let t = 3, p = 6. A totally balanced design d∗ with n = 6
is given by

d∗=

1 2 3 3 1 2
2 3 1 1 2 3
3 1 2 2 3 1
2 3 1 3 1 2
1 2 3 2 3 1
3 1 2 1 2 3

.
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This d∗ is different from the optimal design under model (1.2.1), namely
the nearly strongly balanced design (see design d1 in Example 2.5.3). �

Copies of the designs in Examples 5.2.2–5.2.5 are also totally balanced
and hence optimal in Ωt,n,p where n is a multiple of the number of subjects
used in these examples.

In cases where no optimal design exists, one can study the efficiency
of an available design. This can be done by comparing the information
matrix of an available design with that of a (possibly hypothetical) totally
balanced design. For a totally balanced design d∗, Kunert and Stufken
(2002) observed that the information matrix for direct effects is given by

Cd∗ = n(t− 1)−1hs∗(x∗,−1)Ht,

where hs(x, y) is as defined in (5.2.11), and x∗ and s∗ are as in Theorem
5.2.4.

5.3 A Model with Carryover Effects Proportional to Direct
Effects

In this section, we consider a second variant of the traditional model in
which it is assumed that the carryover effect of a treatment is proportional
to the direct effect of that treatment.

As stated in Section 5.1, this model is conceptually easy to explain.
Kempton et al. (2001) gave examples of experiments where such models
are found suitable. It is interesting to note that the proportionality constant
may be positive or negative, depending on whether the carryover effect is
due to assimilation of successive treatments or due to contrasting between
successive treatments. An example of the former situation was given by
Cross (1973) where the subjects were asked to rate the loudness levels of
different sound stimuli and it was found that subjects usually gave a higher
rating to a sound stimulus when it was preceded by a loud sound and gave
the same sound a lower rating when it was preceded by a soft sound. On the
other hand, an example of the second situation was given by Scifferstein and
Oudejans (1996) who asked subjects to rate the saltiness of different saline
solutions and, the subjects rated a solution to be less salty if immediately
preceded by a solution with high salt concentration while they rated the
same solution to be more salty when preceded by a low salt solution.

Another advantage of such a model is that it has fewer parameters
to estimate since there are no separate carryover effects for treatments.
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Technically, however, this model appears to be harder to handle because of
its non-linearity.

The issue of identifying optimal designs under such a model has received
attention in the recent past. Kempton et al. (2001) studied this model for
an unknown constant of proportionality. The optimality criterion they used
is an average A-optimality criterion; the averaging becomes necessary as
the information matrix depends on the true values of the direct effects and
the proportionality factor. By using a combination of analytical results
and computer search, they obtained designs that are optimal for direct
effects for different values of the constant of proportionality. Bailey and
Kunert (2006) generalized some of the results of Kempton et al. (2001)
and developed analytical proofs to show that the totally balanced designs
(see Definition 5.2.3) are optimal for direct effects under the average A-
optimality criterion. Bose and Stufken (2007) also considered this model
but they chiefly studied the case where the constant of proportionality is
known and for this simpler situation, they obtained universally optimal
designs. In this section, we review some of the results under this model.

Under the assumption that the carryover effect is proportional to the
direct effect, the traditional model (1.3.3) is modified to

Y d = µ1np + Pα+ Uβ + Tdτ + Fdγτ + ε

= µ1np + Pα+ Uβ + (Wd(γ))τ + ε,
(5.3.1)

with Wd(γ) = Td + Fdγ, γ being the constant of proportionality and all
other notation being as in (1.3.3). It is assumed that γ ∈ [−1, 1], an as-
sumption which one might expect to be true in practice, and no other
restrictions are placed on γ. When γ = 0, there are no carryover effects and
(5.3.1) reduces to the usual model for row-column designs. We are inter-
ested in the estimation of τ and not γ. Without loss of generality, we may
suppose that τ ′1t = 0. Therefore, if there are only two treatments, each
treatment has a separate carryover effect and thus model (5.3.1) becomes
equivalent to (1.3.3) when t = 2. So, in the subsequent discussion, we study
the case t ≥ 3.

Although model (5.3.1) has fewer parameters than the traditional model
(1.3.3), it is more difficult to study (5.3.1) as it is nonlinear in τ and γ.
Kempton et al. (2001) used a Taylor series expansion in the neighbor-
hood of the unknown true values of τ and γ to obtain the following linear
approximation to the model (5.3.1):

Y d = µ1np+Pα+Uβ+(Wd(γ0))τ 0+(Wd(γ0))(τ−τ 0)+(Fdτ 0)(γ−γ0)+ε,
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or equivalently,

Y d + Fdτ 0γ0 = µ1np + Pα+ Uβ + (Wd(γ0))τ + (Fdτ 0)γ + ε, (5.3.2)

where τ 0 and γ0 are the true values of τ and γ, respectively. The least
squares estimator of (τ , γ) under (5.3.1) is asymptotically equivalent to the
least squares estimator under (5.3.2); cf. Kempton et al. (2001) and Bailey
and Kunert (2006). As in (1.3.13), for a design d ∈ Ωt,n,p, the information
matrix for estimating τ under (5.3.2) is given by

Cd = (Wd(γ0))′pr⊥([P U Fdτ 0])(Wd(γ0)), (5.3.3)

and thus this information matrix depends on the two unknowns τ 0 and
γ0. To overcome this difficulty, Kempton et al. (2001) studied the average
performance of a design and defined the (i) Ā-criterion, where the usual
A-criterion is averaged over a distribution of τ 0, and (ii) the IA-criterion,
where the A-criterion is averaged over the joint distribution of τ 0 and γ0.
Towards this, for given τ 0 and γ0, they considered the average variance of
comparisons between direct effects as

A(τ 0, γ0) =
t∑

s6=s′=1

Var(τ̂ s − τ̂ s′)
t(t− 1)

,

and then defined the Ā criterion as

Ā(γ0) =
∫
A(τ 0, γ0)dG(τ 0) (5.3.4)

where G represents the multivariate normal distribution for τ 0 with mean
zero and dispersion Ht. This is a local criterion as it depends on the
unknown γ0. The global IA-criterion was defined by Kempton et al. (2001)
as

IA =
∫ ∫

A(τ 0, γ0)dG(τ 0)dF (γ0)

where F represents the uniform distribution for γ0 on [−1, 1].
They proved the following two results. The matrix Zd in Theorem 5.3.1

is the usual direct-versus-carryover effect incidence matrix, as defined in
Chapter 1.

Theorem 5.3.1. Suppose n = µ1t, µ1 ≥ 1 and p = t, and let d ∈ Ωt,n,p
be such that the matrix Zd is completely symmetric. Then d is Ā-optimal
for the estimation of direct effects over the class of all uniform designs in
Ωt,µ1t,t for all γ0. �
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Theorem 5.3.2. Suppose n = µ1t, µ1 ≥ 1 and p = t+1, and let d ∈ Ωt,n,p
be a strongly balanced design which is uniform on periods and uniform on
subjects in the first (p−1) periods. Then d is IA-optimal for the estimation
of direct effects over Ωt,n,p. �

Remark 5.3.1. The balanced uniform designs (see Definition 2.2.4) have
completely symmetric Zd matrices and so, by Theorem 5.3.1, these designs
are Ā-optimal for direct effects under the proportional carryover model; the
universal optimality of these designs under the traditional model (1.3.3) has
been discussed in Chapter 2. The optimal designs of Theorem 5.3.2 are the
extra-period designs which are also universally optimal for direct effects
under (1.3.3) (cf. Theorem 2.4.2). �

We now discuss the results of Bailey and Kunert (2006) who adopted
model (5.3.1) and its linearized version (5.3.2). They showed that the
totally balanced designs which are universally optimal under (5.2.1) (cf.
Theorem 5.2.5) also have optimality properties under this model. We only
sketch the proofs, omitting the technical details.

Since Td1t and Fd1t are in the column space of P and τ ′01t = 0, it
follows from (5.3.3) that

Cd = Ht(Wd(γ0))′pr⊥([P U FdHtτ 0])(Wd(γ0))Ht.

As in Lemma 5.2.1, here too, first a simpler matrix is found which majorizes
Cd in the Lowener sense. Let C̃d be the information matrix for direct effects
if there are no period effects in the model. Then

C̃d = Ht(Wd(γ0))′pr⊥([U FdHtτ 0])(Wd(γ0))Ht,

and hence as in (1.4.6),

Cd ≤ C̃d (5.3.5)

with equality holding in (5.3.5) if and only if

Ht(Wd(γ0))′pr⊥([U FdHtτ 0])P = 0. (5.3.6)

Let

Bd11 = HtT
′
dpr⊥(U)TdHt,

Bd12 = HtT
′
dpr⊥(U)FdHt,

Bd22 = HtF
′
dpr⊥(U)FdHt, and

Bd = Bd11 + γ0(Bd12 +B′d12) + γ2
0Bd22.

(5.3.7)

Using Lemma 1.2.1, we can now express (5.3.5) as

Cd ≤ Bd − (Bd12τ 0 + γ0Bd22τ 0)(τ ′0Bd22τ 0)−1(Bd12τ 0 + γ0Bd22τ 0)′,
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and similarly, (5.3.6) can be expressed as

HtT
′
dpr⊥(U)P + γ0HtF

′
dpr⊥(U)P

−(Bd12τ 0 + γ0Bd22τ 0)(τ ′0Bd22τ 0)−1τ ′0HtF
′
dpr⊥(U)P = 0.

(5.3.8)
If a design is uniform on periods, then as in the proof of Theorem 5.2.1,
each column of T ′dpr⊥(U)P and F ′dpr⊥(U)P is a multiple of 1t and so

HtT
′
dpr⊥(U)P = HtF

′
dpr⊥(U)P = 0.

Consequently, (5.3.8) holds and hence (5.3.6) holds. Thus Cd = C̃d when
d is uniform on periods. However, as remarked earlier, the information
matrix depends on the unknown τ 0 and γ0 and so, Bailey and Kunert
(2006) used the following criterion.

For any fixed τ 0 and any connected design d in Ωt,n,p, let θ1d ≥ θ2d ≥
· · · ≥ θt−1,d be the nonzero eigenvalues of Cd. Define

φA(Cd, τ 0) =
t−1∑
k=1

1
θkd

.

Bailey and Kunert (2006) assumed that the distribution, P, of τ 0 is per-
mutation invariant, an assumption that will be valid if the treatments are
randomized. With such a P and for any design d ∈ Ωt,n,p, let

φ̄A(Cd) =
∫
φA(Cd, τ 0)dP(τ 0).

Then a design which minimizes φ̄A(Cd) in a class D ⊂ Ωt,n,p is said to be
φ̄A-optimal for the direct effects over D.

Clearly,

φ̄A(Cd) = Ā

(
t− 1
2σ2

)
,

where Ā is the Ā-criterion as defined in (5.3.4) with G there replaced by
P. Since τ ′01t = 0, there exists an orthonormal basis of Rt of the following
form: {

x1, . . . ,xt−2,xt−1 =
τ 0√
τ ′0τ 0

,xt =
1t√
t

}
.

Then, exploiting the fact that Cd ≤ C̃d, Bailey and Kunert (2006) showed
that

φA(Cd, τ 0) ≥
t−1∑
k=1

1
x′lC̃dxl

≥ 1
lτ 0,d

+
(t− 2)2

sτ 0,d
, (5.3.9)
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where

lτ 0,d = x′t−1C̃dxt−1

= (τ ′0τ 0)−1

{
τ ′0Bd11τ 0 −

(τ ′0Bd12τ 0)2

τ ′0Bd22τ 0

}
, and

sτ 0,d = tr(Bd)− (τ ′0τ 0)−1τ ′0Bdτ 0.

In addition, they also showed that equality holds in (5.3.9) if d is such that
all Bduv, 1 ≤ u ≤ v ≤ 2, are completely symmetric and d satisfies (5.3.6)
or equivalently, (5.3.8). It is easy to see that for such a design d, lτ 0,d and
sτ 0,d do not depend on τ 0. Now taking the average of φA(Cd, τ 0) over
P, they obtained a lower bound for the φ̄A-criterion as shown in the next
lemma.

Lemma 5.3.1. For 1 ≤ u ≤ v ≤ 2, let bduv = tr(Bduv). Then

φ̄A(Cd) ≥
(t− 1)bd22

bd11bd22 − b2d12

+
(t− 1)(t− 2)

bd11 + 2γ0bd12 + γ2
0bd22

and equality holds if d is uniform on periods and all Bduv are completely
symmetric, 1 ≤ u ≤ v ≤ 2. �

Recalling from Chapter 3 that a design is said to be binary over subjects
if each treatment appears at most once in each subject, let Bt,n,p be the
class of such designs in Ωt,n,p. Bailey and Kunert (2006) obtained the
following result from Lemma 5.3.1.

Theorem 5.3.3. Let d∗ ∈ Ωt,n,p, p ≤ t, be a totally balanced design, and
let the distribution P of τ 0 be permutation invariant.
(i) Then d∗ is φ̄A-optimal for direct effects over Bt,n,p for arbitrary γ0.
(ii) Suppose in addition, τ 0 and γ0 are independent.
Then d∗ is IA-optimal for direct effects over Bt,n,p, whatever be the distri-
bution of γ0. �

Bailey and Kunert (2006) also considered a version of Lemma 5.3.1 in
terms of the approximate theory and hence, using arguments somewhat
similar to but more complex that those leading to Theorem 5.2.5, obtained
two more optimality results on totally balanced designs. These are pre-
sented below.

Theorem 5.3.4. Let d∗ ∈ Ωt,n,p be a totally balanced design, where t ≥
p ≥ 3 or p = 2, t ≥ 3. Then for all γ0 ∈ [−1, 1], d∗ is Ā-optimal for direct
effects over all designs in Ωt,n,p which do not assign the same treatment to
successive periods in any subject. �
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Theorem 5.3.5. Let d∗ ∈ Ωt,n,p be a totally balanced design where t ≥
p ≥ 3 or p = 2 and t ≥ 6. Then d∗ is Ā-optimal for direct effects over the
entire class Ωt,n,p if γ0 ∈ [−1, ϕ], where ϕ(> 0) is given by

ϕ =
1

(t− 2)(p− 1)

[
(t− 2)− 1

pt− t− 1

(
1− t

p(pt− t− 1)

)−2
]
.

�

Bailey and Kunert (2006) also showed numerically that total balance
does not imply Ā-optimality for all values of τ 0 and γ0, even over the
binary designs. Moreover, for p = 2, t = 5 (a case not covered by Theorem
5.3.5), a totally balanced design is Ā-optimal if γ0 ∈ [−0.45, 0.85]. As
γ0 becomes large and positive, designs with zdss > 0 (i.e., designs where
a treatment follows itself) become better than totally balanced designs.
Similar observations were made by Kempton et al. (2001) who used a
computer algorithm to search for Ā-optimal designs under model (5.3.2)
in Ω4,12,4 and Ω4,12,5. They showed how the choice of the most efficient
design for specified values of γ0 changes with the value of γ0 and designs
with zdss = 0 generally perform better when γ0 < 0 while those with
zdss > 0 perform better for γ0 > 0.

In the rest of this section, we consider optimal designs under (5.3.1)
when γ is known. In this simpler case, the nonlinear model (5.3.1) becomes
linear and the more stringent universal optimality criterion can be used for
finding optimal designs for a given value of γ as considered by Bose and
Stufken (2007). The linearity allows the development of analytical solutions
for universally optimal designs for direct effects for certain broad ranges of
possible values of γ.

For ease in presentation and in order to keep parity with the original
paper, we now order the observations in Y d as Y d = (Y11, Y12, . . . , Ynp)′.
With this ordering of the observations in Y d, it follows that now the design
matrices for period and subject effects are P = Ip⊗1n and U = 1p⊗In, re-
spectively. Similarly, this ordering results in an appropriate rearrangement
of the rows of the matrices Td, Fd and Wd used earlier to give the corre-
sponding matrices used in the rest of this section. Under model (5.3.1), for
a design d ∈ Ωt,n,p and a given value of γ, the information matrix for τ ,
which is denoted by Cd(γ), is given by

Cd(γ) = (Wd(γ))′pr⊥([P U ])Wd(γ). (5.3.10)
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Definition 5.3.1. A design d ∈ Ωt,n,p is said to be invariant over periods
if for every treatment, the treatment is equally often replicated in each
period; different treatments, however, may not have the same replication.

Clearly, a design that is uniform on periods is also invariant over the
periods. Instead of studying Cd(γ) directly, as in the previous section, it is
again easier to study a simpler matrix that majorizes Cd(γ) in the Loewner
sense. To that end, we have the following lemma due to Bose and Stufken
(2007). Note that in this lemma, equality holds under a condition weaker
than that of uniformity on periods.

Lemma 5.3.2. For a design d ∈ Ωt,n,p,

Cd(γ) ≤ (Wd(γ))′pr⊥([Fd1t U ])Wd(γ)

in the Loewner sense, with equality if and only if d is invariant over the
periods.

Proof. Since Fd1t belongs to the column space of P , we have

Cd(γ) = (Wd(γ))′pr⊥([Fd1t U ])Wd(γ)
−(Wd(γ))′pr(pr⊥([Fd1t U ])pr⊥(Fd1t)P )Wd(γ)

≤ (Wd(γ))′pr⊥([Fd1t U ])Wd(γ),

since (Wd(γ))′pr(pr⊥([Fd1t U ])pr⊥(Fd1t)P )Wd(γ) is nonnegative. More-
over, this term vanishes if and only if

(Wd(γ))′pr⊥([Fd1t U ])pr⊥(Fd1t)P = 0. (5.3.11)

It can be easily shown that

pr⊥([Fd1t U ])pr⊥(Fd1t)P =
[

0n 0n · · ·0n
0n(p−1) pr⊥(1p−1)⊗ 1n

]
.

Hence (5.3.11) holds for all γ if and only if

T ′d

[
0n 0n · · ·0n

0n(p−1) pr⊥(1p−1)⊗ 1n

]
= F ′d

[
0n 0n · · ·0n

0n(p−1) pr⊥(1p−1)⊗ 1n

]
= 0,

and this holds if and only if

T̃ ′d11n = T̃ ′d21n = · · · = T̃ ′dp1n, (5.3.12)

where for 1 ≤ i ≤ p, T̃di stands for the n× t submatrix of Td corresponding
to the observations in period i. Condition (5.3.12) is equivalent to d being
invariant over the periods, thus completing the proof. �
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The next step towards finding a universally optimal design is maximizing
the trace of the upper bound of Cd(γ) as given by Lemma 5.3.2. Writing

Cd11 = T ′dpr⊥(U)Td,
Cd12 = T ′dpr⊥(U)Fd,
Cd22 = F ′dpr⊥(U)Fd,

(5.3.13)

and Ht = It − t−1Jt, we have the following result.

Lemma 5.3.3. For any γ and for any design d ∈ Ωt,n,p,

tr(Cd(γ)) ≤ tr(Cd11) + 2γtr(Cd12) + γ2tr(HtCd22), (5.3.14)

with equality for all γ if d is uniform over periods.

Proof. Since Cd(γ)1t = 0, tr(Cd(γ)) = tr(HtCd(γ)). By virtue of Lemma
5.3.2, this implies that

tr(Cd(γ)) = tr(HtCd(γ)) ≤ tr(Ht

(
Wd(γ))′pr⊥(Fd1t U

)
Wd(γ)). (5.3.15)

By Lemma 1.2.1,

(Wd(γ))′pr⊥(Fd1t U)Wd(γ) = (Wd(γ))′pr⊥(U)Wd(γ)
−(Wd(γ))′pr(pr⊥(U)Fd1t)Wd(γ).

(5.3.16)
From (5.3.13) now observe that

(Wd(γ))′pr⊥(U)Wd(γ) = Cd11 + γ(Cd12 + C ′d12) + γ2Cd22,

and thus

tr
(
Ht(Wd(γ))′pr⊥(U)Wd(γ)

)
= tr(Cd11) + 2γtr(Cd12) + γ2tr(HtCd22).

(5.3.17)
Since tr

(
Ht(Wd(γ))′pr(pr⊥(U)Fd1t)Wd(γ)

)
is nonnegative, (5.3.14) follows

from (5.3.15)–(5.3.17).
Equality holds in (5.3.14) if equality is attained in (5.3.15) and

tr
(
Ht(Wd(γ))′pr(pr⊥(U)Fd1t)Wd(γ)

)
= 0.

The last equation holds if and only if

Ht(Wd(γ))′pr⊥(U)Fd1t = 0,

i.e., if and only if (Wd(γ))′pr⊥(U)Fd1t is a multiple of 1t.
Recalling that Wd(γ) = Td + γFd, this happens for all γ if and only if

each of T ′dpr⊥(U)Fd1t and F ′dpr⊥(U)Fd1t is a multiple of 1t. Clearly, a
design which is uniform on periods meets these requirements.
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Moreover, such a design leads to equality in (5.3.15) for all γ. The result
now follows. �

Remark 5.3.2. The only designs for which equality is attained in both
Lemma 5.3.2 and Lemma 5.3.3 are the ones that are uniform on periods.

�

The bound in Lemma 5.3.3 is important as it enables one to proceed
as in the previous section to find an attainable upper bound for tr(Cd(γ))
which does not depend on d. For a design d ∈ Ωt,n,p, let Tdj and Fdj be the
submatrices of Td and Fd corresponding to subject j, and write

C
(j)
d11 = T ′djpr⊥(U)Tdj ,

C
(j)
d12 = T ′djpr⊥(U)Fdj ,

C
(j)
d22 = F ′djpr⊥(U)Fdj .

Then it is easy to see as before that Cduv =
n∑
j=1

C
(j)
duv, for all u, v and

tr(Cd11) =
n∑
j=1

tr(C(j)
d11),

tr(Cd12) =
n∑
j=1

tr(C(j)
d12),

tr(HtCd22) =
n∑
j=1

tr(HtC
(j)
d22).

(5.3.18)

Keeping in mind the expression in the right-hand side of (5.3.14), we
now define the function

bs(γ) = tr(Cs11) + 2γtr(Cs12) + γ2tr(HtC
s
22), (5.3.19)

where Csuv is used to denote C(j)
duv when the subject j receives the sequence

s ∈ S. Clearly, in the expressions in (5.3.18), the contributions of subjects
which receive sequences from the same equivalence class is the same. Hence
bs(γ) will be the same for all sequences s in the same equivalence class
< s >. So, from (5.3.18) it follows that for a given γ, in order to maximize
the right-hand side of (5.3.14), i.e., tr(Cd11)+2γtr(Cd12)+γ2tr(HtCd22), it
is enough to choose sequences s which maximize bs(γ) and then use designs
d which allocate only those sequences which are equivalent to the chosen
sequences.

Definition 5.3.2. For a given γ, a sequence will be called admissible for
this value of γ if it maximizes bs(γ) over all possible sequences s in S. An
equivalence class of admissible sequences will be called admissible.
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Definition 5.3.3. A design d ∈ Ωt,n,p is said to be neighbor balanced, if
given any pair of distinct treatments s and s′, d allocates them in consecu-
tive periods to the same subject, irrespective of the order, an equal number
of times; i.e., zdss′ + zds′s is a constant for all s, s′, 1 ≤ s, s′ ≤ t, s 6= s′.
No restrictions are placed on any zdss.

Bose and Stufken (2007) proved the following result.

Theorem 5.3.6. Assume a given value of γ in the model (5.3.1). Let
d∗ ∈ Ωt,n,p be such that

(i) d∗ is uniform on periods;

(ii) all sequences in d∗ are admissible for this value of γ, and

(iii) all the matrices Cd∗11, (Cd∗12 + C ′d∗12) and Cd∗22 are completely sym-
metric.

Then under model (5.3.1) with this given value of γ, d∗ is universally op-
timal for direct effects over Ωt,n,p.

Proof. For any design d ∈ Ωt,n,p, Lemma 5.3.3, (5.3.18), (5.3.19) and
conditions (i) and (ii) of the theorem together imply that

tr (Cd∗(γ)) = tr(Cd∗11 + 2γCd∗12 + γ2HtCd∗22)
= nmax

s
bs(γ)

≥ tr(Cd11 + 2γCd12 + γ2HtCd22)
≥ tr(Cd(γ)).

(5.3.20)

Thus the information matrix of d∗ has maximal trace over all designs in
Ωt,n,p. Also, from Lemma 5.3.2, (5.3.16) and condition (i) of the theorem,
we have
Cd∗(γ) = (Wd∗(γ))′pr⊥([Fd∗1t U ])Wd∗(γ)

= (Wd∗(γ))′pr⊥(U)Wd∗(γ)− (Wd∗(γ))′pr(pr⊥(U)Fd∗1t)Wd∗(γ)
= Cd∗11 + γ(Cd∗12 + C ′d∗12) + γ2Cd∗22 − c1t1′t,

(5.3.21)
where c is a constant. Hence by condition (iii) of the theorem, Cd∗(γ) is
completely symmetric. The result is proved by invoking Theorem 1.4.1. �

Remark 5.3.3. Bose and Stufken (2007) pointed out that the conditions
(i)–(iii) of Theorem 5.3.6 are sufficient for universal optimality but not
necessary. For instance, if γ = 0, then in (iii), only the complete symmetry
of Cd∗11 is required. Again, for t = 2, condition (iii) is trivially true. It
is easier to ensure that Cd11 is completely symmetric if d is viewed as a
block design with subjects as blocks and one keeps in mind that under the



March 9, 2009 12:18 World Scientific Book - 9in x 6in ws-book9x6

142 Optimal Crossover Designs

usual additive model for block designs, Cd11 is the information matrix for
treatment effects. The same is true for Cd22 too, but now d needs to be
restricted to the first (p − 1) periods and then viewed as a block design.
Moreover, if d satisfies the other conditions, then Cd12 +C ′d12 is completely
symmetric if and only if d is neighbor balanced. So, the construction of
designs satisfying conditions of Theorem 5.3.6 is not a difficult one. �

Bose and Stufken (2007) obtained the admissible sequences for some
selected values of t and p with p in the practically useful range 2 ≤
p ≤ 4 and used them to construct optimal designs satisfying the conditions
of Theorem 5.3.6. Designs for other values of t and p may be similarly
constructed. We present below three of the cases considered by Bose and
Stufken (2007). In each case we give the equivalence classes, a typical
sequence in each class and the corresponding value of bs(γ). Then optimal
designs are constructed using sequences from the admissible classes such
that conditions (i) and (iii) hold. These examples are given for the smallest
possible n for given t and p. Optimal designs with number of subjects a
multiple of the n used in the examples can as usual be obtained by taking
juxtapositions of the designs in the examples.

Case 1: p = 2, t ≥ 2.
In this case, there are only two equivalence classes.

Class Sequence tr(Cs11) tr(Cs12) tr(HtC
s
22) bs(γ)

(1) (11)′ 0 0 0 0
(2) (12)′ 1 −0.5 0.25 0.25(γ − 2)2

Since 0.25(γ−2)2 ≥ 0 for all γ, the equivalence class (2) is admissible for
all γ. For γ = 2, both the classes are admissible but τ1−τ2 is not estimable
since max

s
bs(γ) = 0. So, for any other value of γ, sequences belonging to

the class (2) should be used. If t = 2, a design using the sequences (12)′

and (21)′ equally often is universally optimal for direct effects by virtue of
Theorem 5.3.6. For odd t ≥ 3, a neighbor balanced design that satisfies
the conditions of Theorem 5.3.6 can be constructed when n is a multiple
of t(t− 1)/2. For even t > 2, a similar result holds when n is a multiple of
t(t− 1).

Example 5.3.1. With t = 3 and t = 4, the following designs d∗1 and
d∗2, based on sequences from class (2), satisfy conditions of Theorem 5.3.6.
Hence d∗1 and d∗2 are universally optimal for direct effects over Ω3,3,2 and
Ω4,12,2, respectively, for all values of γ.
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d∗1 =
1 2 3
2 3 1

, d∗2 =
1 1 1 2 2 2 3 3 3 4 4 4
2 3 4 1 3 4 1 2 4 1 2 3

.

�

Case 2: p = 3, t = 2.
In this case there are four equivalence classes.

Class Sequence tr(Cs11) tr(Cs12) tr(HtC
s
22) bs(γ)

(1) (111)′ 0 0 0 0
(2) (112)′ 1.33 −0.33 0.33 1.33− 0.66γ + 0.33γ2

(3) (121)′ 1.33 −1 1 1.33− 2γ + γ2

(4) (122)′ 1.33 0 1 1.33 + γ2

Here, if γ > 0, class (4) is the only admissible class and for γ < 0, class
(3) is the only admissible class. If γ = 0, then classes (2), (3) and (4) are all
admissible and any of these classes may be used for constructing optimal
designs.

Example 5.3.2. Using sequences from class (4) and class (3), we construct
designs d∗1 and d∗2, respectively, shown below such that they satisfy condi-
tions of Theorem 5.3.6. They are universally optimal for direct effects over
Ω2,2,3 for any γ ≥ 0 and γ ≤ 0, respectively.

d∗1 =
1 2
2 1
2 1

, d∗2 =
1 2
2 1
1 2

.

�

Case 3: p = 3, t ≥ 3.
In this case, there are 5 equivalence classes.

Class Sequence tr(Cs11) tr(Cs12) tr(HtC
s
22) bs(γ)

(1) (111)′ 0 0 0 0
(2) (112)′ 1.33 −0.33 0.33 1.33− 0.66γ + 0.33γ2

(3) (121)′ 1.33 −1 1 1.33− 2γ + γ2

(4) (122)′ 1.33 0 1 1.33 + γ2

(5) (123)′ 2 −0.67 1.11 2− 1.34γ + 1.11γ2
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It can be easily seen that (4) is the only admissible class when γ ∈
(0.52, 11.48), (3) is the only admissible class when γ ∈ (−4.73,−1.27) and
(5) is admissible for all other values of γ.

Example 5.3.3. Let t = 3. Using sequences from class (4), class (3) and
class (5), we construct designs d∗1, d∗2, and d∗3, respectively, as shown below.
These designs are universally optimal for direct effects over Ω3,3,3 for any γ
in the ranges (0.52, 11.48), (−4.73,−1.27) and (−1.27, 0.52), respectively.

d∗1 =
1 2 3
2 3 1
2 3 1

, d∗2 =
1 2 3
2 3 1
1 2 3

, d∗3 =
1 2 3
2 3 1
3 1 2

.

�

Example 5.3.4. Let t = 4. The totally balanced design with 12 subjects
given in Example 5.2.2 is universally optimal for direct effects over Ω4,12,3

for any γ in the range (−1.27, 0.52). �

Remark 5.3.4. (i) As discussed in Remark 5.3.3, we try to ensure neighbor
balance in the optimal designs and for this, we may not need to use all the
sequences in an admissible class. For instance, in Example 5.3.3, we use only
three sequences from class (5) instead of all the 6 sequences; in Example
5.3.4, 12 sequences out of the 24 in class (5) are used.
(ii) In the case p = 6, t = 3, it is known that the design d2 in Example 2.2.2
is universally optimal under model (1.3.3) over Ω3,9,6 (see Theorem 2.4.1).
However, under model (5.3.1), it can be seen that the optimal design with
n = 9 will allocate the sequences (112233)′, (223311)′, and (331122)′ to
three subjects each. Thus the strongly balanced uniform design which has
strong optimality properties under (1.3.3) may not always remain optimal
under (5.3.1).
(iii) When γ = 0, there are no carryover effects and (5.3.1) reduces to the
usual model for row-column designs. In the above examples, the optimal
designs for γ = 0 match those for a row-column design, as expected. �

For other combinations of p and t, we can find optimal designs along
similar lines. In Theorem 5.3.6, it was assumed that the constant of pro-
portionality γ is known. In practice, γ will be unknown in most cases and
will have to be estimated. This results in a loss of information for the es-
timation of treatment contrasts. It is thus important to examine whether
or not the above findings obtained under the assumption that γ is known,
are useful for the situation when γ is unknown. This issue was considered
by Bose and Stufken (2007) and we present a summary of their results.
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Recall that the information matrix for direct effects, Cd, under the
model (5.3.2) is as given in (5.3.3). It can be shown from (5.3.3) and
(5.3.10) that Cd ≤ Cd(γ0) for all d, whatever be τ0. Now, if d is uniform
on periods, then, as in the proof of Lemma 5.3.2, it can be shown that

Cd = (Wd(γ0))′pr⊥([Fd1t U Fdτ 0])Wd(γ0). (5.3.22)

Therefore, from Lemma 5.3.2 and (5.3.22), for any such design,

Cd(γ0)− Cd = (Wd(γ0))′{pr⊥([Fd1t U ])− pr⊥([Fd1t U Fdτ 0])}Wd(γ0)
= (Wd(γ0))′ {pr([Fd1t U Fdτ 0])− pr([Fd1t U ])}Wd(γ0)
= (Wd(γ0))′

{
pr(pr⊥([Fd1t U ])Fdτ 0)

}
Wd(γ0).

Hence if one can identify a design d for which this difference is zero for some
γ0 and τ 0 and if d is universally optimal for direct effects when γ = γ0, then
d is also universally optimal if we treat γ as unknown and γ0, τ 0 are the true
values. In particular, we would like to find designs for which this difference
is zero for some γ0 whatever the value of τ 0. The following theorem of Bose
and Stufken (2007) identifies such designs.

Theorem 5.3.7. Let d∗ ∈ Ωt,n,p and suppose the true (unknown) value of
γ is γ0 = −tr(Cd∗12)/tr(HtCd∗22). Furthermore, let d∗ satisfy the following
conditions:

(i) d∗ is uniform on periods,

(ii) all sequences in d∗ are admissible for γ0,

(iii) the matrices Cd∗11, Cd∗12 and Cd∗22 are all completely symmetric.
Then under model (5.3.1), d∗ is universally optimal over Ωt,n,p for the
estimation of direct effects irrespective of the value of τ 0. �

For values of γ0 other than that in Theorem 5.3.7, an optimal design
may depend on the true value τ 0 of τ , making the problem of identifying
universally optimal designs considerably harder. However, as remarked by
Bose and Stufken (2007), the results for the case when γ is known can
provide useful guidance for the case when γ is unknown.
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Chapter 6

Optimality under Non-additive
Models

6.1 Introduction

The optimal crossover designs considered in Chapters 2-4 are all obtained
under a setup in which it is assumed that there is no interaction between
treatments applied to the same subject in successive periods. While this
assumption may be justified in some situations, the same may not be true
in all cases where a crossover design is used. John and Quenouille (1977,
pp. 211–214) gave an example of a crossover experiment with data on
grass yields, and the analysis of these data show the presence of interaction
among the treatments applied in successive periods on the same subject.
Berenblut (1967) and Patterson (1970) considered crossover designs where
the treatments were four equi-spaced levels of a single quantitative fac-
tor and the interaction between the linear component of direct effects and
the linear component of carryover effects was important, apart from the
(usual) direct and first order carryover effects. See also Berenblut (1968,
1970). Several designs for this situation were studied by Patterson (1970),
including those proposed by Berenblut (1967). Patterson (1973), while de-
scribing a construction method of strongly balanced designs (see Section
2.6), remarked how these could be used in situations where the interaction
between direct and carryover effects is included in the model, apart from
the other parameters in model (1.2.1). Balaam (1968) also considered 2-
period crossover designs under a model that included interaction between
direct effects of treatments and periods. However, the question of optimal-
ity of these designs was not addressed by Balaam. See also a discussion by
Federer of Hedayat (1981).

In view of the importance of interactions that might be present in certain
situations, it is meaningful to study the optimality aspects of crossover

147
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designs in the presence of such an interaction. With this in mind, Sen
and Mukerjee (1987) postulated a model by revising the additive model
(1.2.1) to include an interaction term between the treatment producing the
direct effect and the treatment producing the carryover effect in a given
period of a subject. In this model, each treatment essentially has a different
carryover effect for treatments (including itself) which follow it. Hedayat
and Afsarinejad (2002) suggested a simpler model where each treatment has
only two different carryover effects, one when it is followed by itself (self
carryover) and another when it is followed by another treatment (mixed
carryover). This self and mixed carryover model and associated optimal
designs have already been discussed in Section 5.2. In this chapter we focus
on results under the non-additive model as in Sen and Mukerjee (1987),
where explicit interaction terms are incorporated.

John and Quenouille (1977) and Collombier and Merchermek (1993)
used models where the carryover effects are not only due to the treatments
applied to the immediately preceding period but also due to the treatments
applied in earlier periods. Thus, in contrast to the model (1.2.1) where
only the first order carryover effects are included, these authors considered
the situation where carryover effects of orders higher than the first are
possibly present. Bose and Mukherjee (2000, 2003) worked with a model
incorporating carryover effects up to, say, k periods following the period of
application. The presence of these higher order carryover effects also made
it reasonable to allow the possible presence of the interactions between
treatments in all these periods. Under such a model, Bose and Mukherjee
(2000, 2003) obtained optimal crossover designs.

In obtaining optimality results under the above mentioned models, a
calculus for factorial experiments is found to be a useful tool. In Section 6.2,
we establish a correspondence between crossover designs and a symmetric
t2 factorial experiment, t being the number of treatments in the crossover
design. For completeness and ready reference, we also state there some basic
results from this calculus. Some optimality results for fixed subject effects
under a non-additive model are given in Section 6.3 and the random subject
effects case is studied in Section 6.4. Results on optimal crossover designs
in the presence of higher order carryovers and interactions are summarized
in Section 6.5. Relevant construction methods of optimal designs are given
in the corresponding sections.



March 9, 2009 12:18 World Scientific Book - 9in x 6in ws-book9x6

Optimality under Non-additive Models 149

6.2 Correspondence with a Factorial Experiment

We incorporate an additional term in the model (1.2.1) to obtain the fol-
lowing non-additive model:

Y1j = µ+ α1 + βj + τd(1,j) + ε1j , 1 ≤ j ≤ n,

Yij = µ+ αi + βj + τd(i,j) + ρd(i−1,j) + γd(i,j),d(i−1,j) + εij ,

2 ≤ i ≤ p, 1 ≤ j ≤ n,

(6.2.1)

where γss′ is the interaction effect between treatments s and s′, 1 ≤ s, s′ ≤ t,
and all other terms are as in (1.2.1).

Under the model (6.2.1), the response from a subject in any period
other than the first period, is affected by the direct effect of a treatment,
the first order carryover effect and their interaction, besides the period and
subject effects. Under this model, it is very convenient to view a design
d ∈ Ωt,n,p as a two-factor symmetric t2 factorial experiment arranged in a
p × n row-column design, with the direct and first order carryover effects
of treatments being looked upon, respectively, as the main effects of two
factors F1 and F2, each at t levels, and the direct versus carryover effect
interaction being given by the factorial two-factor interaction F1F2. Thus,
instead of t treatments, we now need to consider the t2 treatment combi-
nations of the type (s, s′), 1 ≤ s, s′ ≤ t, where s, the treatment applied in
the current period, represents the level of the first factor F1 (contributing
a direct effect) and s′, the treatment applied in the immediately preceding
period, represents the level of the second factor F2 (contributing a carry-
over effect). A crossover design d ∈ Ωt,n,p is therefore equivalent to a t2

factorial experiment arranged in a row-column design with periods as rows
and subjects as columns.

Let ξss′ , 1 ≤ s, s′ ≤ t, denote the unknown parameter representing the
effect of the treatment combination (s, s′) described above. Write

ξ = (ξ11, . . . , ξ1t, . . . , ξt1, . . . , ξtt)′ (6.2.2)

for the t2×1 vector of the effects of the t2 factorial treatment combinations.
Then model (6.2.1) may equivalently be written in terms of the ξss′ ’s as

Y1j = µ+ α1 + βj + t−1
t∑

s′=1

ξd(1,j)s′ + ε1j , 1 ≤ j ≤ n,

Yij = µ+ αi + βj + ξd(i,j)d(i−1,j) + εij , 2 ≤ i ≤ p, 1 ≤ j ≤ n,

(6.2.3)

where the ξss′ , 1 ≤ s, s′ ≤ t, are as in (6.2.2) and other terms are as in
(1.2.1). Note that in this non-circular model there are no carryover effects
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nor interactions contributing to the responses in the first period. In the
factorial context this means that only the main effect of F1 is involved in
the responses Y1j , leading to the averaging of the effects ξd(1,j),s′ over all
the t levels of factor F2.

The study of the properties of a design under model (6.2.3) becomes
simpler if we use the tools of what is popularly known as the calculus for
factorial arrangements. This calculus was first introduced by Kurkjian and
Zelen (1962) and subsequently developed and studied by several others in-
cluding, Kurkjian and Zelen (1963), Zelen and Federer (1964) and Mukerjee
(1979, 1980). For a comprehensive discussion and results on the calculus
for factorial arrangements with applications to design of factorial experi-
ments, we refer to Gupta and Mukerjee (1989), where more references can
be found; see also Dey and Mukerjee (1999). The following lemma, which
is a two-factor version of a result in Mukerjee (1980), will be used later.

Lemma 6.2.1. Consider a factorial arrangement with two factors, F1 and
F2, each at t levels, in a design d. Let Bd be the coefficient matrix of the
reduced normal equations for estimating the factorial treatment effects via
the design d and let Z10 = It ⊗ Jt and Z01 = Jt ⊗ It. Then in d,
(i) the best linear unbiased estimators of contrasts belonging to the main
effect F1 are orthogonal to those belonging to the main effect F2 and the
interaction F1F2 if Z10Bd is symmetric, and
(ii) the best linear unbiased estimators of contrasts belonging to the main
effect F2 are orthogonal to those belonging to the main effect F1 and the
interaction F1F2 if Z01Bd is symmetric. �

We next develop the matrix Bd for a crossover design d ∈ Ωt,n,p under
the model (6.2.1) in terms of the equivalent factorial setup under the model
(6.2.3). Let eu be a t×1 vector with 1 in the uth position and zero elsewhere,
1 ≤ u ≤ t. Then (6.2.3) may be written in the following equivalent form:

Yij = µ+ αi + βj + λ′ijξ + εij , 1 ≤ i ≤ p, 1 ≤ j ≤ n,
where

λ1j = ed(1,j) ⊗ t−11t,

λij = ed(i,j) ⊗ ed(i−1,j), 2 ≤ i ≤ p, 1 ≤ j ≤ n.
(6.2.4)

Analogous to (1.3.3), the above model can also be written as

E(Y d) = X̃dθ̃, D(Y d) = σ2Inp, (6.2.5)

where Y d is as in Section 1.3 and

θ̃ = (µ,α′,β′, ξ′)′.
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Furthermore, in (6.2.5), the design matrix X̃d is given by

X̃d = [1np P U L],

where P and U are as in (1.3.4) and L = (L′1, . . . , L
′
n)′, with

Lj = (λ1j , . . . , λpj)′, 1 ≤ j ≤ n.

Example 6.2.1. Under the model (6.2.5), the design d1 of Example 2.2.1
is equivalent to a 42 factorial experiment. Two typical λij vectors are as
follows:

λ13 = (0, 0, 1, 0)′ ⊗ 1
4

(1, 1, 1, 1)′

=
1
4

(0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 0, 0, 0, 0)′

λ34 = (1, 0, 0, 0)′ ⊗ (0, 0, 1, 0)′

= (0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)′.

�

From (6.2.5), similar to (1.3.7), we have for any d ∈ Ωt,n,p,

X̃ ′dX̃d =


np n1′p p1′n

p∑
i=1

n∑
j=1

λ′ij

n1p nIp Jpn M̃ ′d
p1n Jnp pIn Ñ ′d

p∑
i=1

n∑
j=1

λij M̃d Ñd Ṽd

 , (6.2.6)

where

Ṽd =
p∑
i=1

n∑
j=1

λijλ
′
ij ,

M̃d =

(
n∑
j=1

λ1j , . . . ,
n∑
j=1

λpj

)
,

Ñd =
(

p∑
i=1

λi1, . . . ,
p∑
i=1

λin

)
.

(6.2.7)

Thus M̃d and Ñd are respectively the “treatments” versus periods and
“treatments” versus subjects incidence matrices of orders t2 × p and
t2×n, respectively, where the t2 treatment combinations of the form (s, s′),
1 ≤ s, s′ ≤ t, play the role of “treatments”.
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Now, as in Section 1.3, from (6.2.6) it follows that the coefficient matrix
of the reduced normal equations for estimating ξ via a design d ∈ Ωt,n,p is
given by

Bd = Ṽd − n−1M̃dM̃
′
d − p−1ÑdÑ

′
d + (np)−1(Ñd1n)(Ñd1n)′. (6.2.8)

However, it is to be noted that we are not interested in estimating all con-
trasts among the components of ξ; rather, we are interested in estimating
contrasts among direct and carryover effects or, equivalently, contrasts be-
longing to the main effects F1 and F2. Therefore it is necessary to define
contrasts belonging to these main effects in terms of ξ. It is easy to see
that typical contrasts belonging to the main effect F1, main effect F2 and
the interaction F1F2 are given by

(l1 ⊗ 1t)′ξ, (1t ⊗ l2)′ξ and (l1 ⊗ l2)′ξ,

respectively, where l1 and l2 are any t× 1 nonnull vectors satisfying l′11t =
0 = l′21t.

6.3 Optimality Results

Theorem 2.4.1 shows that strongly balanced uniform designs are univer-
sally optimal under (1.2.1) for both direct and carryover effects. Sen and
Mukerjee (1987) showed that these designs remain optimal for direct ef-
fects even under model (6.2.1). This is primarily because the direct effect
contrasts are estimable orthogonally to those belonging to carryover effects
and interactions.

To prove this result, one could obtain the information matrix for the
estimation of direct effects from Bd and then show that this information
matrix satisfies the sufficient conditions of universal optimality as given in
Theorem 1.4.1. Alternatively, by noting that the model (6.2.1) is “finer”
than the model (1.2.1) and then applying Lemma 1.4.1 and Theorem 2.4.1,
one can get a simpler proof as in Sen and Mukerjee (1987). We present this
proof here.

Theorem 6.3.1. Let d∗ be a strongly balanced uniform design in Ωt,n,p.
Then under the model (6.2.1), d∗ is universally optimal for the estimation
of direct effects over Ωt,n,p.

Proof. By Theorem 2.4.1, d∗ is universally optimal for direct effects under
the additive model (1.2.1). So, under model (6.2.1), which is the non-
additive version of (1.2.1), in order to prove the optimality of d∗ we need to
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show that appropriate orthogonality conditions hold, i.e., it suffices to show
that in d∗, contrasts belonging to main effect F1 are estimable orthogonally
to those belonging to main effect F2 and interaction F1F2. Now, by Lemma
6.2.1, this will be proved if one can show that Z10Bd∗ is symmetric. To
achieve this, we first evaluate Ṽd∗ , M̃d∗ and Ñd∗ as given by (6.2.7) using
the properties of d∗ given in Definitions 2.2.3 and 2.2.5.

For d∗, we have from (6.2.4),

n∑
j=1

λ1jλ
′
1j =

n∑
j=1

ed∗(1,j)e
′
d∗(1,j) ⊗ t

−2Jt

=
n

t3
(It ⊗ Jt) ,

as d∗ is uniform over period 1, i.e., each treatment appears n/t times in
period 1. Similarly,

p∑
i=2

n∑
j=1

λijλ
′
ij =

p∑
i=2

n∑
j=1

ed∗(i,j)e
′
d∗(i,j) ⊗ ed∗(i−1,j)e

′
d∗(i−1,j)

=
n(p− 1)

t2
(It ⊗ It) ,

since d∗ is strongly balanced, i.e., each pair of treatments occurs n(p−1)/t2

times in consecutive periods in the same subject over periods 2, . . . , p.
Thus from (6.2.7),

Ṽd∗ =
n

t3
(It ⊗ Jt) +

n(p− 1)
t2

(It ⊗ It). (6.3.1)

Again, for d∗,

n∑
j=1

λ1j =
n

t2
(1t ⊗ 1t) and

p∑
i=2

n∑
j=1

λij =
n(p− 1)

t2
(1t ⊗ 1t), (6.3.2)

because of uniformity of d∗ over periods and strong balance. Thus

Ñd∗1n =
p∑
i=1

n∑
j=1

λij =
np

t2
(1t ⊗ 1t). (6.3.3)
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Also, from (6.2.7),

Z10M̃d∗ = (It ⊗ Jt)

 n∑
j=1

ed∗(1,j) ⊗
1
t
1t,

n∑
j=1

ed∗(2,j) ⊗ ed∗(1,j),

. . . ,

n∑
j=1

ed∗(p,j) ⊗ ed∗(p−1,j)


=

 n∑
j=1

ed∗(1,j) ⊗ 1t,
n∑
j=1

ed∗(2,j) ⊗ 1t, . . . ,
n∑
j=1

ed∗(p,j) ⊗ 1t


=
[n
t

(1t ⊗ 1t), . . . ,
n

t
(1t ⊗ 1t)

]
,

as d∗ is uniform over periods. Hence on simplification, using (6.3.2),

Z10M̃d∗M̃
′
d∗ =

n

t

(1t ⊗ 1t)
n∑
j=1

λ′1j +
p∑
i=2

(1t ⊗ 1t)
n∑
j=1

λ′ij


=
n2p

t3
(Jt ⊗ Jt).

(6.3.4)

Similarly, from (6.2.4),

Z10

p∑
i=1

λij = (It ⊗ 1t) (It ⊗ 1′t)

(
ed∗(1,j) ⊗ t−11t +

p∑
i=2

ed∗(i,j) ⊗ ed∗(i−1,j)

)

= (It ⊗ 1t)

(
ed∗(1,j) +

p∑
i=2

ed∗(i,j)

)

= (It ⊗ 1t)
p∑
i=1

ed∗(i,j) = pt−1(1t ⊗ 1t), 1 ≤ j ≤ n,

since d∗ is uniform over subjects. Hence from (6.2.7),

Z10Ñd∗ = pt−1 (1t ⊗ 1t, . . . ,1t ⊗ 1t)

and so, using (6.3.3),

Z10Ñd∗Ñ
′
d∗ =

p

t
(1t21′n)Ñ ′d∗ =

np2

t3
(Jt ⊗ Jt). (6.3.5)

From (6.2.8), (6.3.1), (6.3.3), (6.3.4) and (6.3.5), it is clear that Z10Bd∗

is symmetric and the proof is complete. �

Theorem 6.3.1 does not have an exact counterpart for the estimation of
carryover effects. This is because, unlike in the case of direct effects, not
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all strongly balanced uniform designs satisfy the appropriate orthogonality
condition. The following example illustrates this point.

Example 6.3.1. Consider the two strongly balanced uniform designs d1

and d2, both belonging to Ω2,4,6, as shown below.

d1 =

1 1 2 2
1 2 1 2
1 2 2 1
2 2 1 1
2 1 2 1
2 1 1 2

, d2 =

2 1 1 2
1 1 2 2
1 1 2 2
2 2 1 1
1 2 2 1
2 2 1 1

.

The matrices Bd1 and Bd2 can be computed from (6.2.8) and it can be easily
verified that while Z01Bd2 is symmetric, Z01Bd1 is not so. By Lemma 6.2.1,
this implies that d2 allows estimation of carryover effects orthogonally to
direct effects and direct versus carryover effects interaction; however, such
a property does not hold for d1, even though both d1 and d2 are strongly
balanced uniform designs. �

In view of Example 6.3.1, one needs to identify the strongly balanced
uniform designs which allow the estimation of carryover effect contrasts or-
thogonally to those belonging to direct effect and direct versus carryover
interaction. A solution to this problem essentially requires a combinatorial
characterization of the symmetry of Z01Bd∗ . A complete characterization
of this kind is, however, technically too involved to be helpful in actual
construction of designs. Instead, one may look for simpler sufficient con-
ditions. A set of such sufficient conditions was obtained by K. L. Kok in
an unpublished Ph.D. thesis (see Patterson (1973)) for the special case of
n = t2, p = 2t. A more general set of sufficient conditions was given by Sen
and Mukerjee (1987) as shown in Lemma 6.3.1 below.

Lemma 6.3.1. For a design d ∈ Ωt,n,p, let ζds be the set of subjects
receiving treatment s in the last period, 1 ≤ s ≤ t. Let d∗ ∈ Ωt,n,p be
a strongly balanced uniform design. Then under model (6.2.1), d∗ allows
orthogonal estimation of carryover effect contrasts if it satisfies the following
conditions:
(i) for each s, s′ (1 ≤ s, s′ ≤ t), there are exactly n/t2 subjects receiving
treatments s and s′ in the first and last periods, respectively, and
(ii) for each s (1 ≤ s ≤ t), in the collection of ordered pairs
{d∗(i − 1, j), d∗(i, j)}, 2 ≤ i ≤ p, j ∈ ζd∗s, each ordered pair (s, s2) (1 ≤
s2 ≤ t) occurs the same number (say, u1) of times while each ordered pair
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(s1, s2), (1 ≤ s1, s2 ≤ t, s1 6= s) occurs the same number (say u2) of times.

Proof. As in the proof of Theorem 6.3.1, for every strongly balanced uniform
design d∗, it may be checked using (6.3.1)–(6.3.3) that each of the matrices

Z01Ṽd∗ , Z01M̃d∗M̃
′
d∗ and Z01(Ñd∗1n)(Ñd∗1n)′

is symmetric. Thus by Lemma 6.2.1 and (6.2.8), it suffices to show that
Z01Ñd∗Ñ

′
d∗ is symmetric when d∗ satisfies the conditions (i) and (ii) of the

lemma. From (6.2.7), we have

Ñd∗Ñ
′
d∗ =

n∑
j=1

(
p∑
i=1

λij

)(
p∑
i=1

λ′ij

)
. (6.3.6)

Also, for d∗, from (6.2.4),

Z01

(
p∑
i=1

λij

)
= 1t ⊗

[
t−11t +

p∑
i=2

ed∗(i−1,j)

]
= 1t ⊗

[
(p+ 1)t−11t − ed∗(p,j)

]
,

since
p∑
i=1

ed∗(i,j) =
p

t
1t. Hence from (6.3.6),

Z01Ñd∗Ñ
′
d∗ =

p+ 1
t

(1t ⊗ 1t)

 n∑
j=1

p∑
i=1

λ′ij


−

n∑
j=1

(
1t ⊗ ed∗(p,j)

)( p∑
i=1

λ′ij

)
.

(6.3.7)

The first term on the right-hand side of (6.3.7) is symmetric by (6.3.2).
The second term equals

t−1
n∑
j=1

(
1te′d∗(1,j)

)
⊗
(
ed∗(p,j)1′t

)
+

n∑
j=1

(
1t ⊗ ed∗(p,j)

)( p∑
i=2

e′d∗(i,j) ⊗ e
′
d∗(i−1,j)

)

=
n

t3
(Jt ⊗ Jt) +

t∑
s=1

(1t ⊗ es)

 ∑
j∈ζd∗s

p∑
i=2

e′d∗(i,j) ⊗ e
′
d∗(i−1,j)


=
n

t3
(Jt ⊗ Jt) +

t∑
s=1

(1t ⊗ es) [1′t ⊗ {u21′t − (u2 − u1)e′s}]

=
( n
t3

+ u2

)
(Jt ⊗ Jt)− (u2 − u1)(Jt ⊗ It),
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by virtue of the conditions (i) and (ii) for d∗. It is now easy to see that
Z01Bd∗ is symmetric and the result follows. �

From Theorem 2.4.1 and Lemma 6.3.1, by applying Lemma 1.4.1, the
following result is immediate.

Theorem 6.3.2. Let d∗ ∈ Ωt,n,p be a strongly balanced uniform design
satisfying conditions (i) and (ii) of Lemma 6.3.1. Then d∗ is universally
optimal for carryover effects over Ωt,n,p. �

Remark 6.3.1. If d∗ satisfies condition (ii) of Lemma 6.3.1, then by Defi-
nitions 2.2.3 and 2.2.5 it follows that u1 = n(p− t)/t3 and u2 = np/t3.

�

Remark 6.3.2. Suppose µ2 = p/t is even. Then the method of construc-
tion in Theorem 2.6.2 can be applied with α = 0 and β = µ2/2. It is not
hard to see that the resulting designs satisfy the condition of Lemma 6.3.1
and are therefore universally optimal, by Theorem 6.3.2, for the carryover
effects under the nonadditive model. The design d2 in Example 2.2.1 is one
such design. When µ2 is odd and t 6= 6, the following result from Sen and
Mukerjee (1987) provides a method of construction of designs satisfying
both conditions of Lemma 6.3.1. �

Theorem 6.3.3. For t 6= 6, a strongly balanced uniform design satisfying
conditions (i) and (ii) of Lemma 6.3.1 exists whenever n = µ3t

2 and p =
µ2t for integers µ3 ≥ 1 and µ2 > 2 odd.

Proof. Let µ2 = 2m+1 where m is a positive integer. First suppose t 6= 2, 6.
Then a pair of mutually orthogonal t × t Latin squares exists. Let these
Latin squares be denoted by Q1 and Q2 and without loss of generality, let
the symbols in these squares be 0, 1, . . . , t− 1. Let quh be the hth column
of Qu(u = 1, 2), gh be the t× 1 vector with all elements equal to h and Gh
be the t× 3 matrix given by Gh = (q1h, q2h, gh), 0 ≤ h ≤ t− 1. Define

G = (G0, G1, · · · , Gt−1).

For t = 2, define G as

G =
[

1 0 0 1 0 1
0 0 0 1 1 1

]
.

For any t 6= 6, now write

B0 =
[

0 1 · · · t− 1
0 0 · · · 0

]′
,
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and for 1 ≤ h ≤ t − 1, let Bh be obtained by adding h to each element of
B0, where the elements are reduced mod t. Let B = [B0, B1, . . . , Bt−1] and
define the t× p array

A0 = [G, B, . . . , B︸ ︷︷ ︸
m−1 times

].

For 1 ≤ h ≤ t − 1, let Ah be obtained by adding h to each element of A0,
where the elements are reduced mod t. Then it can be verified that the
p× t2 array

A = [A′0, A
′
1, . . . , A

′
t−1]

with rows and columns identified with periods and subjects, respectively, is
a strongly balanced uniform crossover design d∗ in Ωt,t2,p that satisfies the
conditions (i) and (ii) of Lemma 6.3.1. A strongly balanced uniform design
in Ωt,µ3t2,p satisfying the same conditions can now be obtained by taking
µ3 copies of the design d∗ constructed above. �

Example 6.3.2. Let t = 2. If the method of construction in Theorem 6.3.3
is applied with m = 1 and in the resulting array A, the entries 0 and 1 are
replaced by 1 and 2, respectively, then we get the design d2 in Example
6.3.1. �

Example 6.3.3. Let t = 3 and p = 15, i.e., m = 2. For this case, we
illustrate in detail the construction of d∗ by the above method. Consider
the two orthogonal Latin squares of order 3 as

Q1 =

 0 1 2
1 2 0
2 0 1

 , Q2 =

 0 1 2
2 0 1
1 2 0

 .

Following the construction given in the proof of Theorem 6.3.3, we have

B =

0 0 1 1 2 2
1 0 2 1 0 2
2 0 0 1 1 2

 , G =

0 0 0 1 1 1 2 2 2
1 2 0 2 0 1 0 1 2
2 1 0 0 2 1 1 0 2

 .
Then A0 = (G,B) and A1 and A2 are obtained by adding 1 and 2 respec-

tively to each element of A0 and reducing the elements mod 3. The 15× 9
array A = (A′0, A

′
1, A

′
2) gives the required strongly balanced uniform design

in Ω3,9,15 that satisfies the conditions of Lemma 6.3.1. �

Remark 6.3.3. Sen and Mukerjee (1987) also showed by actual construc-
tion that if one ignores the conditions of Lemma 6.3.1, then a strongly
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balanced uniform crossover design exists also when t = 6, p is an odd
multiple of 6 and t2|n. �

In a sense, Theorems 6.3.1 and 6.3.2 establish the robustness of Theorem
2.4.1 under a non-additive model. The next result revisits Theorem 2.4.2
from this perspective.

Theorem 6.3.4. Let d∗ ∈ Ωt,n,p be a strongly balanced design that is
uniform on the periods and uniform on subjects in the first (p− 1) periods.
Then under model (6.2.3), d∗ is universally optimal for carryover effects
over Ωt,n,p.

Proof. In view of Theorem 2.4.2, it suffices to check the relevant orthogo-
nality condition as given in Lemma 6.2.1, namely, the symmetry of Z01Bd∗ .
From the definition of d∗, this symmetry can be verified along the lines of
the proofs of Theorems 6.3.1 and 6.3.2. �

Remark 6.3.4. Theorem 6.3.4 shows that if the carryover effects are of
primary interest, one may use smaller sized designs as the condition of
uniformity over subjects is no longer required. �

6.4 Optimality Under a Non-additive Random Subject
Effects Model

Some authors, e.g., Laska and Meisner (1985), Carriere and Reinsel (1993)
and Hedayat et al. (2006) studied the situations where the subject effects
are random. They obtained optimal designs under a version of model (1.2.1)
assuming random subject effects (see Sections 3.2, 3.3 and 7.2). In this
section we study a version of model (6.2.1) under such an assumption. So,
with Yij ’s as in model (6.2.1), we assume that the vector of subject effects
β = (β1, . . . , βn)′ has a distribution with mean 0 and dispersion matrix
σ2
βIn while the vector of error terms has a distribution with mean 0 and

dispersion matrix σ2Inp. It is further assumed that β is independent of the
vector of error components.

Note that the above described linear model with random subject effects
may be written analogously to (6.2.5) as

E(Y d) = X̃dθ̃, D(Y d) = σ2Σ, (6.4.1)

where X̃d and θ̃ are now defined as

X̃d = [1np P L], θ̃ = (µ, α′, ξ′)′,
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and Σ = In ⊗ V with

V = Ip +
σ2
β

σ2
Jp.

Considering weighted least squares estimation based on X̃ ′dΣ
−1X̃d, after

some algebra one can obtain the coefficient matrix of the reduced normal
equations for estimating ξ via a design d ∈ Ωt,n,p under this model. Let
this matrix be denoted by B̃d. The following lemma shows B̃d explicitly.

Lemma 6.4.1. For any design d ∈ Ωt,n,p,

B̃d =
1
σ2

[
Ṽd −

1
n
M̃dM̃

′
d −

σ2
β

σ2 + pσ2
β

ÑdHnÑ
′
d

]

=
1
σ2

Bd +
1

p(σ2 + pσ2
β)
ÑdHnÑ

′
d,

where Ṽd, M̃d, Ñd are as in (6.2.7), Bd is as in (6.2.8) and Hn = In −
n−1Jn. �

Now, in order to express the contrasts belonging to direct effects, carry-
over effects and their interactions using matrix notation, we first consider a
(t− 1)× t matrix, Pt, such that (t−

1
2 1t, P ′t ) is an orthogonal matrix. Then

define

P 01 = (t−
1
2 1′t)⊗ Pt, P 10 = Pt ⊗ (t−

1
2 1′t), P

11 = Pt ⊗ Pt. (6.4.2)

Note that with ξ as in (6.2.2), P 01ξ, P 10ξ and P 11ξ represent complete
sets of orthonormal contrasts belonging to the carryover effects, the direct
effects and their interaction, respectively. Hence following Mukerjee (1980),
it can be shown that for a design d ∈ Ωt,n,p, the coefficient matrix of the
reduced normal equations for estimating the carryover effects is given by

Ad = P 01B̃d(P 01)′ − [P 01B̃d(P 10)′, P 01B̃d(P 11)′]G−
[
P 10B̃d(P 01)′

P 11B̃d(P 01)′

]
,

(6.4.3)
where B̃d is as in Lemma 6.4.1 and G− is a generalized inverse of a matrix
G, with G given by

G =
[
P 10B̃d(P 10)′ P 10B̃d(P 11)′

P 11B̃d(P 10)′ P 11B̃d(P 11)′

]
.

Using the matrix Ad as above, Bose and Dey (2003) obtained the fol-
lowing result.
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Theorem 6.4.1. Under the non-additive model (6.4.1) with random subject
effects, a design d∗ ∈ Ωt,n,p, which is strongly balanced, uniform on the
periods and uniform on the subjects in the first (p−1) periods is universally
optimal for the estimation of carryover effects over Ωt,n,p.

Proof. For any design d ∈ Ωt,n,p, by (6.4.3),

Ad ≤ P 01B̃d(P 01)′,

in the Loewner sense. Also, by Lemma 6.4.1, B̃d ≤ σ−2Ṽd. These together
imply that

Ad ≤ σ−2P 01Ṽd(P 01)′. (6.4.4)

But from (6.4.2) and the expression for Ṽd as shown in (6.2.7),

tr
(
P 01Ṽd(P 01)′

)
=
n

t2
(p− 1)(t− 1),

for every d ∈ Ωt,n,p. Hence by (6.4.4),

tr(Ad) ≤
n

σ2t2
(p− 1)(t− 1), (6.4.5)

for every d ∈ Ωt,n,p.
On the other hand, using the properties of d∗, one can check that

P 01Ṽd∗(P 01)′ =
n

t2
(p− 1)It−1,

P 01M̃d∗ = 0, P 01Ñd∗HnÑ
′
d∗ = 0, P 01B̃d∗(P 10)′ = 0, P 01B̃d∗(P 11)′ = 0.

Hence by (6.4.3) and Lemma 6.4.1,

Ad∗ =
n

σ2t2
(p− 1)It−1. (6.4.6)

By (6.4.6), Ad∗ is completely symmetric and its trace equals the upper
bound in (6.4.5). Hence the result follows on applying Theorem 1.4.1. �

Theorem 6.4.1 shows that Theorem 6.3.4 remains robust if the sub-
ject effects are random, which implies that the result of Theorem 2.4.2 for
carryover effects remains robust under a non-additive model with random
subject effects.
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6.5 Optimality in the Presence of Higher Order Carryover
Effects and Interactions

Several authors, e.g., John and Quenouille (1977) and Collombier and
Merchermek (1993), considered models for the analysis of a crossover ex-
periment in which carryover effects persisting beyond one successive period
were incorporated. Bose and Mukherjee (2000) studied the optimality of
crossover designs under such models.

Following the terminology of John and Quenouille (1977, p. 198), the
carryover effect occurring at the rth period following the period of appli-
cation is called the rth order carryover effect, r = 1, 2, . . . . The model that
we consider in this section incorporates into the basic model (1.2.1) all
carryover effects up to the kth order and interactions of all orders among
treatments applied in successive periods, up to a maximum of k consecutive
periods. This model can be specified as

Yij = µ+ αi + βj + ψd(i,j),d(i−1,j),...,d(i−k,j) + εij ,

k + 1 ≤ i ≤ p, 1 ≤ j ≤ n,

= µ+ αi + βj + ψd(i,j),d(i−1,j),...,d(1,j) + εij ,

1 ≤ i ≤ k, 1 ≤ j ≤ n,

(6.5.1)

where, for instance, ψh1,h2,...,hk+1 is the effect produced when treatment h1

is applied in the current period, h2 in the immediately preceding period,
. . . , hk+1 in the kth preceding period, 1 ≤ h1, h2, . . . , hk+1 ≤ t; all other
terms are as in model (1.2.1). Thus ψd(i,j),d(i−1,j),...,d(i−s,j) stands for the
sum of the direct effect of d(i, j), the first order carryover effect of d(i −
1, j), . . . , the sth order carryover effect of d(i − s, j) and all interaction
effects between these s+ 1 treatments.

Model (6.5.1) is a generalization of model (6.2.1). Here, k is any positive
integer. An experimenter may choose an appropriate value of k, say 1, 2
or 3 etc., depending on her/his belief as to the order of carryovers which
might affect the response at a given period. For k = 1, we only allow for
the first order residual effect. Similar models for k = 3 were used by John
and Quenouille (1977) for the analysis of data from a crossover experiment.

A correspondence between a t treatment crossover experiment and a
t2 factorial was used in Section 6.2. A similar approach is used here for
studying the optimality of crossover designs under model (6.5.1). We con-
sider a tk+1 factorial experiment with treatment combinations represented
as (h1, h2, . . . , hk+1) where 1 ≤ h1, h2, . . . , hk+1 ≤ t, such that h1 repre-
sents the treatment producing the direct effect and hi, 2 ≤ i ≤ k + 1,
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represents the treatment producing the (i − 1)th order carryover effect on
a subject. Then the properties of a design in Ωt,n,p can be studied under
the model (6.5.1) by looking upon this design as a symmetric tk+1 facto-
rial experiment where the direct and the (i − 1)th order carryover effects
(2 ≤ i ≤ k + 1) may be interpreted as the main effects of factors F1 and
Fi, 2 ≤ i ≤ k+1, respectively, and the interactions between the treatments
in the k + 1 successive periods are given by the corresponding factorial
interaction effects.

Analogous to (6.2.2), writing the tk+1 × 1 vector ξ as

ξ = (ξ11...1, ξ11...12, . . . , ξ11...1t, . . . , ξt1...1, . . . , ξtt...t)′, (6.5.2)

we may rewrite (6.5.1) in the form

Yij = µ+ αi + βj + λ′ijξ + εij , 1 ≤ i ≤ p, 1 ≤ j ≤ n,

where now the λij take the form

λij =


ed(i,j) ⊗ ed(i−1,j) ⊗ · · · ⊗ ed(i−k,j),

k + 1 ≤ i ≤ p, 1 ≤ j ≤ n,
ed(i,j) ⊗ ed(i−1,j) ⊗ · · · ⊗ ed(1,j) ⊗ (

∏
⊗ t−11t),

1 ≤ i ≤ k, 1 ≤ j ≤ n,

(6.5.3)

and
∏
⊗ denotes the Kronecker product of (k + 1− i) terms and ed(i,j) is

as in (6.2.4). The analysis now proceeds essentially as in Section 6.2. First,
one needs to define Ṽd, M̃d and Ñd via (6.2.7), now using the λij as shown
in (6.5.3). Then the coefficient matrix of the reduced normal equations for
estimating ξ is obtained from (6.2.8).

We can now extend the definition of strong balance to this situation as
follows.

Definition 6.5.1. Under the model (6.5.1), a design d ∈ Ωt,n,p is called
strongly balanced of order k if each consecutive subset of i periods in d

contains each i-tuple of treatments equally often, 1 ≤ i ≤ k + 1.

Let d∗ ∈ Ωt,n,p be a uniform strongly balanced design of order k. Then
we have the following result due to Bose and Mukherjee (2000).

Theorem 6.5.1. Under model (6.5.1), d∗ is universally optimal for the
estimation of direct effects over Ωt,n,p. �

The proof of this theorem rests essentially on the fact that under d∗,
contrasts belonging to direct effects are estimable orthogonally to those
belonging to carryover effects of different orders and also to those belonging
to the various interactions.
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Remark 6.5.1. The model (6.5.1) and the designs d∗ may be useful in
situations where the successive periods are close to each other in time and
there is not enough time lag between them for the carryover effect to die out
just after one period. However, since model (6.5.1) is rather general, the
optimal designs under this model are larger in size compared to those under
the models incorporating first order carryover effects only. As expected, the
number of subjects increases with increase in the value of k so that, the
smaller the value of k, the smaller is the optimal design. �

Two examples of the optimal designs of Theorem 6.5.1 are given below
from Bose and Mukherjee (2000).

Example 6.5.1. Suppose k = 2, t = 3. The design d1 shown below
is universally optimal for direct effects over Ω3,27,9 under a non-additive
model with up to second order carryover effects.

d1 =

0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2 2
0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2
0 1 2 1 2 0 2 0 1 0 1 2 1 2 0 2 0 1 0 1 2 1 2 0 2 0 1
1 1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2 2 0 0 0 0 0 0 0 0 0
1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0
1 2 0 2 0 1 0 1 2 1 2 0 2 0 1 0 1 2 1 2 0 2 0 1 0 1 2
2 2 2 2 2 2 2 2 2 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1
2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1
2 0 1 0 1 2 1 2 0 2 0 1 0 1 2 1 2 0 2 0 1 0 1 2 1 2 0

.

�

Example 6.5.2. Suppose k = 3, t = 2. The design d2 shown below is
universally optimal for direct effects over Ω2,16,8.

d2 =

0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1
0 1 0 1 1 0 1 0 0 1 0 1 1 0 1 0
0 1 1 0 1 0 0 1 0 1 1 0 1 0 0 1
1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0
1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0
1 0 1 0 0 1 0 1 1 0 1 0 0 1 0 1
1 0 0 1 0 1 1 0 1 0 0 1 0 1 1 0

.

�

The models in Sections 6.2, 6.4 and 6.5 relax one or more of the as-
sumptions of model (1.2.1), for example, (6.2.1) relaxes the assumption of
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additivity of treatment effects in successive periods, (6.5.1) allows higher
order carryovers, while the model in Section 6.4 allows random subject
effects. Combining all of them, we can as well consider a single model as

Yij =


µ+ αi + βj + ψd(i,j),d(i−1,j),...,d(i−k,j) + εij ,

k + 1 ≤ i ≤ p, 1 ≤ j ≤ n,
µ+ αi + βj + ψd(i,j),d(i−1,j),...,d(1,j) + εij ,

1 ≤ i ≤ k, 1 ≤ j ≤ n,

(6.5.4)

where the only change from (6.5.1) is that in (6.5.4), βj , the effect of subject
j, 1 ≤ j ≤ n, is a random variable. We assume, as in Section 6.4, that
β = (β1, . . . , βn)′ and the error components are independently distributed
of each other with zero means and dispersion matrices σ2

βIn and σ2Inp,

respectively. The resultant structure is such that observations from the
same subject are correlated while those arising from different subjects are
uncorrelated. Note that if we now take k = 1 and treat the subject effects
as fixed, we get back the model (1.2.1).

Using the Kronecker calculus for factorial arrangements as before, Bose
and Mukherjee (2003) proved the following result.

Theorem 6.5.2. Under the model (6.5.4), a uniform design d∗ ∈ Ωt,n,p
which is also strongly balanced of order k, is universally optimal for the
estimation of direct effects over Ωt,n,p. �

For some more results under a mixed effects non-additive model incor-
porating random subject effects, see Bose and Dey (2006).
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Chapter 7

Some Further Developments

7.1 Introduction

In this chapter, we discuss some other developments in the context of op-
timal crossover designs which were not covered in the earlier chapters. We
begin with designs involving just two treatments. Two-treatment crossover
designs are popular in the context of clinical trials for comparing a pair of
treatments, typically, a new drug with a standard one or a treatment with
a placebo. Several authors have obtained results on optimality of designs
with two treatments, under models with uncorrelated, and also correlated,
error structures. Some of these results which are obtained via the approxi-
mate design theory are reviewed in Section 7.2. In Section 7.3 we consider
models with correlated error structures and present optimality results in
exact design theory under such models for arbitrary t.

Next we consider a problem that often arises in practice when one wants
to determine the relative performance of a number of test treatments vis-a-
vis a standard treatment, called the control. For instance, in many pharma-
ceutical studies the experimenter is interested in comparing some new drugs
(test treatments) with an established standard drug, which acts as the con-
trol treatment. In the context of incomplete block designs, the problem of
finding optimal designs for test-control treatment comparisons has received
considerable attention in the literature and for authoritative reviews and
additional references, we refer to Hedayat, Jacroux and Majumdar (1988)
and Majumdar (1996). For crossover designs, the problem of finding opti-
mal designs for test-control treatment comparisons has been considered by
several authors in the recent past and these results are reviewed in Section
7.4.

167
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The last problem we consider in this chapter concerns that of subject
dropout during experimentation. In certain applications, sometimes it may
not be possible to carry out a planned crossover trial in its entirety. For
example, in the context of clinical trials with patients as subjects, it is often
seen that certain patients drop out before the experiment is over. In such
cases the resulting design after dropouts may turn out to be inefficient or
sometimes, even disconnected. It is therefore important to study designs
that remain optimal when the trial is truncated prematurely. This problem
has received attention in recent years. In Section 7.5, some aspects of
this problem are discussed. Finally, in Section 7.6, additional comments
regarding some issues related to crossover designs are made.

7.2 Optimal Two-treatment Designs

When there are only two treatments, a universally optimal design for direct
effects over Ω2,n,p is one that minimizes the variance of the best linear
unbiased estimator (BLUE) of τ1 − τ2 over all designs in Ω2,n,p, where as
before, τs is the direct effect of treatment s, s = 1, 2. Similarly, when
carryover effects are of interest, one would like to minimize the variance of
the BLUE of ρ1 − ρ2 over Ω2,n,p.

The optimality and efficiency of two-treatment crossover designs have
been studied by many authors and under various modifications of the tra-
ditional model (1.3.3). Kershner and Federer (1981) assumed a model with
sequence effects instead of subject effects and gave the variances of unbiased
estimators of direct effect contrasts, while Laska and Meisner (1985) derived
optimal designs under a model with random subject effects and equicorre-
lated covariance structure for general p, and also with an autoregressive
covariance structure for p = 2, 3 and 4. Adopting model (1.3.14) with au-
toregressive errors, Matthews (1987) gave optimal and efficient designs for
p = 3 and 4. Results for general p were obtained under the uncorrelated er-
ror model (1.3.3) by Matthews (1990), the correlated error model (1.3.14)
with autoregressive errors by Kunert (1991), and model (1.3.14) with a
general form of V by Kushner (1997a). For some additional results and
references on efficient two-treatment crossover designs, we refer to Laska,
Meisner and Kushner (1983), Ebbutt (1984), Carriere and Reinsel (1992)
and Carriere and Huang (2000). In this section we review some of the
results by the above authors.
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7.2.1 Designs under Uncorrelated Errors

In the context of designs with two treatments, Laska and Meisner (1985)
introduced the notion of dual balanced designs. These designs allocate the
same number of subjects to a treatment sequence s and its dual sequence,
the latter being obtained by interchanging treatment labels 1 and 2 in s.
Clearly, such dual balanced designs are symmetric designs in the sense of
Definition 4.2.2, but restricted to t = 2. Consequently, their optimality
properties follow from the results on optimality of symmetric designs as
given in Chapter 4 for arbitrary t(≥ 2) (see Examples 4.6.1 and 4.7.2 of
Chapter 4).

For the uncorrelated error model (i.e., model (1.3.3)), Chapter 4 gives
a detailed discussion on optimality via the approximate design theory ap-
proach for general t. In view of this, we do not review here the results of
Matthews (1990) and others which are also proved under this model but
specialized to t = 2. However, for the sake of completeness, we give some
illustrative examples of their optimal designs. It can be easily verified that
the designs in these examples satisfy the conditions of Theorem 4.6.2 and/or
Theorem 4.7.1, thus establishing their optimality.

Example 7.2.1. Let p = 3. Under model (1.3.3) with n = 2, the design
shown below is universally optimal for both direct and carryover effects
over Ω2,2,3.

1 2
2 1
2 1

.

�

Example 7.2.2. Let p = 4. In this case (as also in several other cases, as
seen in Chapter 4) a universally optimal design can be obtained for various
values of n and more than one non-isomorphic optimal design can be found
for the same n. Designs d1, d2, d3 shown below are universally optimal for
both direct and carryover effects in Ω2,n,4 with n = 4, 8 and 12, respectively.
Again, by juxtaposing d1 twice, we can obtain another universally optimal
design in Ω2,8,4 which is different from d2. Similarly juxtaposing d1 thrice,
we get an optimal design in Ω2,12,4 different from d3.

d1 ≡

1 2 1 2
1 2 2 1
2 1 2 1
2 1 1 2

, d2 ≡

1 1 1 2 2 2 1 2
1 1 1 2 2 2 2 1
2 2 2 1 1 1 1 2
2 2 2 1 1 1 2 1

,
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d3 ≡

1 1 1 1 2 2 2 2 1 2 1 2
1 1 1 1 2 2 2 2 2 1 2 1
2 2 2 2 1 1 1 1 1 2 2 1
2 2 2 2 1 1 1 1 2 1 1 2

.

�

For the correlated error model (i.e., model (1.3.14)), however, optimality
results for general t were not discussed in detail in Chapter 4. In the next
subsection, we review some of these results for t = 2.

7.2.2 Designs under Correlated Errors

We consider model (1.3.14) where V has a general form and p is arbitrary.
Under this model, we first follow the approach of Chapter 4 adapted to
the case of t = 2. Following Kushner (1997a), we use the approximate
design theory to identify optimal designs in a general class. We use the
notation from Chapter 4 but the algebra is simpler here as there are only
two treatments. Then we specialize to the case when V is autoregressive and
illustrate that this method can easily be applied to obtain optimal designs
for general p, including the ones given in Matthews (1987) for p = 3 and
4. Similarly, this can lead to an extension of some of the results of Laska
and Meisner (1985) to general p. Subsequently, following Kunert (1991) we
make some more comments.

As in Chapter 4, here we start with the class of all 2p sequences S,
where each sequence is a p × 1 vector, with elements being either 1 or 2.
From Section 4.2, recall that Ts and Fs are the p × t incidence matrices
for the period versus direct effects and the period versus carryover effects,
respectively, for each s ∈ S. These matrices for t = 2 may be written in
partitioned form as

Ts = (Ts,1 Ts,2) and Fs = (Fs,1 Fs,2),

where Ts,m and Fs,m are the columns corresponding to treatment m in
Ts and Fs, respectively, m = 1, 2. Then the quadratic in (4.3.1) may be
considerably simplified as shown in the following lemma. For easy reference,
we recall from (1.3.17) that

V ∗ = V −1 − (V −1JpV
−1)/(1′pV

−11p). (7.2.1)
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Lemma 7.2.1. With t = 2 and general V , the quadratic (4.3.1) is given
by

qs(u) = qs11 + 2qs12u+ qs22u
2, −∞ < u <∞, (7.2.2)

where
qs11 = 1

2 (2Ts,1 − 1p)′V ∗(2Ts,1 − 1p)

qs12 = 1
2 (2Ts,1 − 1p)′V ∗(2Fs,1 − 1̄p)

qs22 = 1
2 (2Fs,1 − 1̄p)′V ∗(2Fs,1 − 1̄p),

with 1̄p denoting a p × 1 vector with its first element equal to zero and all
other elements unity. Furthermore,
q′s(u) = (2Ts,1−1p)′V ∗(2Fs,1−1̄p)+u(2Fs,1−1̄p)′V ∗(2Fs,1−1̄p). (7.2.3)

Proof. From (4.3.1)
qs11 = tr

[
{(Ts,1 Ts,2)− 1

2 (1p 1p)}′V ∗{(Ts,1 Ts,2)− 1
2 (1p 1p)}

]
= (1/4)

2∑
m=1

(2Ts,m − 1p)′V ∗(2Ts,m − 1p)

= (1/2) (2Ts,1 − 1p)′V ∗(2Ts,1 − 1p) ,
on observing that for any sequence s, Ts,2 = 1p−Ts,1. Similarly, and using
the fact that Fs,2 = 1̄p−Fs,1, the expressions for the other coefficients may
be derived. �

It is clear that the quadratic in (7.2.2) remains the same for a sequence
s and also its dual (or equivalent) sequence which together constitute the
symmetry block (or equivalence class) < s >. So, in the context of opti-
mality, it is enough to consider only the distinct symmetry blocks < s > in
S. Indeed, as in Chapter 4, we may restrict to dual balanced (i.e., symmet-
ric) designs while searching for optimal designs. Now, using the simplified
form (7.2.2) of qs(u), one can employ Lemma 4.4.2 to find b, a and S̄ as
introduced in (4.3.6). With these b, a and S̄, Kushner (1997a) proved the
following results for general V and t = 2. Recall that similar results for
V = Ip and general t were obtained in Theorems 4.5.1 and 4.6.1.

Theorem 7.2.1. For t = 2, the information matrix for direct effects of a
universally optimal design is given by

Cd = nbH2 =
nb

2

(
1 −1
−1 1

)
,
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where b is as obtained from (4.3.6) with qs(u) as in (7.2.2). �

Theorem 7.2.2. For t = 2, a dual balanced design is universally optimal
for direct effects if and only if its support is in S̄ and the condition∑

s∈S̄

Psq
′
s(a) = 0

holds, where Ps is the weight of the symmetry block < s >, a, S̄ are as in
(4.3.6) with q′s(a) as in (7.2.3). �

In order to apply the above theorems we need to know a, b and S̄
and these may be determined using Lemma 4.4.2 and (7.2.2) provided V ∗

is known. Also, the efficiency of a dual balanced design d ↔ P ∗ may
be computed, essentially along the line of Section 4.8 in Chapter 4. For
example, the efficiency (Effd) for direct effects is given by

Effd =
q11(P ∗)− q2

12(P ∗)/q22(P ∗)
b

.

Using the above technique under an autoregressive error structure, optimal
designs obtained by Matthews (1987) for p = 3 and 4 can be seen to be
optimal. We consider results under such an error structure in the next
subsection.

7.2.3 Designs under Autoregressive Errors

While studying designs under a correlated error model, it is often assumed
that the errors for each subject follow a stationary first order autoregres-
sive process. In the context of crossover designs this assumption is quite
plausible since if measurements occur at equidistant periods in time then
under this assumption, the correlation between errors on the same subject
decreases exponentially with time. Under such an error structure, crossover
designs have been studied by several authors, including Azzalini and Gio-
vagnoli (1987), Berenblut and Webb (1974), Bora (1984, 1985), Kunert
(1985, 1991), Laska and Meisner (1985), Matthews (1987), Gill and Shukla
(1987), Carriere and Reinsel (1992) and Carriere and Huang (2000). The
problem of finding optimal designs under such a model with t = 2 has been
considered by Laska and Meisner (1985), Matthews (1987), Kunert (1991)
and Kushner (1997a). In this subsection, we review some of these results.

We now assume model (1.3.14) with the error dispersion matrix

σ2Σ = σ2In ⊗ V,
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where V = (vii′), with

vii′ =
ρ|i−i

′|

1− ρ2
, 1 ≤ i, i′ ≤ p, (7.2.4)

and ρ is a constant such that −1 < ρ < 1. The value of the correlation
coefficient ρ will often not be known in practice though as Kunert (1985)
argues, it may be possible to get some information about the value of ρ from
similar experiments already analyzed. In the following discussion while
searching for optimal designs we assume that ρ is known. Incidentally, while
the form (7.2.4) has been commonly used in the literature in the context
of autoregressive errors, some authors have also used a variant thereof with
the divisor (1− ρ2) omitted.

An advantage of the autoregressive error structure is that under such a
V , the matrix V −1 has the following simple form

V −1 =



1 −ρ 0 · · · 0 0 0
−ρ 1 + ρ2 −ρ · · · 0 0 0

0 −ρ 1 + ρ2 · · · 0 0 0
...

...
...

...
...

...
...

0 0 0 · · · 1 + ρ2 −ρ 0
0 0 0 · · · −ρ 1 + ρ2 −ρ
0 0 0 · · · 0 −ρ 1


(7.2.5)

and thus V ∗ can be computed easily from (7.2.1). Theorem 7.2.2 can then
be applied to get optimal designs. The following example illustrates this.

Example 7.2.3. Let p = 3. Then from (7.2.4) and (7.2.5)

V =
1

1− ρ2

 1 ρ ρ2

ρ 1 ρ

ρ2 ρ 1

 and V −1 =

 1 −ρ 0
−ρ 1 + ρ2 −ρ

0 −ρ 1

 .

Hence by (7.2.1), on simplification,

V ∗ =
1

3− ρ

 2 −1− ρ −1 + ρ

−1− ρ 2 + 2ρ −1− ρ
−1 + ρ −1− ρ 2

 .

Here

S =< (111)′ > ∪ < (112)′ > ∪ < (121)′ > ∪ < (122)′ >,

where as before, < s > denotes the symmetry block consisting of the se-
quence s and its dual (or equivalent sequence). For s = (111)′, Ts,1 =
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(111)′ and so, from Lemma 7.2.1,

q
(111)′

11 =
1
2

(1 1 1)V ∗

 1
1
1

 = 0.

Similarly, using T(112)′,1 = (110)′, T(121)′,1 = (101)′, T(122)′,1 = (100)′, the
four qs11 values are

q
(111)′

11 = 0, q
(112)′

11 =
4

3− ρ
, q

(121)′

11 =
4(1 + ρ)

3− ρ
, q

(122)′

11 =
4

3− ρ
. (7.2.6)

Suppose ρ < 0. We take A = 0 in Lemma 4.4.2 and use (7.2.6) to get

B = max
s
{qs(0)} = max

s
{qs11} =

4
3− ρ

,

and

SA = {< (112)′ >, < (122)′ >}.

Moreover, S+
A and S−A in Lemma 4.4.2 are nonempty here because, from

(7.2.3), on simplification we get

q′(112)′(0) =
2(ρ− 1)

3− ρ
< 0, q′(122)′(0) =

−4ρ
3− ρ

> 0.

Hence Lemma 4.4.2 yields

a = 0, b =
4

3− ρ
, S̄ = {< (112)′ >, < (122)′ >}.

Using Theorem 7.2.2, we can now construct a universally optimal design
with support on only the two symmetry blocks in S̄ such that their weights
satisfy

2(ρ− 1)P(112)′ − 4ρP(122)′ = 0, P(112)′ + P(122)′ = 1.

This leads to

P(112)′ =
2ρ

3ρ− 1
, P(122)′ =

ρ− 1
3ρ− 1

.

So, a universally optimal design allocates each of the sequences (112)′ and
(221)′ to

ρ

3ρ− 1
subjects and each of the sequences (122)′ and (211)′ to

ρ− 1
2(3ρ− 1)

subjects. �

The above optimal design was also obtained by Matthews (1987) by
direct methods involving lengthy algebra. Some other optimal designs ob-
tained by him for p = 3 and p = 4 can also be obtained via the above
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technique. A similar approach works for constructing optimal designs for
carryover effects too. However, when ρ is not known it may be meaningful
to look for designs which are efficient over a large range of ρ.

Matthews (1987) provided tables of efficiencies of several simpler dual
balanced designs with p = 3 and 4 for nine equidistant values of ρ in the
range −0.8 ≤ ρ ≤ 0.8. These efficiencies are given for both direct and
carryover effects and for each ρ, the efficiencies are computed as the ratio
of the variance of the contrast estimator as obtained under the optimum
design to that obtained under the given design. For several designs, these
efficiencies are quite high. Besides showing how efficient a design is for
a particular value of ρ, these tables help one in choosing a simple design
which remains efficient over a possible range of values of ρ. The latter point
is of practical importance since ρ is typically unknown. From these tables,
we give some examples of designs and their efficiencies below. These simple
and efficient designs could be useful in practice.

Example 7.2.4. For p = 3 and p = 4, consider the designs

d1=
1 2 1 2
2 1 1 2
2 1 2 1

, d2=
1 2 1 2
2 1 2 1
2 1 1 2

, d3=
1 2
2 1
2 1

,

d4=

1 2 1 2
1 2 2 1
2 1 2 1
2 1 1 2

, d5=

1 2
1 2
2 1
2 1

, d6=

1 2
2 1
2 1
1 2

.

For p = 3 and for direct effects, d1 has an efficiency of at least 90% for
ρ in the range −0.8 to 0.8 and its efficiency becomes less than 97% only
when ρ > 0.6. For carryover effects, d2 remains efficient, except when ρ is
close to 1. The design d3 is efficient for both direct and carryover effects
and these efficiencies fall below 80% only when ρ < −0.6. Note that d3 is
the extra period strongly balanced design which is optimal when ρ = 0 (see
Theorem 2.4.2).

For p = 4, d4 seems to be the best for both direct and carryover effects
for all ρ. This is the strongly balanced uniform design which is optimal
when ρ = 0 (see Theorem 2.4.1). For direct effects, d5 and d6 are highly
efficient for ρ < 0 and ρ > 0, respectively. For carryover effects, these roles
of d5 and d6 are reversed. �

Recall that for a given d, the information matrix for direct effects Cd is
as in (1.3.18), now with V as given by (7.2.4). Kunert (1991) considered
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the information matrix, given by C̃d, say, under a simpler model with no
subject and period effects. Clearly, as in (1.4.6),

Cd ≤ C̃d.

Though C̃d involves a g-inverse which is difficult to obtain in general, for
the case t = 2, Kunert (1991) showed that C̃d has a particularly simple
form. Moreover, for a certain type of designs with t = 2, the difference
between Cd and C̃d becomes negligible for large p. In view of this, Kunert
(1991) suggested the maximization of tr(C̃d) instead of tr(Cd) and called a
design which achieves this maximization as “efficient” for direct effects. He
further noted that these efficient designs are optimal under a model with no
subject effect. Such a model was considered by Laska and Meisner (1985)
and some of their optimal designs are indeed these efficient designs. Kunert
(1991) identified these efficient designs and gave a method for constructing
them for any given p and ρ. We summarize below the key steps of the
construction as proposed by him.

Case 1. p even. Define the following sequences:

s1 = (112211 . . . 22)′ s2 = (12211 . . . 221)′

s3 = (121212 . . . 12)′, s4 = (11 . . . 122 . . . 2)′,

where s4 contains the treatment 1, p/2 times. Treatments 1 and 2 appear
equally often in s3 and s4 and, also in s1 and s2 if p = 0 mod 4. If
p = 2 mod 4, then s1 ends with 11 and s2 with 112. Writing ψ = |ρ|, let

p∗1 =
1
2
n(p− 2)(ψ + ψ3),

p∗2 =
1
2
n
{(p− 2)(1 + ψ2) + 1− 2ψ}(1 + ψ)2 + 2ψ2(1 + ψ)

2ψ{(1 + ψ)4 − 4ψ2} 1
2

−1
2
n

(p− 2)(1 + ψ2) + 1− 2ψ
2ψ

,

and

p∗ =


p∗1, if p∗1 < n/2,
n/2, if p∗1 ≥ n/2, p∗2 ≤ n/2,
p∗2, otherwise.

To obtain an efficient design we need to follow the two steps given below.
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Step 1: When ρ ≥ 0,

(a) if p∗ ≤ n/2, assign s1 to n/2− p∗ subjects and s2 to n/2 + p∗

subjects
(b) if p∗ > n/2, assign s2 to n − (2p∗ − n)/(p − 2) subjects and

s3 to (2p∗ − n)/(p− 2) subjects,

and when ρ < 0,

(a) if p∗ ≤ n/2, assign s1 to n/2 + p∗ subjects and s2 to n/2− p∗
subjects

(b) if p∗ > n/2, assign s1 to n − (2p∗ − n)/(p − 4) subjects and
s4 to (2p∗ − n)/(p− 4) subjects.

Step 2: After allocation as in Step 1, replace each sequence by its dual
sequence in half of the subjects to which it is assigned.

Case 2. p odd. We indicate the construction for p = 1 mod 4 (see Kunert
(1991) for the case p = 3 mod 4). Define the following sequences:

s5 = (1122 . . . 11221)′, s6 = (121122 . . . 112)′,
s7 = (1212 . . . 12121)′, s8 = (12211 . . . 2211)′

s9 = (11122 . . . 1122)′ s10 = (11 . . . 122 . . . 2)′,

where treatment 1 occurs (p− 1)/2 times in s10. With p∗2 and ψ as in Case
1, let

p∗3 =
1
2
n
{(p− 2)(1 + ψ2) + 1− 2ψ}(1 + ψ + ψ2)− 2ψ2(1− ψ)

2ψ{(1 + ψ + ψ2)2 − 4ψ2} 1
2

−1
2
n

(p− 2)(1 + ψ2) + 1− 2ψ
2ψ

,

p∗ =


p∗3, if p∗3 < n,

n, if p∗3 ≥ n, p∗2 ≤ n,
p∗2, otherwise.

As in Case 1, we follow the two steps given below.

Step 1: When ρ ≥ 0,

(a) if p∗ ≤ n, assign s5 to n− p∗ subjects and s6 to p∗ subjects
(b) if p∗ > n, assign s6 to n − 2(p∗ − n)/(p − 3) subjects and s7

to 2(p∗ − n)/(p− 3) subjects,

and when ρ < 0,

(a) if p∗ ≤ n, assign s8 to n− p∗ subjects and s9 to p∗ subjects
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(b) if p∗ > n, assign s9 to n− 2(p∗ − n)/(p− 5) subjects and s10

to 2(p∗ − n)/(p− 5) subjects.

Step 2: After allocation as in Step 1, replace each sequence by its dual
sequence in half of the subjects to which it is assigned.

The designs obtained after Step 2 above in both Cases 1 and 2 are
efficient in the sense of Kunert (1991).

Example 7.2.5. Let p = 8. After Step 1 as given above, for ρ ≥ 0, the
design d consists of the sequences

11221122 assigned to n/2− p∗ subjects and
12211221 assigned to n/2 + p∗ subjects, if p∗ ≤ n/2,

12211221 assigned to 7n/6− p∗/3 subjects and
12121212 assigned to p∗/3− n/6 subjects, if p∗ > n/2.

On the other hand, for ρ < 0, after Step 1, d consists of

11221122 assigned to n/2 + p∗ subjects and
12211221 assigned to n/2− p∗ subjects, if p∗ ≤ n/2,

11221122 assigned to 5n/4− p∗/2 subjects and
11112222 assigned to p∗/2− n/4 subjects, if p∗ > n/2.

Then from the above d, after implementing Step 2, the efficient design
may be obtained. Kunert (1991) remarked that these designs have an
efficiency greater than 0.995 for all ψ.

Thus these efficient designs essentially consist of two pairs of dual se-
quences, each of which is allocated to a specified number of subjects. The
allocation numbers obtained as above may not be integers and Kunert
(1991) recommended that in practice, the nearest integers be used. He also
tabulated the efficiencies of these designs for p = 3, 4, 5 and ψ = 0.1, . . . , 0.9,
and observed that these efficiencies are impressive over the entire range of
ψ, specially for p > 3.

7.3 Optimal Designs under Correlated Errors for an Arbi-
trary Number of Treatments

The approximate design theory approach for obtaining optimal designs un-
der model (1.3.14) for arbitrary t and p was discussed in Chapter 4. Alter-
natively, the exact design theory can also be used to obtain optimal designs
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in this context and several authors have obtained results in this area. We
review a selection of these results in this section and give examples of de-
signs recommended by various authors.

Kunert (1985) considered a version of model (1.3.14) where there are no
carryover effects and in which the errors follow a first order autoregressive
process with V as in (7.2.4) and ρ known. He studied designs for the case
p = t and n = µ1t for some integer µ1 ≥ 1. After defining a function
(ρ∗) of t, he showed that a certain type of Williams design is universally
optimal for direct effects over the general class Ωt,n,t whenever ρ ≥ ρ∗.
Interestingly, ρ∗ is always negative and equals −1 for t = 3. Hence the
above mentioned designs are universally optimal whenever ρ > 0 and also
universally optimal when t = 3 for every ρ. Moreover, if we restrict to the
class of designs in Ωt,n,t which are uniform on the subjects, then, for every
ρ, these designs are universally optimal over this class.

Gill (1992) considered model (1.3.14) when the errors corresponding to
the observations on the same subject follow a first order autoregressive pro-
cess and obtained conditions under which a design which is uniform on peri-
ods and binary over subjects is variance-balanced. He gave two examples of
such variance-balanced designs, both of which are orthogonal arrays of type
I and strength two (see Definition 3.1.1). A variance-balanced crossover de-
sign allows the estimation of all elementary contrasts of direct effects with
the same variance, and all elementary contrasts of carryover effects are also
estimable with a constant variance. These designs are attractive to exper-
imenters as their analysis is simple. However, an optimal design need not
be always variance-balanced; see e.g., Donev and Jones (1995), who gave
an example of an A-optimal design that is not variance-balanced.

Martin and Eccleston (1998) showed that variance balanced designs
can be obtained from orthogonal arrays of type I and made an interesting
observation regarding the designs such obtained. This is stated as Lemma
7.3.1 below.

Lemma 7.3.1. Let d∗ ∈ Ωt,n,p be a design obtained from an orthogonal
array of type I, OAI(n, p′, t, 2), p′ ≤ p, with rows of the array representing
the periods (with some rows repeated if p′ < p), and the columns represent-
ing the subjects of d∗. Then under the model (1.3.14), for this design d∗,
the matrices Cduv, u, v = 1, 2, as in (1.3.16) are completely symmetric and
of the form Cd∗uv = auvHt, u, v = 1, 2, where the auv depend on which
rows of the array are repeated and where they are placed. Here, as usual,
Ht = It − Jt/t. �
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Clearly, with d∗ as in Lemma 7.3.1, the information matrices Cd∗ and
C̄d∗ are completely symmetric. Hence d∗ is variance balanced for both
direct and carryover effects. Note that d∗ can be binary over subjects (i.e.,
each subject receives a treatment at most once and p ≤ t) or non-binary.
Martin and Eccleston (1998) gave several examples of these designs which
are in a sense optimal for direct and/or carryover effects under specific
correlated error structures. One such example is presented below.

Example 7.3.1. Let t = 3, p = 4 and n = 6. The type I orthogonal array
OAI(6, 3, 3, 2) shown in Example 3.1.1, with any one of its rows repeated
once, can be used as a crossover design in Ω3,6,4. There are six possible
such designs, of which three are shown below:

d1 =

1 1 2 2 3 3
2 3 1 3 1 2
3 2 3 1 2 1
3 2 3 1 2 1

, d2 =

1 1 2 2 3 3
2 3 1 3 1 2
3 2 3 1 2 1
1 1 2 2 3 3

, d3 =

1 1 2 2 3 3
2 3 1 3 1 2
2 3 1 3 1 2
3 2 3 1 2 1

.

Design d1 is an extra-period strongly balanced design which has strong
optimality properties under model (1.3.3) (see Theorem 2.4.2). Under
model (1.3.14) with vii′ = ((ρ|i−i

′|)), 1 ≤ i, i′ ≤ p, Martin and Eccle-
ston (1998) showed that d1 is optimal for direct effects when ρ ≤ 0.13, d2 is
optimal when ρ > 0.64 while d3 is optimal when 0.13 < ρ < 0.64. For car-
ryover effects, d1 is optimal for all ρ > 0. Similar ranges may be obtained
for other designs. �

The universal optimality of the OAI designs under model (1.3.14) with
a general structure of V was subsequently proved by Kunert and Martin
(2000b) with reference to the class of designs which are binary over subjects.
Their result is given below. As in Section 3.4, we write Bt,n,p to denote the
class of designs in Ωt,n,p which are binary over subjects.

Theorem 7.3.1. For t ≥ p > 2, let d∗ ∈ Ωt,n,p be a crossover design
given by an orthogonal array of type I, OAI(n, p, t, 2), with rows of the
array representing the periods and the columns representing the subjects of
d∗. Then, under the model (1.3.14) where V is any known positive definite
matrix, d∗ is universally optimal for the estimation of direct effects over
Bt,n,p. �

We do not present a detailed proof of this theorem but only give a flavor
of their arguments. For this, we write as usual, Cd for the information
matrix for direct effects under the model (1.3.14), and denote by C̃d the
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corresponding information matrix under a simpler version of (1.3.14) that
excludes period effects. Following (1.4.6), then

Cd ≤ C̃d, (7.3.1)

and hence

tr(Cd) ≤ tr(C̃d). (7.3.2)

Now, with d∗ as stated in Theorem 7.3.1, observe that (i) Cd∗ = C̃d∗ , since
d∗ is uniform over periods, and (ii) by Lemma 7.3.1, Cd∗ is completely
symmetric. However, in general, it is difficult to find an upper bound for
tr(Cd) from (7.3.2) because maximization of tr(C̃d) over all d ∈ Ωt,n,p can
be challenging. Kunert and Martin (2000b) overcame this difficulty by
restricting to the class of binary designs in Ωt,n,p. This led to a design-
independent upper bound on tr(Cd) which is attained by d∗. Then the
theorem follows by invoking Theorem 1.4.1.

Remark 7.3.1. We may recall from Chapter 4 that under model (1.3.14),
Kushner (1997b, 1999) gave designs which are optimum in the entire class
Ωt,n,p and these were found to be non-binary. However, in experimental
situations, binary designs are often preferred by practitioners and in that
context, Theorem 7.3.1 is useful. Moreover, these designs may be con-
structed with n = t(t − 1) which could sometimes be smaller than the
number of subjects of the exact optimal designs obtained via approximate
theory as in Chapter 4. The efficiency of the designs d∗ as given by The-
orem 7.3.1 in the general class Ωt,n,p is quite high and for more discussion
on this we refer to Kunert and Martin (2000b). �

Hedayat and Yan (2008) considered model (5.2.1), i.e., a model with self
and mixed carryover effects, but instead of assuming uncorrelated errors as
in Chapter 5, they adopted an error dispersion matrix of the form σ2Σ =
σ2In ⊗ V as used with model (1.3.14). Then again (7.3.1) holds, with Cd
and C̃d now defined with reference to this model. Moreover, if a design d∗ ∈
Ωt,n,p is given by an OAI(n, p, t, 2), with the rows and columns of the array
representing the periods and subjects of d∗, they proved that even under
this model, Cd∗ is completely symmetric and Cd∗ = C̃d∗ . For maximizing
tr(C̃d), Hedayat and Yan (2008) considered two particular forms of V , one
where V is as given in (7.2.4) and another where the errors within each
subject follow a stationary first order moving average process. Under the
latter form,

V = Ip + ρW, ρ ∈ (−1/2, 1/2) (7.3.3)
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where W is a p×p matrix with 1 in the cells (i, i+1) and (i+1, i), and 0 in
all other cells. Thus errors from adjacent periods for the same subject are
correlated, while all other errors are uncorrelated. For such a model they
gave the following result.

Theorem 7.3.2. For p = 3 and t ≥ 3, let d∗ ∈ Ωt,n,3 be a design given
by an orthogonal array of type I, OAI(n, 3, t, 2). Then d∗ is universally
optimal for the estimation of direct effects over Ωt,n,3 under a model with
self and mixed carryovers with the dispersion structure of errors within each
subject given by either
(i) V as in (7.2.4) and any ρ ∈ (−1, 1), or
(ii) V as in (7.3.3) and any ρ ∈ (−1/2, 1/2). �

The above theorem follows on showing that d∗ maximizes tr(C̃d) over
the entire class Ωt,n,3. The proof uses the techniques of Kunert and Martin
(2000a) which were also used to prove the results of Section 5.2. Although
this optimality result was established for p = 3, in contrast to Theorem
7.3.1, no restriction to the binary class was required for this purpose. He-
dayat and Yan (2008) gave some numerical results for p = 4 and t = 4, 5
and 7 which show that the design d∗ obtained from an OAI(n, 4, t, 2) is
highly efficient. We give two examples below.

Example 7.3.2. (a) When p = 3, the design given by the array
OAI(6, 3, 3, 2) shown in Example 3.1.1 is universally optimal for the es-
timation of direct effects over Ω3,6,3 under a model with self and mixed
carryovers and with a correlated error structure given by either of the two
forms (7.2.4) or (7.3.3).
(b) When p = 4, Hedayat and Yan (2008) observed from numerical compu-
tations that the design in Ω4,12,4 given by the OAI(12, 4, 4, 2) in Example
3.1.1 has an efficiency of at least 0.999 for some chosen values of ρ in the in-
tervals (−0.99, 0.99) and (−0.49, 0.49), for V of the form (7.2.4) and (7.3.3),
respectively. This shows that this design is likely to be optimal or at least
highly efficient for all ρ. �

7.4 Optimal Designs for Test-Control Comparisons

In this section we consider the problem of comparing t test treatments with
a standard treatment called the control treatment. Thus there are t + 1
treatments in all. Let Ωt+1,n,p denote the class of all crossover designs with
t test treatments and one control treatment applied to n subjects over p
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periods. We designate the control treatment as treatment 0 while the test
treatments are 1, . . . , t as before. The direct and carryover effect of the
control will be denoted by τ0 and ρ0, respectively, while those for the test
treatments will be denoted by τ1, . . . , τt and ρ1, . . . , ρt as before. The direct
effect contrasts of interest are the contrasts between the test treatment and
the control treatment, i.e.

τ0 − τi 1 ≤ i ≤ t. (7.4.1)

Similarly, the carryover effect contrasts of interest are ρ0 − ρi 1 ≤ i ≤ t.
We consider model (1.3.3) where now s ranges over 0, 1, . . . , t and

τ and ρ are the (t+ 1)× 1 vectors

τ = (τ0, τ1, . . . , τt)′ and ρ = (ρ0, ρ1, . . . , ρt)′.

Under this model, for a design d ∈ Ωt+1,n,p, the information matrix for
direct effects is given by Cd as in (1.3.13), with Cd now having t + 1 rows
and columns. While comparing t test treatments with a single control,
uniformity over periods is not desirable as all treatments are not equally
important and we would like to have larger replication for the control. On
the other hand, as seen before, uniformity over periods plays an important
role in deriving results on optimality of crossover designs as it allows the
equality to hold in inequalities of the form given by (7.3.1). Hedayat and
Yang (2005) made the interesting observation that even in the present con-
text of test-control comparisons, such an equality holds for a design d as
long as d has

mdsi =
rds
p
, 0 ≤ s ≤ t, 1 ≤ i ≤ p,

even though the replication of each test treatment and control treatment
may be different. So, for such designs we can, as before, ignore period
effects in a model while computing Cd.

From (7.4.1) it is clear that for direct effects, the parametric function
of interest is the contrast vector

 τ0 − τ1
. . .

τ0 − τt

 =


1 −1 0 · · · 0
1 0 −1 · · · 0
...
1 0 0 · · · −1

 τ = Bτ , (say). (7.4.2)

Let Id be the information matrix for Bτ under model (1.3.3). Then the
following relation between Id and Cd is easy to see.
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Lemma 7.4.1. Let Ī be the (t+ 1)× t matrix given by

Ī =
(

0′t
It

)
.

Then for any d ∈ Ωt+1,n,p,

Id = Ī ′CdĪ , (7.4.3)

and hence Id can be obtained from Cd simply by deleting its first row and
first column. �

So far in this book we have studied designs for comparing t equally im-
portant treatments and for this problem, the universal optimality criterion
has generally been used. However, for the present problem of comparing t
treatments against a control, (i.e., for inference on the contrast vector Bτ ),
the A- and MV -optimality criteria seem natural and are frequently used.
These are defined below.

Definition 7.4.1. A design d∗ ∈ Ωt+1,n,p is said to be A-optimal for Bτ
if it minimizes tr(I−1

d ) over all d ∈ Ωt+1,n,p.

Definition 7.4.2. A design d∗ ∈ Ωt+1,n,p is said to be MV -optimal for
Bτ if it minimizes max

1≤s≤t
var(τ̂0 − τ̂s) over all d ∈ Ωt+1,n,p, where τ̂0 − τ̂s is

the best linear unbiased estimator (BLUE) of τ0 − τs, 1 ≤ s ≤ t.

Thus, while the A-optimality criterion aims at minimizing the sum of
variances of BLUE’s of the contrasts of interest, the MV -optimality cri-
terion calls for minimizing the maximum of these variances. Similar def-
initions apply for the A- and MV -optimality for the carryover effects for
comparing test treatments with a control treatment. The following connec-
tion between the above two criteria is well known.

Lemma 7.4.2 An A-optimal design d is also MV -optimal if Id is com-
pletely symmetric. �

If t, p and n are such that an optimal design cannot be found, one would
like to use a design with high A-efficiency. As usual, the A-efficiency of any
design d ∈ Ωt+1,n,p is given by

tr(I−1
d∗ )/tr(I−1

d )× 100%,

where d∗ is the A-optimal design in Ωt+1,n,p. On replacing tr(I−1
d∗ ) by its

lower bound in the class, one can obtain a lower bound for the A-efficiency.
The problem of finding suitable crossover designs for making test ver-

sus control treatment comparisons was first considered by Pigeon and
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Raghavarao (1987). They defined a class of designs called control balanced
residual effects designs, gave methods of construction of these designs but
did not investigate their optimality properties. Some of these designs were
later proved to be optimal by Majumdar (1988) who initiated the study
of optimal crossover designs for test-control comparisons. He showed that
given a strongly balanced uniform design with the t test treatments, some of
the treatment labels in it can be suitably replaced by the control to obtain
an optimal design. However, since a strongly balanced uniform design was
used as the starting point, these optimal designs have a large number of pe-
riods. Subsequently, Hedayat and Yang (2005, 2006) and others studied the
practically important case of p ≤ t+1. In this section, we present a selection
of these results without proof and give several illustrative examples.

7.4.1 Designs with p > t+ 1

Majumdar (1988) assumed model (1.3.3) and obtained A- and MV -optimal
designs for Bτ . Starting with an optimal design under a simpler version of
model (1.3.3) where all effects other than the direct effect are excluded, he
ensured that appropriate orthogonality conditions are met so as to render
this design optimal under the finer model (1.3.3) too. He observed that
a design d∗ ∈ Ωt+1,n,p is A-optimal (and also MV -optimal) for the test
control comparisons of direct effects under the simpler model if

rd∗1 = · · · = rd∗t, rd∗0 = rd∗1t
1
2 , (7.4.4)

and the relevant orthogonality conditions are met if d∗ satisfies

md∗1i = · · · = md∗ti, md∗0i = md∗1it
1
2 , 1 ≤ i ≤ p,

nd∗1j = · · · = nd∗tj , nd∗0j = nd∗1jt
1
2 , 1 ≤ j ≤ n,

(7.4.5)

and
zd∗10 = · · · = zd∗t0, zd∗00 = zd∗10t

1
2 ,

zd∗1s = · · · = zd∗ts, zd∗0s = zd∗1st
1
2 , 1 ≤ s ≤ t,

(7.4.6)

with the notation in (7.4.4)–(7.4.6) being as defined in Chapter 1. Thus any
design satisfying (7.4.4)–(7.4.6) is A-optimal (and also MV -optimal) for the
test control comparisons of direct effects under model (1.3.3). Majumdar
(1988) identified designs satisfying (7.4.4)–(7.4.6) and hence obtained the
following result.

Theorem 7.4.1. Let t = c2 for a positive integer c and let d0 ∈ Ωc2+c,n,p

be a strongly balanced uniform crossover design. Let d∗ be a design obtained
from d0 by replacing each of the treatment labels c2 + 1, c2 + 2, . . . , c2 + c by
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the control treatment label 0, keeping everything else unchanged. Then d∗ is
A- and MV -optimal for direct effects for comparing the c2 test treatments
with the control over Ωc2+1,n,p. �

Example 7.4.1. Let t = 4. Here c = 2 and a strongly balanced uniform
design in Ω6,36,12 can be constructed using the method given in Theorem
2.6.2. Now, following Theorem 7.4.1 and replacing treatment labels 5 and
6 in this design by the control treatment label 0, the optimal design d∗ ∈
Ω4+1,36,12 for test-control comparisons may be obtained as shown below.

111111 222222 333333 444444 000000 000000
123400 123400 123400 123400 123400 123400
222222 333333 444444 000000 000000 111111
234001 234001 234001 234001 234001 234001
333333 444444 000000 000000 111111 222222
340012 340012 340012 340012 340012 340012
444444 000000 000000 111111 222222 333333
400123 400123 400123 400123 400123 400123
000000 000000 111111 222222 333333 444444
001234 001234 001234 001234 001234 001234
000000 111111 222222 333333 444444 000000
012340 012340 012340 012340 012340 012340

.

�

Ting (2002) employed tools similar to those used by Majumdar (1988)
and obtained some additional optimal crossover designs for comparing t

test treatments with a control for some specific combinations of t, n and p

with p > t + 1. Example 7.4.2 below gives an A-optimal design given by
Ting (2002) for t = 4. Note that this has fewer subjects than the design in
Example 7.4.1 but requires one more period.

In cases where an A-optimal design could not be found, Ting (2002)
gave A-efficient designs which can be obtained from existing universally
optimal designs in test treatments by replacing some of its treatment labels
by 0. In Example 7.4.3, we give two such efficient designs for control-test
comparisons.
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Example 7.4.2. Let t = 4, n = 6, p = 13. The following design is A-
optimal in Ω4+1,6,13:

0 0 1 4 3 2
0 0 2 3 4 1
3 1 0 2 0 4
1 3 0 2 0 4
1 3 2 0 4 0
0 0 4 1 2 3
4 2 1 0 3 0
3 1 0 4 0 2
4 2 3 0 1 0
2 4 3 0 1 0
2 4 0 1 0 3
0 0 4 3 2 1
0 0 1 2 3 4

.

�

Example 7.4.3. Let t = 2. Consider the two designs d1 ∈ Ω3,12,5 and
d2 ∈ Ω3,9,6 given in Examples 2.5.1 and 2.2.1, respectively. Both of these
are universally optimal for direct effects (see Theorems 2.4.1 and 2.5.3).
Replacing 3 by 0 in d1 gives a design d∗1 ∈ Ω2+1,12,5 with A-efficiency equal
to 0.9325. Again, replacing treatment label 3 by the control label 0 in d2,
one obtains a design d∗2 ∈ Ω2+1,9,6 which has A-efficiency equal to 0.9714.
These efficient designs are shown below.

d∗1 =

2 1 1 0 1 0 1 2 0 2 2 0
1 2 1 2 0 1 1 0 2 0 2 0
1 2 0 2 0 1 2 0 2 0 1 1
2 1 2 1 1 0 0 1 0 2 0 2
0 0 2 1 2 2 0 1 1 1 0 2

, d∗2 =

1 1 1 2 2 2 0 0 0
1 2 0 1 2 0 1 2 0
2 2 2 0 0 0 1 1 1
2 0 1 2 0 1 2 0 1
0 0 0 1 1 1 2 2 2
0 1 2 0 1 2 0 1 2

.

�

The A- and MV -optimal designs of Theorem 7.4.1 require a large num-
ber of periods and subjects since p = µ2(t+

√
t) and n = µ3(t+

√
t)2, where

µ3 ≥ 1, µ2 ≥ 2. The smallest such design exists for t = 4(= 22) and with
µ3 = 1 and µ2 = 2, this design is shown in Example 7.4.1. It requires 12
periods. The A-optimal (or, highly efficient) designs of Ting (2002) also
have p > t+ 1.
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Since designs with a large number of periods are often unattractive to
experimenters, it is important to derive optimal designs where the number
of periods is less than the number of treatments, and so, in the present
context, it is desirable that p ≤ t + 1. In the following two subsections,
some of the available optimality results for the case p ≤ t+ 1 are reviewed.

7.4.2 Designs with p = 2

We have discussed the optimality aspects of two-period crossover designs
in Section 3.3 wherein all treatments were considered equally important.
In this subsection, we state some results on optimal two-period designs for
test-control treatment comparisons. Using the available results on the A-
and MV -optimality of block designs for comparing test treatments with a
control and the connection established between certain block designs and
crossover designs (see Section 3.3), Hedayat and Zhao (1990) obtained the
following results. Here too, as in Theorem 7.4.1, the optimal design is
obtained by starting from another design with a larger number of treat-
ments and then replacing some treatment labels in the latter by the control
treatment label 0.

Theorem 7.4.2. Let t = c2 for a positive integer c, n ≡ 0 (mod t)
and d0 ∈ Ωc2+c,n,2 be the design as given by Theorem 3.3.3. Let d∗ be
a design obtained from d0 by replacing each of the treatment labels c2 +
1, c2 + 2, . . . , c2 + c by the control treatment label 0, keeping everything else
unchanged. Then d∗ is A- and MV -optimal for direct effects for comparing
c2 test treatments with a control over Ωc2+1,n,2. �

The conclusion of Theorem 7.4.2 remains valid for carryover effects when
d0 ∈ Ωc2+c,n,2 is taken as the design given by Theorem 3.3.5. Furthermore,
as p = 2, the optimality result in Theorem 7.4.2, or its counterpart for
carryover effects, holds not only under model (1.3.3) but also under model
(1.3.14) with correlated error structure; see Lemma 1.3.1.

Example 7.4.4. Let t = 4. We first need to construct an optimal design
d0 with t = 6(= 4 +

√
4) as in Theorem 3.3.3. Suppose we take n = 18

and fd0,s = 6 for s = 1, 2, 3 and fd0,s = 0 for s = 4, 5, 6. Then, by
replacing treatment labels 5 and 6 by 0 in d0, we get the following design.
By Theorem 7.4.2, this design is A-optimal for direct effects for comparing
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4 test treatments with a control over Ω4+1,18,2.

1 1 1 1 1 1 2 2 2 2 2 2 3 3 3 3 3 3
1 2 3 4 0 0 1 2 3 4 0 0 1 2 3 4 0 0

.

�

When t does not divide n, Hedayat and Zhao (1990) obtained an A-
optimal design similar to the design in Theorem 3.3.4 where the first period
has only one treatment. Their result is stated below.

Theorem 7.4.3. Suppose t does not divide n and let d∗ ∈ Ωt+1,n,2 be a
design where only one treatment (either the control or a test treatment) is
assigned to the first period. In the second period, all test treatments are
applied as equally often as possible and the control treatment is applied r0

times, where r0 is a positive integer which minimizes

t

r0
+

t− n+ r0 + tx

t(r0 + (n− r0 − tx)/(x+ 1))

with x =
[
n− r0

t

]
and as before, [z] denotes the largest integer not exceed-

ing z > 0. Then d∗ is A-optimal for direct effects for comparing t test
treatments with a control over Ωt+1,n,2. �

For some other results on two-period crossover designs for comparing
two test treatments with a control, see Koch, Amara, Brown, Colton and
Gillings (1989).

7.4.3 Designs with 3 ≤ p ≤ t+ 1

Several interesting results on optimal crossover designs for making test-
control comparisons have been obtained by Hedayat and Yang (2005, 2006),
Yang and Park (2007), Hedayat and Yan (2008) and Yang and Stufken
(2008). Some of these results are highlighted in this section, with notation
as defined in Chapter 1.

Hedayat and Yang (2005) considered a subclass of designs for which
(a) the control treatment appears equally often in the p periods, and
(b) no treatment precedes itself.
They gave a characterization of designs which are both A-optimal and MV -
optimal over this subclass. Denoting this subclass by Λt+1,n,p, we may write

Λt+1,n,p = {d : d ∈ Ωt+1,n,p, (a) md0i = rd0/p for 1 ≤ i ≤ p,
and (b) zdss = 0, for 0 ≤ s ≤ t}. (7.4.7)
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After some lengthy and elaborate algebra, Hedayat and Yang (2005)
gave a bound for tr(I−1

d ) and defined a class of designs in Λt+1,n,p for
which this bound is attained. We state their bound in the following lemma
and define this class of designs below.

Lemma 7.4.3. For 3 ≤ p ≤ t+ 1, and all d ∈ Λt+1,n,p with rd0 fixed,

tr(I−1
d ) ≥ t(t− 1)2p

x
+
tp

y
(7.4.8)

where

x = t(p− 1)(np− rd0)− p(rd0 − p−1 min
n∑
j=1

n2
d0j)

−
[nt(p− 1)− tr̄d0 −min

∑n
j=1 nd0j n̄d0j ]2

n(p− 1)(pt− t− 1)− (pt− t+ p− 2)r̄d0 + min
∑n
j=1 n̄

2
d0j

and

y = p(rd0 − p−1 min
n∑
j=1

n2
d0j)−

n(p− 1)(min
∑n
j=1 nd0j n̄d0j)2

np(p− 1)r̄d0 − r̄2
d0 − n(p− 1)

∑n
j=1 n̄

2
d0j

.

Equality holds in (7.4.8) when d satisfies the following conditions.
(i) mdsi = rds/p, 0 ≤ s ≤ t,
(ii) T ′dpr⊥(U)Td, T ′dpr⊥(U)Fd, F ′dpr⊥(U)Fd are invariant under any per-
mutation of test treatments,
(iii) each test treatment appears at most once in each subject in the first
p− 1 periods,
(iv) ndsj = 0 or 1, 1 ≤ s ≤ t; 1 ≤ j ≤ n, and
(v)
∑n
j=1 n

2
d0j ,

∑n
j=1 nd0j n̄d0j and

∑n
j=1 n̄

2
d0j are minimized over all designs

in Λt+1,n,p with rd0 fixed. �

Following Hedayat and Yang (2005), we now give the definitions of some
designs in Ωt+1,n,p with 3 ≤ p ≤ t+ 1. As usual, the subjects are taken as
blocks. These definitions are analogous to Definitions 5.2.1–5.2.3.

Definition 7.4.3. A design d ∈ Ωt+1,n,p is called a balanced test-control
incomplete block design for the direct effects if
(a) each of the t test treatments appears equally often in d,
(b) in each subject, each test treatment appears at most once,
(c) the number of subjects where test treatments s and s′ appear together
is the same for every pair s, s′, s 6= s′, 1 ≤ s, s′ ≤ t,
(d) the control treatment appears in each subject either [rd0/n] or [rd0/n]+1
times, and



March 9, 2009 12:18 World Scientific Book - 9in x 6in ws-book9x6

Some Further Developments 191

(e) the number of subjects where the control treatment appears [rd0/n]
times and the test treatment s appears is the same for every s, 1 ≤ s ≤ t.

Definition 7.4.4. A design d ∈ Ωt+1,n,p is called a balanced test-control
incomplete block design for the carryover effects if the first p − 1 periods
of the design form a balanced test-control incomplete block design for the
direct effects in Ωt+1,n,p−1.

Definition 7.4.5. A design d ∈ Ωt+1,n,p is called balanced for test-control
carryover effects if
(a) every test treatment is immediately preceded by every other test treat-
ment equally often,
(b) the control treatment is immediately preceded by every test treatment
equally often,
(c) every test treatment is immediately preceded by the control treatment
equally often, and
(d) no treatment, including the control, is immediately preceded by itself.

Definition 7.4.6. A design d ∈ Ωt+1,n,p is called a proportional frequency
design for test-control on the periods, if every test treatment appears in
each period (np − rd0)/(tp) times and the control treatment appears in
each period rd0/p times.

Definition 7.4.7. A design d ∈ Ωt+1,n,p is called a totally balanced test-
control incomplete crossover design if
(a) d is a balanced test-control incomplete block design for the direct effects,
(b) d is a balanced test-control incomplete block design for the carryover
effects,
(c) d is balanced for test-control carryover effects,
(d) d is a proportional frequency design for test-control on the periods,
(e) the number of subjects where test treatment s appears once in the first
p − 1 periods and test treatment s′ appears once is the same for every
s, s′, s 6= s′; 1 ≤ s, s′ ≤ t,
(f) the number of subjects where the control treatment appears [r̃d0/n]
times in the first p − 1 periods and test treatment s appears once is the
same for every test treatment, 1 ≤ s ≤ t,
(g) the number of subjects where test treatment s appears once in the first
p− 1 periods and the control treatment appears [rd0/n] times is the same
for every test treatment, 1 ≤ s ≤ t.

It can easily be seen from the above definitions that conditions (i)–(v)
in Lemma 7.4.3 are satisfied by a totally balanced test-control incomplete
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crossover design and so, for these designs, equality holds in (7.4.8). Now,
using arguments which take into account the facts that
(a) the minima of the quantities in condition (v) of Lemma 7.4.3 are func-
tions of rd0, and
(b) Id is completely symmetric in view of condition (ii) of this lemma,
Hedayat and Yang (2005) obtained the following result.

Theorem 7.4.4. For p ≤ t+ 1, let a design d∗ ∈ Λt+1,n,p be such that
(i) d∗ is a totally balanced test-control incomplete crossover design, and
(ii) rd∗0 minimizes the expression on the right of (7.4.8).
Then d∗ is A- and MV -optimal for direct effect for comparing t test treat-
ments with a control treatment over Λt+1,n,p. �

It is not easy to construct designs satisfying the conditions of Theorem
7.4.4. Proposition A.6 in Hedayat and Yang (2005) gives expressions for the
minima of the quantities in condition (v) of Lemma 7.4.3 as functions of rd0.
Using these expressions, one can use a computer program to numerically
find a value of rd∗0 which will satisfy condition (ii) of Theorem 7.4.4. Then
with this rd∗0, one has to construct a design d∗ satisfying condition (i) of
this theorem. Hedayat and Yang (2005) stated that it is difficult to give a
general method for constructing designs for which rd∗0 6= n. If rd∗0 = n,
then the construction is relatively easy and for this case, the authors gave
construction procedures for the optimal designs of Theorem 7.4.4. Their
construction utilizes the following results.

Lemma 7.4.4. For given t, p, n and rd0 = n, a totally balanced test-

control incomplete crossover design exists only if both
n(p− 1)

pt
and

(p− 1)(p− 2)n
pt(t− 1)

are integers.

Proof. Follows from Definition 7.4.5. �

Lemma 7.4.5. For given t, p = t+1, n and rd0 = n, a totally balanced test-
control incomplete crossover design exists if there exists a balanced uniform
design in Ωt+1,n,p.

Proof. If in the balanced uniform design, treatment t + 1 is replaced by
the control treatment 0, then the resulting design is the required totally
balanced test-control crossover design. �

Lemma 7.4.6. For given t, p = t, n and rd0 = n, a totally balanced test-
control incomplete crossover design exists if
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(i) n/t2 is an integer and t is a composite number, or
(ii) n/t2 is an even integer and t is a prime number.

Proof. By the conditions (i) and (ii) of the lemma, n/t is a multiple of t
when t is a composite number; moreover, when t is a prime, n/t is an even
multiple of t. Therefore, as discussed in Section 2.6, there always exists
a balanced uniform design in Ωt,n/t,t. Now the required totally balanced
test-control crossover design can be constructed as follows:
(i) construct a balanced uniform design d̄ in Ωt,n/t,t;
(ii) replace label 1 by label 0 in d̄ to obtain a new design;
(iii) repeat step (ii) above for each of the labels 2, . . . , t to obtain t − 1
additional new designs;
(iv) juxtapose the t new designs obtained in steps (ii) and (iii) to form one
design with n subjects.
This is the required design. �

Lemmas 7.4.5 and 7.4.6 relate to the construction of optimal designs
with rd0 = n when p = t + 1 and p = t. For obtaining designs with
p ≤ t, and in particular with p < t, Hedayat and Yang (2005) suggested an
approach involving the following steps:

Approach 7.4.1. (i) Construct a balanced incomplete block design
(BIBD) involving t test treatments and b blocks of size p− 1.

(ii) Construct p arrays, each with p rows and b columns, as follows. In the
ith array, 0 is placed in all b positions of the ith row, 1 ≤ i ≤ p. The p− 1
positions thus left empty in each of the b columns of this array are filled
arbitrarily by the b blocks of the BIBD in step (i). This gives the ith array,
1 ≤ i ≤ p. These p arrays are juxtaposed to produce a p× pb array.

(iii) Rearrange the positions of the test treatments in each column of the
p × pb array obtained in (ii) to convert this array into a totally balanced
test-control incomplete crossover design.

For p < t, Approach 7.4.1 does not always ensure that it will lead to
a totally balanced test-control incomplete crossover design. However, as
Hedayat and Yang (2005) pointed out, these steps are indeed useful in
constructing the desired designs when they exist. In cases where rd0 6= n,

they suggested that one can compare the minimum value on the right of
(7.4.8) with its value when rd0 = n, and if, these two values are very close,
then one can use Lemmas 7.4.5 and 7.4.6 to obtain A-efficient designs.

Focusing on the cases where p = 3, 4 or 5, Hedayat and Yang (2005)
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gave several examples of totally balanced test-control incomplete crossover
designs with rd∗0 = n, each of these being both A- and MV -optimal for
direct effects for comparing t test treatments with a control. They observed
that using the methods of Lemma 7.4.5 or 7.4.6 or Approach 7.4.1, such
optimal designs could be constructed for the combinations of t, n and p as
in Table 7.4.1; and in each of these cases, rd∗0 was found to be equal to n.

Table 7.4.1
Values of t, n and p

p 3 3 3 3 4 4 4 4 4 5
t 2 3 4 5 3 4 6 7 9 4
n 6 9 36 30 4 16 40 28 48 10

These optimal designs (except for the ones with p = 3, t = 2 and
p = 3, t = 4) are for the minimum value of n, as given by Lemma 7.4.4, for
the corresponding values of t and p. Some examples of these designs are
given in Examples 7.4.5–7.4.10; the first two examples being constructed
by the methods of Lemmas 7.4.5 and 7.4.6, respectively, while the others
were obtained by Hedayat and Yang (2005) using Approach 7.4.1.

Example 7.4.5. p = 5, t = 4. By Lemma 7.4.4, we may use n = 10 and
here rd∗0 = 10. A balanced uniform design with t = p = 5, n = 10 can be
constructed as in Theorem 2.6.1. Then as in Lemma 7.4.5, the following
design is obtained from it by replacing 5 by 0.

1 2 3 4 0 3 4 0 1 2
0 1 2 3 4 4 0 1 2 3
2 3 4 0 1 2 3 4 0 1
4 0 1 2 3 0 1 2 3 4
3 4 0 1 2 1 2 3 4 0

.

Similarly, an optimal design with p = 4, t = 3, n = 4 may be constructed.
�
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Example 7.4.6. Let p = 4, t = 4, n = 16. Here rd∗0 = 16. As in Lemma
7.4.6, the following design is obtained based on the design d1 in Example
2.2.1.

0 2 3 4 1 0 3 4 1 2 0 4 1 2 3 0
4 0 2 3 4 1 0 3 4 1 2 0 0 1 2 3
2 3 4 0 0 3 4 1 2 0 4 1 2 3 0 1
3 4 0 2 3 4 1 0 0 4 1 2 3 0 1 2

.

�

Example 7.4.7. p = 3, t = 3. Here, we use n = 9 and again, rd∗0 = 9.
Starting from the BIB design with t = 3 and three blocks of size two each,
Approach 7.4.1 gives the following design.

0 0 0 2 3 1 2 3 1
1 2 3 0 0 0 1 2 3
2 3 1 1 2 3 0 0 0

.

Similarly, an optimal design with t = 4, p = 4, n = 16 may be constructed.
�

Example 7.4.8. p = 3, t = 5. From Lemma 7.4.4, we may use n = 30.
Starting from a BIB design with t = 5 and ten blocks of size two each,
using Approach 7.4.1 we can construct the following design.

0 0 0 0 0 0 0 0 0 0 1 1 4 5 3 2 2 4 3 5 1 1 4 5 3 2 2 4 3 5
2 3 1 1 2 4 5 3 5 4 0 0 0 0 0 0 0 0 0 0 2 3 1 1 2 4 5 3 5 4
1 1 4 5 3 2 2 4 3 5 2 3 1 1 2 4 5 3 5 4 0 0 0 0 0 0 0 0 0 0

.

�

Example 7.4.9. p = 4, t = 7, n = 28. The following design is constructed
using Approach 7.4.1, starting from a BIB design with t = 7 and seven
blocks of size three each.

0 0 0 0 0 0 0 3 4 5 6 7 1 2 1 2 3 4 5 6 7 4 5 6 7 1 2 3
1 2 3 4 5 6 7 0 0 0 0 0 0 0 4 5 6 7 1 2 3 3 4 5 6 7 1 2
3 4 5 6 7 1 2 4 5 6 7 1 2 3 0 0 0 0 0 0 0 1 2 3 4 5 6 7
4 5 6 7 1 2 3 1 2 3 4 5 6 7 3 4 5 6 7 1 2 0 0 0 0 0 0 0

.

�

When rd∗0 6= n, the construction of optimal designs becomes extremely
hard and so, a systematic construction method is not available. Hedayat
and Yang (2005) gave two examples of such designs, one in Ω7+1,49,3 with
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rd∗0 = 42 and the other in Ω4+1,48,5 with rd∗0 = 60. We exhibit one of
these designs below.

Example 7.4.10. p = 3, t = 7, n = 49, rd∗0 6= n.

0000000 0000000 1234567 4567123 4567123 1234567 4567123
3456712 1234567 0000000 0000000 1234567 3456712 3456712
4567123 4567123 3456712 3456712 0000000 0000000 1234567

.

�

For some values of t, n, p, when rd∗0 6= n, Hedayat and Yang (2005) gave
A-efficient designs. The following example illustrates this. It remains to be
investigated whether such designs are indeed optimal.

Example 7.4.11. Let p = 5, t = 6. Then, by Lemma 7.4.4, an optimal
design d∗ as in Theorem 7.4.4 will exist only if n is divisible by 75. Such a
large n may not be feasible in some experimental situations. Instead, with
n = 30 it was found that rd∗0 = 30. Consider the following design with
n = 30.

0 0 0 0 0 0 6 1 2 3 4 5 2 3 4 5 6 1 3 4 5 6 1 2 5 6 1 2 3 4
1 2 3 4 5 6 0 0 0 0 0 0 6 1 2 3 4 5 5 6 1 2 3 4 6 1 2 3 4 5
6 1 2 3 4 5 2 3 4 5 6 1 0 0 0 0 0 0 2 3 4 5 6 1 2 3 4 5 6 1
2 3 4 5 6 1 5 6 1 2 3 4 3 4 5 6 1 2 0 0 0 0 0 0 1 2 3 4 5 6
5 6 1 2 3 4 3 4 5 6 1 2 4 5 6 1 2 3 6 1 2 3 4 5 0 0 0 0 0 0

.

This design has an A-efficiency of 99.3 % over Λ6+1,30,5 and so could be
recommended in place of the optimal design. �

For p = 5 and t = 7, the minimum permissible value of n by Lemma
7.4.4 is n = 35. Hedayat and Yang (2005) observed that with n = 70,
rd∗0 is also equal to 70 and they constructed a design with n = 70 which
is a juxtaposition of two designs with n = 35 each. The design with n =
70 is optimal while each of the two component designs with n = 35 is
highly efficient, their A-efficiencies being as high as 99.39 % and 99.36 %,
respectively.

It may be recalled that the above optimality results are valid in the
class Λt+1,n,p given by (7.4.7). It is not known if the designs which are
optimal in this class remain so in Ωt+1,n,p, though Hedayat and Yang (2005)
conjectured that these designs are highly efficient, if not optimal, in the
entire class. Also, they demonstrated the efficiency of these optimal designs
under different simpler models (e.g., a model without carryover effects or
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one with only direct effects) and it turns out that these optimal designs are
often highly efficient under such models.

It makes sense to study whether these optimal designs remain so in
broader classes of competing designs where one or both of the two conditions
(a) and (b) on designs in Λt+1,n,p (see (7.4.7)) are removed. This problem
in general, is hard to solve, though some results partially answering this
question have been obtained by Hedayat and Yang (2006) and by Yang and
Park (2007) for p = 3. To motivate the discussion, consider the following
design d1, given by Hedayat and Yang (2006).

Example 7.4.12. t = 4, p = 4, n = 12.

d1=

0 0 0 0 3 1 4 2 4 3 2 1
2 4 1 3 0 0 0 0 3 1 4 2
3 1 4 2 0 0 0 0 2 4 1 3
4 3 2 1 2 4 1 3 0 0 0 0

.

�

Note that though (a) in (7.4.7) holds, zd100 6= 0 and so, by (7.4.7),
d1 /∈ Λ4+1,12,4. Also, it can be seen that tr(I−1

d1
) = 0.8733. On the other

hand, using a computer program, Hedayat and Yang (2005) showed that
tr(I−1

d ) ≥ 0.8879 for any design d ∈ Λ4+1,12,4. Thus this design, which is
outside Λ4+1,12,4, is better as per the A-criterion than any design in this
class.

Hedayat and Yang (2006) relaxed condition (b) in (7.4.7) and considered
the following wider class of designs:

Ω1
t+1,n,p = {d : d ∈ Ωt+1,n,p,md0i = rd0/p, 1 ≤ i ≤ p}.

For p ≥ 4, n ≥ p(p−1)/2, and t satisfying (p−3)(p−2)+2 ≤ t ≤ (p−2)(p−
1) + 1, they gave a new lower bound to tr(I−1

d ) for a design d ∈ Ω1
t+1,n,p.

They also gave sufficient conditions on a design d∗ for this bound to be
attained. Though it is difficult to construct designs attaining this bound,
it was used by Hedayat and Yang (2006) to obtain lower bounds for the
A-efficiencies of available designs in Ω1

t+1,n,p. In many cases they were able
to give designs that are highly efficient according to the A-criterion. The
following examples illustrate this fact.

Example 7.4.13. Consider the design in Example 7.4.9 which is A- and
MV -optimal in Λ7+1,28,4. The A-efficiency of this design in Ω1

7+1,28,4 is at
least 99.9 %. �
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Example 7.4.14. Consider the following design with t = 4, p = 4, n = 17:

0 0 0 0 3 1 4 2 4 1 2 3 4 3 2 1 0
2 4 1 3 0 0 0 0 3 2 4 1 3 1 4 0 2
3 1 4 2 4 3 2 1 0 0 0 0 2 4 0 3 1
4 3 2 1 2 4 1 3 1 4 0 0 0 0 0 2 3

.

The A-efficiency of this design in Ω1
4+1,17,4 is at least 97.9 %. �

The simpler case of designs with only three periods was considered
by Yang and Park (2007) who gave a lower bound to tr(I−1

d ) in Ω1
t+1,n,3

which is somewhat easier to compute. Using this, they showed that the A-
efficiency of the design in Example 7.4.10 (which was optimal in Λ7+1,49,3)
is at least 99.81% in the wider class Ω1

7+1,49,3. They also gave optimal
designs in this class and one such optimal design is shown below.

Example 7.4.15. Let t = 3, p = 3, n = 42. Then the following design is
both A- and MV -optimal in Ω1

3+1,42,3:

000000 000000 000111 122223 333111 122223 333123
123111 122223 333000 000000 000223 311331 122000
123223 311332 211223 311331 122000 000000 000000

.

�

Continuing with this line of work, Yang and Stufken (2008) obtained
further optimal and efficient designs. They considered various models in-
cluding the traditional model (1.3.3), the model (5.2.1) with self and mixed
carryover effects and several simpler variants of these two models, e.g., a
model with only direct effects, a model with no period effects, a model with
no carryover effects, and so on. Under these models, they obtained lower
bounds for tr(I−1

d ) and as before, when t, n, p are such that no optimal de-
sign can be readily found, these bounds are helpful in finding the efficiency
of an available design. Yang and Stufken (2008) also gave two algorithms
for generating designs that have high efficiency under several models. The
range of t, n and p covered by the algorithms is p = 3, 4 or 5, p− 1 ≤ t ≤ 9
and n ≥ t. For given t, n and p in this range, these algorithms essentially
give a design which is close to a totally balanced test-control incomplete
crossover design (which is expected to be highly efficient, if not optimal,
under several models). These algorithms also give A-efficiency bounds for
the generated design under the above models. Using one of the algorithms,
Yang and Stufken (2008) obtained the following design.
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Example 7.4.16. t = 4, p = 3, n = 20.

0 2 4 1 3 0 1 3 0 2 4 0 0 1 0 0 3 4 2 4
1 4 2 0 0 3 0 0 3 3 1 1 3 2 2 4 4 3 0 0
4 0 0 3 4 1 2 1 2 0 0 3 4 0 1 2 0 0 3 1

.

�
This design has very high A-efficiencies under almost all the above men-

tioned models considered by Yang and Stufken (2008). For details of the
algorithms coded in SAS, their original paper may be consulted.

7.5 Optimal Designs under Subject Dropout

In some crossover experiments it may so happen that the experiment cannot
be continued for the initially planned p periods for all n subjects. For
example, in experiments in the area of clinical research, it is quite common
that some of the subjects (patients, in this context) drop out from the study
before the entire sequence of p treatments assigned to the subjects can be
completed. This problem may be quite severe and as remarked by Low,
Lewis and Prescott (1999), “a dropout rate of between 5% and 10% is not
uncommon and, in some areas, can be as high as 25%.” For examples of
such experiments with dropouts and more details, we refer to Matthews
(1988), Low, Lewis, McKay and Prescott (1994), Low et al. (1999, 2003)
and Godolphin (2004).

When subjects drop out from the experiment before the trial is com-
pleted, the final “implemented” design is a truncated form of the originally
“planned” design. Let these two designs be denoted by dimp and dplan,
respectively. This truncation results in a reduced accuracy of the inference
about the direct and carryover effects as obtained from dimp compared to
that from dplan. Clearly, even if we start with an optimal dplan, the design
dimp may not be optimal or even efficient and, in some extreme cases, may
not even remain connected. Therefore, in choosing a dplan for the study,
the possibility of such truncation needs to be taken into consideration. In
this section, we summarize a few of the available results in this direction.

Low et al. (1999, 2003) gave a computer intensive method for assessing
the robustness of a planned design dplan with p > 2, against random dropout
of subjects. Adopting the traditional model (1.3.3), they assumed that dplan

assigns g subjects to each of m distinct treatment sequences and thus n =
mg. Further, they assumed that within each period, each subject has the
same probability of dropping out, independently of the other subjects, and
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once a subject drops out of the study, it does not return. Under this set up,
let D be the class of all designs dimp which could possibly be implemented
from dplan. In order to assess the efficiency of a connected design in D,
Low et al. (1999) used performance measures based on the A- and MV -
optimality criteria, such as the average or the maximum variance of pairwise
comparisons for direct and carryover effects. To keep the computations
manageable, they assumed that probability of dropouts before the final
period is negligible and the probability that a subject drops out in the final
(i.e., pth) period is a constant, say, θ. Since the performance measures are
random variables, they computed the means and standard deviations of the
measures for some chosen values of θ in the interval [0,1], and used these
as summary measures of the performance of a dplan for a fixed value of
θ. Several dplan designs with t = 4 were compared, e.g., designs based on
replicates of a single Williams square or a pair of squares, and so on. From
these computations, they found that a design based on a pair of squares
is more robust against dropouts than a design based on a single square,
both designs having the same n. They also conjectured that in order to
be robust to dropouts in the final period, a planned design should have
as many distinct ordered pairs of treatments as possible in the final two
periods. However, the verification of this conjecture in a general set up is
computationally very hard.

This study was extended by Majumdar, Dean and Lewis (2008) who
allowed subjects to drop out at random as in Low et al. (1999), and studied
the maximum loss of efficiency for estimating direct effects with dimp instead
of dplan and then gave bounds for this maximum loss. The dplan designs
considered by them are all balanced uniform designs with p = t, as in the
next example.

Example 7.5.1. Designs d1 and d2 shown below consist of a pair of
Williams squares while d3 consists of a single such square, with t = 3, 5
and 4, respectively. Suppose d1, d2 and d3 are used as three dplan designs.
Then if no observation is taken on the last period, Majumdar et al. (2008)
showed that the resulting dimp designs arising from d1 and d2 remain con-
nected while that from d3 becomes disconnected. Thus the two designs
based on a pair of squares are more robust to dropouts in the final period
than the one based on a single square. A similar observation was also made
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by Low et al. (1999).

d1 =
1 2 0 2 0 1
0 1 2 0 1 2
2 0 1 1 2 0

, d2 =

1 2 3 4 0 3 4 0 1 2
0 1 2 3 4 4 0 1 2 3
2 3 4 0 1 2 3 4 0 1
4 0 1 2 3 0 1 2 3 4
3 4 0 1 2 1 2 3 4 0

, d3 =

0 1 2 3
1 2 3 0
3 0 1 2
2 3 0 1

.

�

Now consider a dplan which is a balanced uniform design in Ωt,n=µ1t,p=t.
Suppose all the subjects remain in the experiment for the first t−u periods
and then subjects start dropping out completely at random, 1 ≤ u ≤ t− 1.
The design consisting of these t − u periods of dplan is called the minimal
design and let this design be denoted by dmin. Clearly, among all possible
dimp designs resulting from dplan due to subject dropout, dmin will have the
maximum loss of efficiency. Then, for a design d, with Cd denoting as usual
the information matrix for direct effects, the following is true.

Lemma 7.5.1. The information matrices for direct effects corresponding
to the designs dplan, dimp and dmin satisfy the following Loewner ordering:

Cdplan ≥ Cdimp ≥ Cdmin .

�

Lemma 7.5.1 implies that if dmin is connected, so is dimp and the effi-
ciency of dmin may serve as a lower bound to the efficiency of dimp. Thus
it suffices to study dmin in order to assess the maximum loss of efficiency
that may occur due to subject dropouts in dplan.

Majumdar et al. (2008) proved the following result.

Lemma 7.5.2. Let dplan ∈ Ωt,µ1t,t be a balanced uniform design and sup-
pose u ≥ 1 and t ≥ 2u + 2. Let µ1αi, 1 ≤ i ≤ t − 1, denote the nonzero
eigenvalues of Cdmin . Then, for 1 ≤ i ≤ t− 1,

αi ≥
t

t− u

[
(t− 2u)− t(u+ 1)2

(t− u)2 − (t+ 1)− u(u+ 1)

]
= a, say. (7.5.1)

�

From Lemma 7.5.2, the following result is immediate.

Theorem 7.5.1. Suppose dplan ∈ Ωt,µ1t,t is a balanced uniform design.
Then a sufficient condition for dmin (and consequently, dimp) to be con-
nected is that
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(t− 2u)
[
(t− u)2 − (t+ 1)− u(u+ 1)

]
− t(u+ 1)2 > 0.

�

Example 7.5.2. Suppose u = 2, that is, the dropouts occur in the last
two periods. Then the condition of Theorem 7.5.1 simplifies to

t3 − 9t2 + 8t+ 12 > 0,

which holds for all t ≥ 8. Therefore, if one starts with a design dplan that is
balanced and uniform with t ≥ 8, then the design dmin remains connected
even if all observations in the last two periods are lost. Similarly, if u = 1,
then the condition reduces to

t3 − 5t2 + 4 > 0.

This holds for all t ≥ 5, implying that for all balanced uniform designs with
t ≥ 5, dmin remains connected if subjects drop out in the last period. �

When dmin is connected, Majumdar et al. (2008) used the following
measure of the loss of precision in dimp with respect to dplan due to subject
dropout:

Ldimp:dplan = 1−
tr(C+

dplan
)

tr(C+
dimp

)
,

where A+ denotes the Moore-Penrose inverse of a matrix A (see Section
1.2). So by Lemma 7.5.1, the maximum loss of precision due to subject
dropout for dplan, denoted by MLdplan , is given by

MLdplan = Ldmin:dplan = 1−
tr(C+

dplan
)

tr(C+
dmin

)
.

Clearly, MLdplan ≥ Ldimp:dplan . An upper bound to MLdplan was obtained
by Majumdar et al. (2008) which is stated below.

Theorem 7.5.2. Suppose dplan ∈ Ωt,µ1t,t is a balanced uniform design.
Then

MLdplan ≤ 1− a(t2 − t− 1)
t(t− 2)(t+ 1)

, (7.5.2)

where a is as in (7.5.1). �

It can be seen that for a given u, the bound in Theorem 7.5.2 decreases
with t. For designs dplan which are uniform, balanced and possess some ad-
ditional nice combinatorial structures, Majumdar et al. (2008) gave sharper
bounds than those in Theorem 7.5.2.
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Anderson and Preece (2002) introduced a class of crossover designs
called locally balanced designs and gave several methods of construction
of these designs for t(= p) an odd prime or prime power. Due to their nice
combinatorial structure, these designs preserve some degree of “balance”
even if certain latter periods are truncated. Anderson and Preece (2002)
remarked that these designs had insurance against subjects dropping out,
however, they did not study the statistical properties of these designs in
the event of subject dropouts.

Bose and Bagchi (2008) studied the optimality aspects of the designs
dmin when dplan belongs to a certain class, say D1, of locally balanced
designs, also known as transitive arrays (see Morgan and Uddin (1996),
Majumdar and Martin (2004)). Anderson and Preece (2002) gave the con-
struction method for these designs when t(= p) is an odd prime and n is
equal to t(t − 1). For details of the construction and examples, we refer
to their paper. Bose and Bagchi (2008) showed that when dplan is a mem-
ber of D1, then dplan is itself universally optimal for direct and carryover
effects over the binary subclass in Ωt,n,t. Furthermore, dmin obtained from
such a dplan remains optimal over the binary subclass in Ωt,n,t−u when dmin

consists of t− u periods with t− u ≥ 3.
Bose and Bagchi (2008) also proposed some designs involving either 2t

or 4t subjects, and showed that these designs are universally optimal for
direct and carryover effects over the binary subclass in Ωt,n,t, and moreover,
the corresponding dmin is optimal over a similar subclass when t − u =
(p + 1)/2. Thus though such a design, when used as dplan, is less robust
against dropouts than the ones in D1, it requires fewer subjects than a
design in D1 for the same t.

For p > 3, we give below three examples of possible dplan designs with
t = 5 and t = 7. Here the designs dmin obtained from d1 and d2 are optimal
if t− u ≥ 3, while the dmin obtained from d3 remains optimal if t− u = 4.

Example 7.5.3. t = p = 5, n = 20.

d1 =

1 2 3 4 5 2 3 4 5 1 1 2 3 4 5 2 3 4 5 1
2 3 4 5 1 4 5 1 2 3 5 1 2 3 4 5 1 2 3 4
5 1 2 3 4 5 1 2 3 4 2 3 4 5 1 4 5 1 2 3
3 4 5 1 2 1 2 3 4 5 4 5 1 2 3 3 4 5 1 2
4 5 1 2 3 3 4 5 1 2 3 4 5 1 2 1 2 3 4 5

.

�
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Example 7.5.4. t = p = 7, n = 42.

d2 =

1234567 1234567 1234567 1234567 1234567 1234567
2345671 7123456 3456712 6712345 4567123 5671234
7123456 2345671 6712345 3456712 5671234 4567123
3456712 6712345 5671234 4567123 7123456 2345671
6712345 3456712 4567123 5671234 2345671 7123456
4567123 5671234 7123456 2345671 3456712 6712345
5671234 4567123 2345671 7123456 6712345 3456712

.

�

Example 7.5.5. t = p = 7, n = 14.

d3 =

1 2 3 4 5 6 0 6 0 1 2 3 4 5
2 3 4 5 6 0 1 5 6 0 1 2 3 4
4 5 6 0 1 2 3 3 4 5 6 0 1 2
0 1 2 3 4 5 6 0 1 2 3 4 5 6
3 4 5 6 0 1 2 4 5 6 0 1 2 3
5 6 0 1 2 3 4 2 3 4 5 6 0 1
6 0 1 2 3 4 5 1 2 3 4 5 6 0

.

�

The foregoing discussion in this section refers to the traditional model
(1.3.3). Hedayat and Yan (2008) touched upon the problem of subject
dropout under a model with self and mixed carryovers. They suggested the
use of a dplan given by an OAI(n, p, t, 2) with p = 3 or 4. When p = 3,
this design is optimal if all p periods can be implemented (see Theorem
7.3.2). If the experiment can be continued only for p′(< p) periods, then
the resulting design is again an OAI(n, p′, t, 2) and will be highly efficient.

7.6 Some Additional Comments

In this section, we give a brief account of some more developments that
have a bearing on the subject matter of this book. Alongside the theoret-
ical developments in the area of optimal crossover designs, several recent
contributions center around developing suitable computer algorithms for
the generation of optimal or efficient crossover designs and we begin with
a description of these.

Eccleston and Street (1994) suggested a two-stage algorithm for gener-
ating efficient crossover designs. In the first stage, all or a large number
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of (M,S)-optimal row-column designs are generated. Note that a design
is said to be (M,S)-optimal in a given class of competing designs if it has
the minimum value of tr(C2) among those designs that have the maximum
value of tr(C), where C is the information matrix for a relevant set of para-
metric functions. The second stage consists of permuting the rows of each
(M,S)-optimal design to find the design that minimizes a certain function
depending on the number of times treatments preceded other treatments.
The approach based on the (M,S)-optimality criterion is not very satisfac-
tory as this criterion is really not an optimality criterion (see e.g., Cheng
(1996)) and is rather a procedure for quickly identifying designs that might
be optimal or highly efficient with respect to other meaningful criteria. The
main advantage of the (M,S) criterion is that the computations involved
are easy to carry out. However, as shown by Russell (1991), an optimal
crossover design is not necessarily based on an (M,S)-optimal row-column
design. See also Eccleston and Whitaker (1999) for one more algorithm.

Another algorithm proposed by Donev and Jones (1995) and Donev
(1997) aims at iteratively improving a starting design by exchanging se-
quences of treatments with alternate sequences. The effect of each exchange
is evaluated and the one that gives the maximum improvement in the value
of a chosen optimality criterion is carried out. Several runs of the algorithm
are made with different starting designs and the best design over all runs
is finally recommended. The criterion chosen by these authors is the max-
imization of the average efficiency factor for direct effects. This method is
computationally expensive and the use of this algorithm is limited by the
fact that it becomes practically infeasible when a large number of candidate
designs are to be evaluated.

John and Russell (2003) developed recursive formulae for computing
the average efficiency factors for direct and carryover effect contrasts after
a pair of treatments are interchanged in a starting design. These formulae
are helpful for implementation in an interchange algorithm and result in
quick generation of an optimal or near-optimal crossover design.

John, Russell and Whitaker (2004) provided a unified theory for the
construction of crossover designs under a variety of models, all with uncor-
related errors and described an algorithm to obtain optimal or highly effi-
cient designs under such models. This work was extended by Williams and
John (2007), who provided an algorithm for generating efficient crossover
designs when the errors either follow an autoregressive structure or a lin-
ear variance structure. For more details on these algorithms, the original
sources may be consulted.
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In the earlier chapters, some methods of construction of crossover de-
signs have been described, which are optimal or efficient under different
models. Several other methods of construction are available in the lit-
erature. In an early paper, Atkinson (1966) presented crossover designs
with p < t. In Chapter 3, we have discussed a method of construction
of Patterson designs through cyclic development of some initial treatment
sequences. Designs constructed by a cyclic process were also proposed by
Davis and Hall (1969) and Constantine and Hedayat (1982). Davis and
Hall (1969) showed how cyclic incomplete block designs can be used to
generate crossover designs. They observed that the ease in analysis and ef-
ficiency associated with cyclic incomplete block designs are retained when
these are viewed as crossover designs and analyzed under a model suit-
able for crossover experiments. Some methods of construction of balanced
crossover designs with p < t were described by Hedayat and Afsarinejad
(1975). Constantine and Hedayat (1982) reported families of crossover de-
signs with p < t which are balanced and can be constructed by a cyclic
process. Balanced designs with p < t can as well be obtained from the
handcuffed designs of Lawless (1974). See also Lawless (1971), for a con-
struction of balanced crossover designs via the use of BIB designs. The
optimality aspects of these designs, however, have not yet been studied
fully.

So far in this book, we have been concerned with crossover experiments
in which it was implicitly assumed that the treatments do not have a fac-
torial structure. Situations arise in practice where there is a need to in-
vestigate not only the individual but also the joint effects of two or more
treatment factors. Mason and Hinkelmann (1971) were probably the first
to consider the design and analysis of crossover experiments involving two
or three factors at two levels each and two factors at three levels each.
Fletcher and John (1985) introduced the notion of factorial structure in the
context of crossover experiments and showed that a large class of crossover
designs possess this desirable property. Subsequently, Fletcher (1987) used
the generalized cyclic method of construction to obtain crossover designs
for factorial experiments with p < t. As an example, consider the following
design for a 2× 3 factorial experiment, with p = 4 periods and n = 12:

00 01 02 10 11 12 00 01 02 10 11 12
12 10 11 02 00 01 02 00 01 12 10 11
01 02 00 11 12 10 11 12 10 01 02 00
10 11 12 00 01 02 10 11 12 00 01 02

.
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Here, the first factor is at 2 levels, coded as 0 and 1 and the second factor
is at 3 levels, 0, 1 and 2. All the designs considered by Fletcher (1987),
including the one shown above have a cyclic structure, which in turn is
helpful in the analysis and in the computation of efficiency factors. Lewis,
Fletcher and Matthews (1988) obtained efficient crossover designs for ex-
periments involving three or four periods and two treatment factors, where
either both the factors have two levels or one has two levels and the other
has three levels. More results on crossover designs with factorial treatments
were obtained by Russell and Dean (1998). The optimality of these designs
are yet to be fully explored, though most of the designs are reported to
have high efficiency factors for the relevant parameters of interest.

Dean, Lewis and Chang (1999) described nested crossover designs suit-
able for experiments in which subjects are required to perform a series of
tasks (say, b levels of a factor B) under a given set of experimental condi-
tions in any one session. The different conditions are a levels of another
factor, say A, and these conditions are changed from session to session. For
instance, the different conditions could be different lighting conditions or
different kinds of equipment. Since in such experiments, it is often difficult
to change these conditions, each subject has to perform all the tasks under
one set of conditions during a session. Thus factor B is nested within fac-
tor A. Dean et al. (1999) gave a series of nested crossover designs which
are universally optimal for direct effects of the ab treatment combinations
under a model that has only the first order carryover effects of factor B,
apart from the other parameters as in model (1.2.1). They also present a
subclass of designs which are additionally, universally optimal for the first
order carryover effects of factor B.

Several tables of efficient or optimal crossover designs are available. An
early informative table of such designs along with notes on steps of analysis
and other information was prepared by Patterson and Lucas (1962). A
large number of balanced and partially balanced designs, along with their
respective efficiency factors were given by them. Some of these designs are
now known to be optimal. Street, Eccleston and Wilson (1990) presented
tables of small optimal or near-optimal crossover designs for t = 2, 3. These
authors also listed designs with t = 3 = p, 4 ≤ n ≤ 10, which maximize the
average efficiency factor of the direct effects and presented a table of designs
for some specific values of t, n and p which maximize the average efficiency
factor of the carryover effects. Iqbal and Jones (1994) gave tables of efficient
crossover designs with t ≤ 10, p ≤ 8, using sets of cyclic shifts. They also
presented efficient strongly balanced designs and designs balanced for both
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first and second order carryover effects. Additionally, they gave efficient
designs with two different period sizes. Tables of useful crossover designs
also appear in Ratkowsky et al. (1992) and Jones and Kenward (2003).

We finally make some comments on the similarity of the crossover de-
sign model with some models that have been considered in other contexts.
Models with carryover effects have also been used in the study of serially
balanced sequences; see Bose (1996) and the references therein. Again,
there are models that incorporate neighbor effects; for instance, there may
be two effects carrying over from the neighboring plots (experimental units),
usually from the plots on the right and left. Tools developed for such in-
terference models are useful in the context of crossover designs, which have
only one directional carryover effects. For more details on these models and
related optimal designs, see Kunert and Martin (2000a).
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arrays. Sankhyā A23, 283–286.

Ratkowsky, D. A., M. A. Evans and J. R. Alldredge (1992). Cross-over
Experiments: Design, Analysis, and Application. New York: Mar-
cel Dekker.



March 9, 2009 12:18 World Scientific Book - 9in x 6in ws-book9x6

220 Optimal Crossover Designs

Rupp, M. E., T. Fitzgerald, S. Puumala, J. R. Anderson, R. Craig, P. C.
Iwen, D. Jourdan, J. Keuchel, N. Marion, D. Peterson, L. Sholtz
and V. Smith (2008). Prospective, controlled, cross-over trial of
alcohol-based hand gel in critical care units. Infect. Control Hosp.
Epidemiol. 29, 8–15.

Russell, K. G. (1991). The construction of good change-over designs when
there are fewer units than treatments. Biometrika 78, 305–313.

Russell, K. G. and A. M. Dean (1998). Factorial cross-over designs with
few subjects. J. Combin. Inform. System Sci. 23, 209–233.

Schifferstein, H. N. V. and I. M. Oudejans (1996). Determination of cumu-
lative successive contrasts in saltiness intensity judgements. Per-
cept. Psychophys. 58, 713–724.

Sen, M.1 and R. Mukerjee (1987). Optimal repeated measurements designs
under interaction. J. Statist. Plann. Inference 17, 81–91.

Senn, S. (1992). Is the simple carryover model useful? Statist. Med. 11,
715–726.

Senn, S. J. (1994). The AB/BA crossover: past, present and future?
Statistical Methods in Medical Research 3, 303–324.

Senn, S. J. (1997). Cross-over trials. In Encyclopaedia of Biostatistics 2
(P. Armitage and T. Colton, Eds.). New York: Wiley, pp. 1033–
1049.

Senn, S. J. (2000). Crossover design. In Encyclopaedia of Biopharmaceu-
tical Statistics (S. C. Chow, Ed.). New York: Marcel Dekker, pp.
142–149.

Senn, S. (2003). Cross-over Trials in Clinical Research, 2nd ed. Chich-
ester, England: Wiley.

Senn, S. J. and H. Hildebrand (1991). Crossover trials, degrees of freedom,
the carryover problem and its dual. Statist. Med. 10, 1361–1374.

Shah, K. R., M. Bose and D. Raghavarao (2005). Universal optimality of
Patterson’s designs. Ann. Statist. 33, 2854–2872.

Shah, K. R. and B. K. Sinha (1989). Theory of Optimal Designs. Lecture
Notes in Statistics. New York: Springer.

Shah, K. R. and B. K. Sinha (2002). Universal optimality for the joint
estimation of parameters. Unpublished manuscript.

Sheehe, P. R. and D. J. Bross (1961). Latin squares to balance immediate
residual, and other order, effects. Biometrics 17, 405–414.

1Mausumi Sen is the maiden name of Mausumi Bose



March 9, 2009 12:18 World Scientific Book - 9in x 6in ws-book9x6

References 221

Stevens, W. L. (1939). The completely orthogonalized Latin square. Ann.
Eugen. 9, 82.

Street, D. J., J. A. Eccleston and W. H. Wilson (1990). Tables of small
optimal repeated measurements designs. Austral. J. Statist. 32,
345–359.

Stufken, J. (1991). Some families of optimal and efficient repeated mea-
surements designs. J. Statist. Plann. Inference 27, 75–83.

Stufken, J. (1996). Optimal crossover designs. In Handbook of Statistics
13 (S. Ghosh and C. R. Rao, Eds.). Amsterdam: North-Holland,
pp. 63–90.

Takeuchi, K. (1961). On the optimality of certain type of PBIB designs.
Rep. Statist. Appl. Res. Un. Japan Sci. Engg. 8, 140-145.

Ting, C. P. (2002). Optimal and efficient repeated measurements designs
for comparing test treatments with a control. Metrika 56, 229–238.

Wakeling, I. N. and H. J. H. MacFie (1995). Designing consumer trials
balanced for first and higher order carry-over effects when only a
subset of k samples from t may be tested. Food Qual. Pref. 6,
299–308.

Wang, L. L. (1973). A test for the sequences of a class of finite graphs
with two generators. Notices Amer. Math. Soc. 20, 73T–A275.

Willan, A. R. and J. L. Pater (1986). Carryover and the two-period
crossover clinical trial. Biometrics 42, 593–599.

Willey, R. F., I. W. B. Grant and S. J. Pocock (1976). Comparison of car-
diorespiratory effects of oral salbutamol and pirbuterol in patients
with bronchial asthma. Br. J. Clin. Pharmacol. 3, 595–600.

Williams, E. J. (1949). Experimental designs balanced for the estimation
of residual effects of treatments. Austral. J. Sci. Res. A 2, 149–
168.

Williams, E. J. (1950). Experimental designs balanced for pairs of residual
effects. Austral. J. Sci. Res. A 3, 351–363.

Williams, E. R. and J. A. John (2007). Construction of crossover designs
with correlated errors. Austral. N. Z. J. Statist. 49, 61–68.

Wu, C. F. (1980). On some ordering properties of the generalized inverse
of nonnegative definite matrices. Linear Alg. Appl. 32, 49–60.

Yang, M. and M. Park (2007). Efficient crossover designs for comparing
test treatments with a control treatment when p = 3. J. Statist.
Plann. Inference 137, 2056–2067.



March 9, 2009 12:18 World Scientific Book - 9in x 6in ws-book9x6

222 Optimal Crossover Designs

Yang, M. and J. Stufken (2008). Optimal and efficient crossover designs
for comparing test treatments to a control treatment under various
models. J. Statist. Plann. Inference 138, 278–285.

Zelen, M. and W. T. Federer (1964). Applications of the calculus for
factorial arrangements, II. Designs for two-way elimination of het-
erogeneity. Ann. Math. Statist. 35, 658–672.



March 9, 2009 12:18 World Scientific Book - 9in x 6in ws-book9x6

Index

A-efficiency, 184
A-optimal designs, 74
A-optimal designs for test versus

control, 184
AB/BA design, 3
Abelian group, 86
Algorithms, 204
Approximate design theory, 19
Autoregressive error structure, 172
Average A-criterion, 133

Balanced block design in direct
effects, 122

Balanced block design in carryover
effects, 123

Balanced block design on subjects, 43
Balanced design, 26
Balanced for test-control carryover

effects, 191
Balanced incomplete block designs, 60
Balanced test-control incomplete

block design, 190
Binary design, 77
Block design, 65

Calculus for factorial arrangements,
150

Carryover effect, 6
Change-over designs, 1
Circular model, 10
Competing designs, 19
Completely symmetric matrix, 8

Concave Φ, 92
Connected design, 14
Constrained minimization, 30
Construction of balanced and

strongly balanced uniform designs,
49

Construction of Patterson designs, 84
Contiguous sequences, 96
Control balanced residual
effects designs, 185
Convex – Φ, 92
Convex functional, 21
Crossover and factorial experiments,

149
Crossover designs, 1
Cyclic designs, 206

Design matrix, 13
Direct effect, 6
Dual balanced designs, 169

Efficiency, 114
Efficient designs, 176
Equireplicate designs, 43
Equivalence class, 94
Equivalent sequences, 95
Exact design theory, 19
Exact designs, 91
Extended universal optimality, 20
Extra period design, 27

Factorial structure, 206

223



March 9, 2009 12:18 World Scientific Book - 9in x 6in ws-book9x6

224 Optimal Crossover Designs

Finer model, 22
First order carryover effect, 6

Generalized inverse of a matrix, 8
Generalized Latin square design, 44
Generalized Youden design, 44

Higher order carryovers, 148

IA-criterion, 133
Implemented design, 199
Incidence matrix, 12
Information matrix, 14
Interference models, 208
Invariant over periods, 138

Kronecker product of matrices, 9

Latin square, 85
Linear model, 9
Locally balanced designs, 203
Loewner ordering, 8

M,S-optimality, 205
Main effect, 152
Method of differences, 86
Mixed carryover effect, 117
Moore-Penrose inverse, 8
Moving average process, 181
Mutually orthogonal Latin squares,

85
MV-optimal designs for test versus

control, 184
MV-optimality, 184

Nearly balanced uniform designs, 49
Nearly strongly balanced designs, 47
Neighbor balance, 141
Nested crossover designs, 207
Non-circular model, 10

Optimality Equations, 104
Optimality under interaction, 148
Orthogonal array, 54
Orthogonal array of type I, 60
Orthogonal estimation, 152

Orthogonal matrix, 160
Orthogonal projection matrix, 9
Orthogonal residual effects design, 38
Orthogonality condition, 22

Patterson designs, 77
Periods, 2
Permutation matrix, 20
Planned design, 199
Proper block design, 72
Proportional frequency design, 191

Quadratic for design, 98
Quadratic functions for carryover

effects, 110
Quadratic functions for direct effects,

97

Random subject effects, 159
Repeated measurements designs, 1
Rest period, 6
Row complete Latin squares, 50

Schur complement, 9
Second order carryover effect, 6
Self carryover effect, 117
Separated sequences, 96
Simpler model, 22
Strongly balanced design, 26
Strongly balanced design of order k,

163
Stufken designs, 65
Subject dropout, 199
Subjects, 2
Symmetric designs, 94
Symmetric group of permutations, 20
Symmetry block, 94

Test-control comparisons, 185
Totally balanced design, 123
Totally balanced test-control

incomplete crossover design, 191
Trace of a square matrix, 8
Traditional model, 10
Treatment sequences, 19, 93
Two-period design, 69



March 9, 2009 12:18 World Scientific Book - 9in x 6in ws-book9x6

Index 225

Two-treatment designs, 168

Uniform design, 26
Uniform on periods, 26
Uniform on subjects, 26
Universal optimality, 19

Variance-balanced crossover design,
179

Weight of a symmetry block, 95
Weighted least squares, 16
Williams square, 50


	Contents
	Preface
	1. Introduction
	1.1 Prologue
	1.2 Notation, Terminology and Models
	1.3 Information Matrices
	1.4 Optimality Criteria and Tools
	1.5 Outline of the Book

	2. Optimality of Balanced and Strongly Balanced Designs
	2.1 Introduction
	2.2 Definitions and Some Basic Results
	2.3 Optimality of Balanced Uniform Designs
	2.4 Optimality of Strongly Balanced Designs
	2.5 Some More Optimal Designs
	2.6 Constructions

	3. Some Optimal Designs with p < t
	3.1 Introduction
	3.2 Designs with p  t
	3.3 Two-period Designs
	3.4 Optimality of Patterson Designs
	3.5 Constructions

	4. Optimal Designs via Approximate Theory
	4.1 Introduction
	4.2 Notation and Information matrices
	4.3 Quadratic Function for Direct Effects Associated with a Sequence
	4.4 Determining a, b and S
	4.5 Optimality Equations
	4.6 Optimal Symmetric Designs for Direct Effects
	4.7 Optimal Designs for Carryover Effects
	4.8 Design Efficiency

	5. Optimality under Some Other Additive Models
	5.1 Introduction
	5.2 A Model with Self and Mixed Carryover Effects
	5.3 A Model with Carryover Effects Proportional to Direct Effects and Optimal Designs

	6. Optimality under Non-additive Models
	6.1 Introduction
	6.2 Correspondence with a Factorial Experiment
	6.3 Optimality Results
	6.4 Optimality Under a Non-additive Random Subject Effects Model
	6.5 Optimality in the Presence of Higher Order Carryover Effects and Interaction

	7. Some Further Developments
	7.1 Introduction
	7.2 Optimal Two-treatment Designs
	7.2.1 Optimal Designs under Uncorrelated Errors
	7.2.2 Optimal Designs under Correlated Errors
	7.2.3 Optimal Designs under Autoregressive Errors

	7.3 Optimal Designs under Correlated Errors for an Arbitrary Number of Treatments
	7.4 Optimal Designs for Test-Control Comparisons
	7.4.1 Optimal Designs with p > t + 1
	7.4.2 Optimal Designs with p = 2
	7.4.3 Optimal Designs with 3   p   t +1

	7.5 Optimal Designs with Subject Dropout
	7.6 Some Additional Comments

	References
	Index



